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COMPUTATION OF RATIONAL INTERVAL FUNCTIONS

STIG SKELBOE

Abstract.

This paper presents a general algorithm for computing interval expressions.
The strategy is characterized by a subdivision of the argument intervals of the
expression and a recomputation of the expression with these new intervals. The
precision of the result is limited only by the actual computer.

1. Definitions and presentation of the problem.

The width of the interval X =[z,%] is defined by w(X)=Z—z. The
centre of an interval X =[z,%] is computed as c=(Z+z)/2. If a real
variable ¢ occurs in an interval expression, then it is interpreted as the
interval T =[t,t].

Let f(z,,%s,. . .,%,) be a rational function of the real variables z;,,,

..,%,. The expression f contains a finite number of arithmetic opera-
tions. A rational interval function F(X,,X,,. . .,X,) is derived from f by
replacing the real variabels ;,%,,. ..,%, by the intervals X;,X,,...,X,
and by replacing the arithmetic operations by the equivalent interval
operations; f is called the real restriction of F. In the following we as-
sume f(x,,Zs,. . .,%,) to be bounded for z; € X;, 1=12,...,n.

In this paper we are interested in determining the function
F(X,,X,,...,X,) defined by

F(XpXs ., X,) = {f@y 2. . .,7,) | 26X, i=1,2,...,n}
Note that the value F is not the result of a direct computation of

F(X,X,...,X,). If X; occurs m,; times in the expression
F(X.,X,,...,X,), then direct application of interval arithmetic will give:

F(X,,X,,...,.X,)

= {h(xn,. . .,xlml,xm,. . .,xzmz,- . -,xnl,. . ,:L'nm”) | x.‘j € X‘ 3
t=1,2,...,n and j=1,2,...,m;}

where the function & is derived from f by replacing the variable z;,
which occurs m, times, by the set of variables ;,%q;- where
each variable occurs just once. Clearly we have

F(X,Xy.... X,) € F(Xy, Xy, .., X,) -
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2. Theorems.

Theorem 1 and 2 below are found in Moore {1] and Hansen [2] respec-
tively. To the best of our knowledge theorems 3 and 4 are new.

TaroreM 1. If F(X;,X,,....X,) 18 a rational interval expression as
defined in the preceding section, then

X/ <X, X, < X,,.... %) = X,
= F(X,, Xy, .., X,) € F(X},X,....%,)

for every set of interval mumbers X, X,,..., X, for which the interval
arithmetic operations in F are defined.

Let f(2;,%s,- - -,%,) be a rational function as defined in the previous
section. Rewrite f as follows:
f(xp-’”zs et :xn) .
= f(C1,Cas- - +»Cn) T J(X1—C1, T3 —Cas - - 3 % —Cn)

where ¢, is the centre of the interval X;.

If an interval function F(X,, Xs,. . ., X,) is derived from the righthand
side of the above equation, then the interval function is said to be in
centred form.

TaroreM 2. Let F(X1, X .., X,) be in cenired form. There exists a
positive real number k such that

F(Xl,Xz,. . .,Xn) = F(X1?X2" . "Xﬂ)+E
where w(B) £k max(w(X)?), i=1,2,...,n and 0c E.
i

TaEoREM 3. Let F(X,,.. ., X ., X,) bea rational interval function as
defined in section one. If X; occurs only once in the function F and

N
X, = UXo

i=1

then
N
F(Xl,- . .,.X,-,. . .,Xn) = U F(Xl,. . .,Xj(i),. . .,Xn)

i=1
for every set of interval numbers for whick the interval operations in F are
defined.

Proor. As F(X,,X,,...,X,) is computed directly by means of inter-
val arithmetic we can, according to section one, rewrite F(X;,Xg . . -»Xp)
in the following way:
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.F(Xl,...,X",.-.,Xn) = H(Xll" X

D SN D AT ¢

D SRR, S
where the value of X, =X,,i=1,...,j—1,j+1,...,nand k=1,2,...m

,i .
Since each variable in H occurs just once we have:

H(Xll" . .,Xnm”) = ﬁ(Xll" . .,Xnmn) .
From theorem 1 we know that

N
H(Xll’- . -szs- . 'anmﬂ) = UIH(XII,. . ,X:’(i)’_ . .,Xnmn) .
In addition, we have
_ N
H(‘Xll" . "Xj" . ‘?‘Xﬂm") S L__Jl H(Xll" . .,Xj(i),. . .,X,nmﬂ)
which implies
N
HXy,. o Xy, X ) = cL—J1 HXy, ... X0, X )

thus completing the proof.

THEOREM 4. Let F(X,,X,,.

, X ,) be a rational interval function written
in cenired form. Each of the variables X, ,,. .., X, occurs just once in the
Junction F.

Subdivide each of the intervals X,,...,X, so that

N
1
X, = |JX9 with wX®) = —
j=1 N
There is a positive number k such that

0

N . —
| UFE®, X9 X, 0 X,) = FX X, X,) + By
1= ‘lap=

w(X,) .

where

k .
w(By) < ﬁm?x(w(Xi)z), i=1,2,...,n and 0 E,.

Proor. The intervals X,,,, through X, are subdivided like the p first
ones. From theorem 2 we know that

FX®,. . X,™) = FX®,.. X,*+E, .
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where
wB;, ) S ¥ max(w X,)?), i=12,...,n and 0k, .
N N _ _
U... U F(X%,. .. X0
=1 in=1
= F(Xl,... X,)+ U U E,. . ..
‘.1=1 Gn-—
= F(Xl,. . "'X‘n)+EN’ .
Hence
2k,
w(By) = ¥ max(w (X%,
since

From theorem 3 we obtain

F( Xl(il) X(tn—x) Xn) — U F( X (41) . X”(':n))’

n—-12
=1

F( Xl(i1) X('m-z) Xn—p Xn) - U F( Xl(il) ngfi—ll), Xn)

n—2» .
‘ln_lﬂl
and analogously for the rest of the n—p variables with just one occur-
rence.

Hence

F(Xl(‘l)! e D-Xp(ip)’Xp+l, “ e ’Xﬂ)
= U . U F(X, G Xp(ip)’ X%ﬂ,_ ey X”(""))

‘l:p+1=1 in=1

and
N N . .
'U1 . ‘}JIF(XI("),. . .,Xp“?),Xpﬂ,. . ¢
= =
U U F(X,®,... X,

i3=1 ip=1

which implies By =E,' and completes the proof.



COMPUTATION OF RATIONAL INTERVAL FUNCTIONS 91

REMARK. Let [yy,dyl=F(X,,X,,...,X,)+Ey. The following bounds
are a direct result of theorem 4:
k

k
—ey =yY—yy = ¥ m?,x(w(Xi)z) and ey = gy—F = Fzm:zx(w(Xi)z)

where 1=1,2,...,n, [g,g]=F(X1,X2,. ., X,), and [ey,ex]=EHy.

3. The algorithm.

From theorem 4 we know that F(X,,X,,...,X,) can be computed to
any desired precision by means of F(X,,X,,...,X,) by letting N — oo
in the subdivisions of the intervals.

A sequence of evaluations with the subdivisions N,2N,4N,8N,...
gives a linear convergence of w(Ey) — 0 (worst case: w(Eyy)=}w(Ey)).
An iterative scheme, which needs all the function values for each mesh,
is not of practical use. However, it is possible to reduce the number of
caleulations.

Consider a rational interval function of one interval variable F(X).
In a subdivision of X: X, X, @ . X, ™M we have Z®=zg,0+D,
i1=1,2,...,N—1. The width of the intervals is w(X,™)=(1/N)w(X). A
sequence of computations might look like this:

F(X)
F(X,®)
F(X,®)
FX®)
FX®) ——
FX®)
F(X ‘(4))

Consider the subdivision corresponding to N =4. In this case the lower
bound of U?_, F(X,®) can be found on the basis of F(X,), F(X,®), and
F(X,@), because F(X ®UF(X,®)cF(X,®) (theorem 1).

This observation is the fundamental idea of the algorithm for the com-
putation of F(X,,X,,. ..,X,). The upper and lower bounds are computed
in the same way in all essentials. As an example the evaluation of the

lower bound is described in more detail.
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During the computation the lower bounds of F are linked together to
form a linear list. The list is organized with the smallest lower bound as
the first one. An example will explain the method of calculation.

With N =8 the situation might be the following:

O smallest lower
- <
bound

With [yy®, 7x®]=F(X?) we have

gs('i) < Qs(s) < Y 4(1) < y2(2) .

The next step involves the division Xg® : X{® — (X[, X®) and com-
putation of the corresponding values of the interval function. These
values are placed in the list in proper order, and F(Xg®), which is now
superfluous, is discarded. Assume that y{? <y{; this gives two possi-
bilities:

- 1) ¥R 2y®; we proceed with N =32
2) 2(173>?18(3) .

In this case X® has to be subdivided, the corresponding functions com-
puted, and the results ordered. This scheme is continued until the smal-
lest lower bound corresponds to the subdivision N =186.

The iteration is stopped when the difference between two consecutive
lower bounds y® and y¢}, is less than or equal to ey$%: |y¥% — yn™| S elyFi .
In all of the tested examples this criterion makes the relative error in the
computed bounds less than e.

For e=0 the termination criterion will be of the type described in
Nickel and Ritter [3], and the conditions of numerical convergence of
the algorithm will be fulfilled. This fact will be explained in greater
detail.
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In the case of rounded interval arithmetic theorem 1 is weakened to

X,/ < X,, X, < X,,....X,/ < X, = F(X,,X,,...,X,)
c F(X, Xy .., X,)

but it still ensures that e,y =ey and €,y <éy. This, in connection with
the termination criterion and the remark after theorem 4, is the main
condition for numerical convergence [3].

The algorithm is easily generalized to functions of more than one
variable, and the present computer program is able to cope with func-
tions of 30 variables. This restriction applies only to variables with
multiple occurrences. In practice, however, this limit is lowered to 5-10
depending on the desired precision.

4, Test results.

The program has been tested with several functions and the following
general tendency can be deduced from the tests. If the extremes of the
interval function are assumed on the boundary of the argument set then
the function is well behaved and fairly easy to compute. Otherwise, the
evaluation requires a great amount of work and the more extremes of the
interior of the argument set there are, the more work is required.

An example will demonstrate how the program works out in practice.

X, +X,
F(X, X, X)) = 22X
1 2 3 XI—XE 3
and in centred form
FX X, X,) = ¥ [cﬁca it ]

where ¢, = (Z, +%,)/2, ¢3=(Zy+%,)/2,

Y,=X,—¢, Y;=X;—¢,, and Y3 = X,
while
Fc([1:2]’[5’ 10], [2’ 3]) = [_7: _152'] .

In the case of: two variables with multiple occurrences the graduation
N corresponds to N2 subdivisions,
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RES ELSE YH:=—RES
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Lower bound

number of
funection calls

relative

N2

error
<10~

102
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Upper bound:
relative number of
g error N2 function calls
102 0.2-102 64 17
10— 0.3-10* 4-108 29
108 0.09-10-¢ 108 45
108 0.2-10 7107 57
100 0.5-10-10 4-10° 69
1012 0.1-1012 1012 85
104 <lou 7-10 97

5. The procedure INTVFUNC.

The procedure is written in ALGOL W for the IBM 370/165. In con-
nection with this project the Assembler program INTV has been
constructed. It performs the basic operations + — * and [ in rounded
interval arithmetic. INTV is written for the IBM system 360 and 370
and obeys the subroutine linkage conventions of FORTRAN G and H.
A copy of INTV can be obtained from the Institute for Numerical
Analysis, The Technical University of Denmark, DK 2800 Lyngby.

If TRIPLEX-ALGOL 60 [4] had been available at our computing
center it would of course have been used instead of INTV.
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