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Abstract

P assengers using public transp ort systems often exp erience w aiting

times when transferring b et w een t w o sc heduled services. In this pap er w e

prop ose a planning approac h whic h seeks to obtain a fa v ourable trade-o�

b et w een the t w o con trasting ob jectiv es passenger service and op erating

cost b y mo difying the timetable. The planning approac h is referred to

as the Sim ultaneous V ehicle Sc heduling and P assenger Service Problem

(SVSPSP). The SVSPSP is mo delled as an in teger programming problem,

and solv ed using a large neigh b orho o d searc h (LNS) metaheuristic. The

prop osed framew ork is tested on data inspired b y the express-bus net w ork

in the Greater Cop enhagen Area. The results are encouraging and indicate

a p oten tial decrease of passenger w aiting times in the net w ork of 10�20%,

with the v ehicle sc heduling costs remaining una�ected.

1 In tro duction

In ev ery larger public transp ort system massiv e amoun ts of time are w asted due

to w aiting time when transferring b et w een di�eren t parts of the journey . F or

the Greater Cop enhagen area it has b een estimated that the time lost on an a v-

erage w eekda y b y passengers w aiting for connecting buses or trains approac hes

65,000 hours (based on 400,000 daily transfers with an a v erage of 10 min utes

transfer w aiting time

1

). Hence, generating timetables whic h optimise for tem-

p oral corresp ondences has an enormous so cio-economic p oten tial. Clearly , this

could b e ac hiev ed through an increase in the frequency of the trips o�ered in
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the timetable, ho w ev er this w ould require an unacceptable increase in op erating

costs.

The traditional sequen tial framew ork for planning of public transp ort has b een

excellen tly describ ed b y Desaulniers and Hic kman [2007] and is sk etc hed in

Figure 1. Giv en the route net w ork, the frequencies are determined to ensure de-

mand co v erage and to comply with p olitically determined service lev els, under

practical constrain ts suc h as �eet size. The timetabling pro cess then determines

the exact timings for all trips while resp ecting the previously determined fre-

quencies/headw a ys. Both of these �rst phases are concerned with maximising

some measure of passenger service, and are carried out b y the public transp ort

service pro vider, who t ypically w orks b y app oin tmen t b y the lo cal authorities.

The timetabling phase ma y tak e sc hedule sync hronisation and transfer times

in to accoun t.
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Figure 1: T raditional sequen tial planning approac h

Once the timetable has b een established, the resource sc heduling starts. Dur-

ing this phase the �rst problem to b e solv ed is the sc heduling of the ph ysical

resources necessary to carry out the trips in the timetable, i.e. the v ehicles.

The purp ose of the v ehicle sc heduling is to b e able to execute the timetable

at the lo w est p ossible cost. The costs considered in this phase include empt y

mileage p erformed b y the v ehicles, b oth in connection to the dep ot, and in the

form of de adhe ading , i.e. transp ort b et w een the end p oin t of one trip and the

starting p oin t of another. Once the v ehicle sc hedules ha v e b een established, the

crew pairing and rostering phases are carried out. The last three phases are all

carried out b y the public transp ort op erator, who is app oin ted b y the service

pro vider to op erate a set of trips, and they all ha v e the purp ose of op erating

the requested timetable at the lo w est p ossible cost.

T o da y , e�cien t systems for generating near-optimal v ehicle sc hedules exist within

all mo des of transp ort. Ho w ev er, these systems treat the timetable as �xed in-

put, meaning that p oten tial sa vings in op erating costs from mo ving a set of trips
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in the timetable are lost. Only v ery limited researc h has b een done on mo dels

that address the problem of minimising the op erating costs b y mo difying the

timetable. F urthermore, researc h is scarce on mo dels that fo cus on minimisation

of the w aiting time during transfer.

In this pap er w e in tro duce the Sim ultaneous V ehicle Sc heduling and P assen-

ger Service Problem (SVSPSP) whic h addresses the m ultiple ob jectiv e planning

problem of impro ving timetables suc h that they remain economically satisfac-

tory for the op erator, and at the same time o�er high-qualit y service to the

passengers b y reducing the unpro ductiv e time sp en t on w aiting during trans-

fers. Please note that whenev er w e refer to waiting time throughout this pap er

w e are solely referring to the w aiting time asso ciated with transfers, and not

the w aiting time of passengers en tering the system. The SVSPSP framew ork is

sk etc hed in Figure 2, and in tegrates the planning pro cesses of timetabling and

v ehicle sc heduling.

SVSPSP

Vehicle Scheduling

Timetabling

Frequency setting

Crew pairing

Crew rostering

Figure 2: The role of the SVSPSP sho wn in relation to the traditional sequen tial

planning approac h.

Its main input is the original timetable and estimates of passenger demand in

the net w ork. The natural problem o wner of the SVSPSP is the public transp ort

service pro vider, as this is the authorith y whic h on the one hand is committed

to pro vide a high-qualit y timetable to the customers (in terms of e.g. minim um

w aiting times) and on the other hand holds the resp onsibilit y of ensuring that the

o�ered timetable is feasible from an op erating costs p ersp ectiv e. By in tegration

of the v ehicle sc heduling phase, whic h previously b elonged to the op erator, the

service pro vider can obtain a b etter negotiating p osition to w ards the op erator,

since the op erating costs ha v e already b een considered during the optimisation

of the timetables.

The con tributions of this pap er are fourfold: 1) w e formally in tro duce a new

in teresting problem, motiv ated b y a real-life case, 2) w e mak e a realistic data

set a v ailable, that can b e used for future studies, 3) w e prop ose a heuristic

3



solution metho d that is able to handle data sets of realistic size, 4) w e sho w

that substan tial reductions in passenger w aiting time are p ossible using the

prop osed metho dology . The pap er is organised as follo ws: Section 2 reviews the

literature on the m ultiple dep ot v ehicle sc heduling problem as w ell as w ork on

minimising passenger transfer times. In section 3 w e form ulate the SVSPSP as an

in teger programming mo del. Section 4 discusses ho w the prop osed problem can

b e solv ed b y the large neigh b orho o d searc h metaheuristic. Section 5 in tro duces

the data set used in this study whic h is based on the bus net w ork of the Greater

Cop enhagen area, and in Section 6 w e discuss the results obtained. Finally , w e

pro vide our concluding remarks and suggest directions for further researc h in

Section 7.

2 Literature review

Our approac h for the in tegrated v ehicle sc heduling and timetabling problem is

based on the multiple dep ot vehicle sche duling pr oblem (MD VSP). Desrosiers

et al. [1995] pro vide an excellen t in tro duction to the problem and surv ey the

literature prior to 1995. A more recen t, but short literature surv ey is presen ted

b y P epin et al. [2009] who also presen ts an in teresting comparison of heuris-

tic approac hes for the problem. Section 4.1 in Desaulniers and Hic kman [2007]

also con tains a recen t surv ey . Some of the curren tly b est exact metho ds for

the MD VSP are prop osed b y Hadjar et al. [2006] and Löb el [1999]. W e are

a w are of t w o pap ers that extend v ehicle sc heduling problems to handle parts

of the timetabling pro cess. The pap er b y v an den Heuv el et al. [2008] studies

the in tegration of timetabling and m ulti dep ot v ehicle sc heduling with the aim

of reducing costs (reducing the n um b er of v ehicles) while ignoring passenger

w aiting times. On the timetabling lev el the approac h allo ws the trip starting

times for eac h line to b e shifted in time to allo w greater �exibilit y in the v e-

hicle sc heduling part. The pap er presen ts in teger programming mo dels as w ell

as a lo cal searc h algorithm that solv es a net w ork �o w problem in eac h lo cal

searc h iteration. Guihaire and Hao [2008] also in tegrate v ehicle sc heduling and

timetable sync hronisation in their optimisation problem. They consider sev eral

terms in their ob jectiv e: n um b er of v ehicles required, n um b er and qualit y of

transfer p ossibilities and the so-called headw a y ev enness. The second term aims

at minimising passenger incon v enience. The last term attempts to mak e arriv als

of v ehicles, serving a particular line, o ccur with a regular frequency . The three

terms are w eigh ted together. In terms of the v ehicle sc heduling problem, the

pap er considers a single dep ot setup while our approac h handles the m ultiple

dep ot case. The problem studied in this pap er is probably the one that resem bles

our problem the most.

Sev eral pap ers fo cus on optimising timetables in order to minimise passenger

w aiting times, without explicitly considering the impact suc h c hanges ha v e on

the ph ysical resource requiremen ts (e.g. more buses ma y b e needed to carry out
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the mo di�ed plan). Examples of suc h approac hes are Jansen and P edersen [2002]

who form ulate the problem as a mathematical mo del and prop ose sim ulated

annealing and tabu searc h algorithms to solv e the problem (see also P edersen

[2003]); Ceder et al. [2001] who sync hronise bus timetables b y maximising the

n um b er of times t w o buses arriv e at the same time at an y no de in the net w ork;

Klem t and Stemme [1988], Bo okbinder and Désilets [1992] and Daduna and

V oÿ [1995] who sync hronise timetables b y solving a quadratic semi-assignmen t

problem. W orth men tioning is also the pap er b y Chakrob ort y et al. [2001],

whic h studies timetable sync hronisation and �optimal �eet size� using a genetic

algorithm heuristic. They do not study the v ehicle sc heduling asp ect of the

problem, instead the term �optimal �eet size� refers to the fact that the n um b er

of departures on a sp eci�c line is a v ariable, decided b y the prop osed mo del.

As explained in the in tro duction, SVSPSP in tegrates the timetabling and v ehi-

cle sc heduling phases. The in tegrated problem has not b een widely studied in

the literature but some pap ers on the topic do exist. One approac h for handling

the in tegrated problem has b een the so-called p erio dic event sche duling pr oblem

(PESP). The PESP is mainly used for timetabling but has b een extended to

handle some asp ects of v ehicle sc heduling as w ell. The PESP mo del w as pro-

p osed b y Sera�ni and Uk o vic h [1989]. It is a general framew ork for mo delling

optimisation problems with a p erio dic nature. Lieb c hen and Möhring [2007]

sho w ho w the PESP and extensions can b e used to handle man y asp ects of

railw a y timetabling. One of these is to minimise the c hangeo v er time for pas-

sengers and another is the minimisation of the n um b er of v ehicles needed to

p erform the timetable. The complexit y of the v ehicle minimisation dep ends on

whether trains are allo w ed to switc h line when they reac h their endp oin t. Con-

trary to our approac h the pap er do es not mo del the situation where v ehicles can

p erform deadheading in order to switc h terminal (this do es not seem practical

when the v ehicles are trains running on trac ks, but can b e useful for buses). The

material in Lieb c hen and Möhring [2007] builds on the w ork of Lieb c hen and

P eeters [2002] whic h fo cuses on v ehicle minimisation, but arriv es at a mo del with

a quadratic ob jectiv e function. Other recen t w orks on the PESP and railw a y

timetabling include Lieb c hen and Möhring [2002], P eeters [2003], and Kro on

et al. [2007].

W ong et al. [2008] studies the Mass T r ansit R ailway in Hong K ong that con tains

6 train lines. They minimise the o v erall passenger w aiting time in a non-p erio dic

fashion. The n um b er of v ehicles needed to carry out the plan is determined

in adv ance and is k ept constan t. In this w a y it is ensured that the prop osed

timetable do es not b ecome to o exp ensiv e to carry out, while optimising customer

satisfaction. The authors presen t a MIP mo del and solv e it using a heuristic that

incorp orates a standard MIP solv er as an imp ortan t comp onen t. Fleuren t et al.

[2007] describ e an optimisation system and an in teractiv e to ol for minimising

passenger w aiting time while k eeping v ehicle costs under con trol. The suggested

approac h is tested on a case from the cit y of Mon treal, Canada, and the results

indicate that the passenger w aiting time can b e impro v ed while k eeping the

v ehicle coun t constan t. The pap er pro vides little detail ab out the optimisation
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algorithm used to obtain these results.

W e can conclude that the w ork on in tegrating time tabling and v ehicle sc hedul-

ing is rather limited and that Guihaire and Hao [2008] is the pap er that presen ts

a problem that is most similar to the SVSPSP . The SVSPSP mo del is, regard-

ing some asp ects, more am bitious than the mo del studied b y Guihaire and Hao

[2008] as it considers a m ulti-dep ot setting whic h is not the case in the afore-

men tioned pap er.

3 The SVSPSP: mo delling

In a classical m ulti-dep ot v ehicle sc heduling problem (MD VSP) one has to co v er

a set of trips with a set of v ehicles (based at sev eral dep ots) while minimising

costs. A trip has a start and end lo cation, as w ell as a departure and arriv al

time. In a bus sc heduling setting a trip corresp onds to the mo v emen t from the

start to the end of a bus line. A line is a collection of trips that ha v e the same

start and end lo cations but di�eren t departure and arriv al times. A line also

con tains trips going in the opp osite direction. The MD VSP can b e mo delled

as follo ws (see Desrosiers et al. [1995]): let N = f 1; : : : ; ng denote the set of

trips and K the set of dep ots. With eac h dep ot k 2 K w e asso ciate a graph

Gk = ( V k ; Ak ) where the set of no des is de�ned as V k = N [ f n + kg with n + k
b eing the no de represen ting the k th

dep ot. The set of arcs Ak
is a subset of the

set V k � V k
, with all infeasible arcs remo v ed. An arc is infeasible if it forms

an imp ossible connection b et w een t w o trips; t ypically this is caused b y timing

constrain ts. F or eac h dep ot k 2 K and eac h arc (i; j ) 2 Ak
w e de�ne an arc cost

ck
ij and w e are giv en an upp er b ound vk

on the n um b er of v ehicles lo cated at

k . Using a binary v ariable xk
ij for all k 2 K; (i; j ) 2 Ak

, ha ving v alue 1 if and

only if a v ehicle from dep ot k tra v els from no de i to j w e can write an in teger

m ulti-commo dit y �o w mo del as follo ws:

min
X

k2 K

X

( i;j )2 A k

ck
ij xk

ij (1)

sub ject to

X

k2 K

X

j 2 V k

xk
ij = 1 i 2 N (2)

X

j 2 N

xk
n + k;j � vk k 2 K (3)

X

i 2 V k

xk
ij �

X

i 2 V k

xk
ji = 0 k 2 K; j 2 V k

(4)

xk
ij 2 f 0; 1g k 2 K; (i; j ) 2 Ak

(5)

The ob jectiv e (1) minimises the total cost. The arc costs ck
ij can b e set suc h that

the total cost re�ects a �xed cost p er v ehicle and deadheading costs. Constrain ts
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(2) ensure that all trips are serv ed, constrain ts (3) ensure that w e do not use more

than the a v ailable n um b er of v ehicles and, constrain ts (4) are �o w conserv ation

constrain ts.

The SVSPSP generalises the MD VSP as follo ws: in the SVSPSP w e group trips

in to so called metatrips . The set of metatrips, 
 , forms a partitioning of the set

N , that is, [ M 2 
 M = N and 8M 1; M 2 2 
 ; M 1 6= M 2 : M 1 \ M 2 = ; . F urther-

more, w e relax the condition that ev ery trip m ust b e co v ered. Instead w e require

that exactly one trip from eac h metatrip m ust b e co v ered. In the con text of this

pap er, w e assume that eac h metatrip corresp onds to a trip from the original

timetable, and the (sub)trips b elonging to the metatrip represen t copies of the

original trip, with alternativ e departure times. Th us, the requiremen t that eac h

metatrip is co v ered corresp onds to the MD VSP-requiremen t that eac h trip is

co v ered (2) . The idea b ehind this, in relation to our goal of increasing passenger

service, is that selecting alternativ e departure times ma y reduce w aiting times

and thereb y impro v e the passenger service lev el.

W e will no w in tro duce some useful concepts that will b e used in our treatmen t

of the SVSPSP . T rips in the SVSPSP mo del can b e inc omp atible for v arious

reasons, as w e shall see later. This is captured b y a set � � 2N
con taining

sets of m utually incompatible trips. Th us, if � 2 � then an y pair i; j 2 � is

incompatible and cannot b e used together in a feasible solution. F or the SVSPSP

w e main tain the de�nition of a line that is kno wn from the MD VSP; a line L is

a sequence of stops to b e visited in a giv en order. A line can b e tra v elled in b oth

directions, and w e use the term d-line (directed line) for a line in a particular

direction. Eac h metatrip, and the trips con tained in it, b elongs to exactly one

d-line. Therefore w e can view a d-line L as a subset of the set of metatrips:

L � 
 . F or ev ery bus line a n um b er a stops are de�ned. The stops are the

lo cations where the bus stops to pic k up and unload passengers. Sev eral bus

lines ma y share one stop and a stop can pro vide connection to other mo des of

timetabled transp ortation lik e trains or ferries. An y transfer of passengers tak es

place at a stop. W e are only in terested in stops where transfers can tak e place,

hence, when men tioning stops in the rest of this pap er w e assume a stop with

at least one transfer opp ortunit y .

Figure 3 sho ws an example of trips and metatrips. The no des f 1; : : : ; 12g repre-

sen t trips, and t w o metatrips f 2; : : : ; 6g and f 7; : : : ; 11g are sho wn. The time of

da y is sho wn along the top of the �gure. T rips 4 and 9, mark ed with grey , are

the t w o original trips, from whic h the metatrips are constructed. The remaining

trips in eac h metatrip are constructed b y creating duplicates of the original trip,

spread ev enly in the a v ailable time in terv al. The no des 1 and 12 b elong to other

metatrips, not illustrated in the �gure. All trips sho wn in the �gure b elong to

the same d-line.

The usage of incompatible trips to imp ose passenger service is apparen t: trips

b elonging to the same d-line and departing within a short time in terv al should

b e incompatible, for example trip 6 and 7 on Figure 3 could b e incompatible

b ecause they depart within 4 min utes. Similarly , t w o consecutiv e departures on
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a d-line should not b e to o far apart. Therefore it w ould mak e sense to mak e trip

2 incompatible with trip 11. If departures at regular in terv als are required on

a bus line for a sp eci�c p erio d of the da y or the en tire da y this could also b e

mo delled using incompatible trips. If w e desire departures ev ery 20 min utes in

the example on Figure 3 w e m ust mak e trip 2 incompatible with trips 8, 9, 10,

and 11 (b y adding the set f 2; 8; 9; 10; 11g to � ), trip 3 should b e incompatible

with trips 7, 9, 10, and 11, and so on.

metatrip 1 metatrip 2

54321 6 7 8 9 10 11 12
9.509.409.309.20

Figure 3: Example of trips and metatrips.

Using the notation from the MD VSP w e can no w presen t a mathematical mo del

for a simple v ersion of the SVSPSP , denoted SVSPSP

0
.

min
X

k2 K

X

( i;j )2 A k

ck
ij xk

ij (6)

sub ject to

X

i 2 M

X

k2 K

X

j 2 V k

xk
ij = 1 M 2 
 (7)

X

i 2 �

X

k2 K

X

j 2 V k

xk
ij � 1 � 2 � (8)

X

j 2 N

xk
n + k;j � vk k 2 K (9)

X

i 2 V k

xk
ij �

X

i 2 V k

xk
ji = 0 k 2 K; j 2 V k

(10)

xk
ij 2 f 0; 1g k 2 K; (i; j ) 2 Ak

(11)

Constrain ts (9) and (10) are iden tical to (3) and (4) in the original MD VSP

form ulation. Constrain ts (7) ensure that exactly one trip from eac h metatrip is

selected and constrain ts (8) ensure that no incompatible trips are selected at

the same time.

In order to discuss ho w passenger service can b e tak en in to accoun t in the

SVSPSP

0
w e need to de�ne exactly ho w w e measure passenger service. The area

w e fo cus on in relation to passenger service is w aiting time during transfers. W e

�rst in tro duce the cen tral concept tr ansfer opp ortunity . A transfer opp ortunit y

is a triple (s; M; L ) . Here s is the stop where the transfer tak es place, M is a

8



metatrip that stops at s, and L is a connecting line that exc hanges passengers

with M at s. F or eac h transfer opp ortunit y w e assume that an estimate D s
ML

of the n um b er of passengers disem barking metatrip M and transferring to line

L at stop s, as w ell as an estimate E s
ML of the n um b er of passengers em barking

metatrip M transferring from line L at stop s are a v ailable. It is assumed that

all passengers disem barking a metatrip to transfer to line L tak e the earliest

p ossible departure on line L and all passengers em barking a metatrip M come

from the latest p ossible arriv al on line L . F or the SVSPSP

0
, L is a line external

to the mo del, but w e will later generalise it to include those lines that are

resc heduled b y the mo del.

T o impro v e passenger service w e desire to minimise the total n um b er of passen-

ger min utes w asted b y w aiting for a connection, at the same time as w e w an t to

minimise the cost of serving all trips. This results in t w o goals that are w eigh ted

together in the cost co e�cien ts of the ob jectiv e function. The SVSPSP

0
mo del

can accommo date a part of the w aiting times that w e desire to include in the

mo del, namely a p enalt y for w aiting times related to lines that are external to

the mo del, suc h as already timetabled train departures: for eac h trip i in N w e

�nd the transfer opp ortunities (s; M; L ) of the metatrip M that i b elongs to. As

stated ab o v e, L is an external line with �xed departures and arriv als, therefore

w e can a priori �nd the arriv al and departure on line L that are used b y pas-

sengers em barking and disem barking trip i at stop s and w e can calculate the

asso ciated w aiting times. The t w o w aiting times are m ultiplied b y the passen-

ger estimates E s
SM and D s

SM and summed to giv e the total n um b er of min utes

w aited for the particular trip and transfer opp ortunit y . By summing o v er all the

transfer opp ortunities that the trip is in v olv ed in w e obtain the total n um b er of

w aiting min utes incurred b y the trip. This n um b er, w eigh ted in a suitable w a y ,

is added to the cost of all arcs lea ving the no de corresp onding to the trip.

The SVSPSP

0
mo del cannot tak e the transfer of passengers from bus to bus in to

accoun t if b oth buses are resc heduled b y the mo del. W e therefore in tro duce the

mo del SVSPSP , that generalises SVSPSP

0
to accommo date this. The o v erall

idea is to in tro duce t w o new sets of binary v ariables ys
ij and zs

ij that indicate

if transfers b et w een trip i and j are taking place at stop s. F or eac h transfer

opp ortunit y (s; M; L ) in v olving a d-line L whic h is timetabled b y the mo del w e

create a n um b er of v ariables ys
ij where i 2 M , j 2 [ M 02 L M 0

. Eac h v ariable

indicates if the transfer opp ortunit y of passengers disem barking metatrip M
to transfer to d-line L is realised b y transferring from trip i to j . Similarly ,

for the same transfer opp ortunit y , w e create a n um b er of v ariables zs
ij where

j 2 M , i 2 [ M 02 L M 0
. These v ariables indicate if the transfer opp ortunit y of

passengers em barking M , coming from L is realised b y transferring from trip i
to j . W e assign a cost �cs

ij > 0 for eac h ys
ij v ariable and a cost ĉs

ij > 0 for eac h

zs
ij v ariable. The cost is based on the time b et w een arriv al and departure on

the t w o trips and the n um b er of passengers exp ected to tak e adv an tage of the

transfer opp ortunit y .

Consider the follo wing example: the bus lines 200 and 300 b oth visit Lyngby
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Station . Assume that a trip for line 200 north b ound (200-N) has b een c hosen

b y the mo del suc h that the bus arriv es at Lyngb y station at 9:29. A n um b er

of the passengers on b oard the bus wish to disem bark the bus to transfer to

line 300 heading north (300-N). Their w aiting time dep ends on the departure

time of the next 300-N, whic h is also decided b y the mo del. Figure 4 sho ws this

situation. The c hosen trip for bus 200-N (trip a) is sho wn at the top of the �gure

9.30 9.40 9.50

4 5 6 7 8 9 10 11 12

a b c d e f

Bus 300-N

Bus 200-N

Figure 4: Example of a bus-to-bus transfer.

along with alternativ e 200-N arriv als and nine trips b elonging to line 300-N are

sho wn on the b ottom. P assengers from trip a cannot transfer to bus 300-N on

the departure times mark ed with grey circles: departure 4 is imp ossible b ecause

it departs b efore bus 200-N arriv es, while departure 5 departs one min ute later

than trip a arriv es and there is not enough time for the transfer (passengers ha v e

to w alk). The other departures are all feasible transfers. Note that trips 7 to 11

constitute a metatrip, so exactly one of these trips m ust b e selected. This means

that no passenger from trip a heading for line 300-N w ould transfer to trip 12

b ecause an earlier, feasible departure will exist in the plan. On the other hand,

if trip 12 is selected b y the mo del and trip a is the latest selected bus from 200-N

that allo ws a transfer to trip 12 then em barking passengers on trip 12 arriving

from 200-N w ould p erform the transfer. Since b oth em barking and disem barking

passengers are considered, b oth y and z v ariables are necessary . The y v ariables

handle passengers disemb arking a sp eci�c trip to the �rst p ossible trip on the

sp eci�ed d-line. The z v ariables handle passengers emb arking a sp eci�c trip from

the last p ossible trip on the sp eci�ed d-line.

Let S b e the set of all stops that are visited b y more than one bus line. W e

in tro duce a graph Ĝs = ( V̂ s ; Âs) for eac h stop s 2 S . The set of v ertices V̂ s
is

the set of all trips that visit stop s and the set of arcs is de�ned as

Âs =
n

(i; j ) : i; j 2 V̂ s; passengers can transfer from trip i to trip j at stop s
o

:

F or example, if s is Lyngb y station as sho wn in Figure 4 w e w ould ha v e that

f (a; 6); (a; 7); (a; 8); (a; 9); (a; 10); (a; 11); (a; 12)g � Âs

but f (b;1); (b;2)g \ Âs = ; . The v ariables ys
ij and zs

ij are de�ned for ev ery

s 2 S and ev ery arc (i; j ) 2 Âs
. W e can use Figure 4 to sho w the meaning of

the y v ariables. If, for example, trips b and 7 are c hosen and none of the trips

f 3; 4; 5; 6g are c hosen then ys
b;7 = 1 and ys

b;j = 0 for j 2 f 3; 4; 5; 6; 8; 9; 10g. If

10



b oth trip 3 and 7 w ere c hosen then w e w ould ha v e ys
b;3 = 1 and ys

b;7 = 0 b ecause

all passengers disem barking b, b ound for 300-N, w ould transfer to trip 3.

F or a trip i 2 N and a stop s on its line w e de�ne t(i; s) to b e the departure

time of trip i at stop s. F or a trip i w e de�ne dl(i ) to b e the d-line that the trip

b elongs to. F or a stop s and an arc (i; j ) 2 Âs
w e de�ne

� (i; j; s ) = f j 0 2 [ M 02 dl ( j ) M
0 : (i; j 0) 2 Âs ; t(j 0) < t (j )g;

that is, � (i; j; s ) is the set of trips j 0
from the same d-line as j that are earlier

than j but that still are feasible transfer destinations from trip i . Similarly w e

de�ne

� (i; j; s ) = f i 0 2 [ M 02 dl ( i ) M
0 : (i 0; j ) 2 Âs ; t(i ) < t (i 0)g;

whic h is the set of trips i 0
from the same d-line as i that are later than i but

where a transfer to trip j still is feasible. W e can no w presen t an extended mo del

that also handles the bus-to-bus transfers:

min
X

k2 K

X

( i;j )2 A k

ck
ij xk

ij +
X

s2 S

X

( i;j )2 Â s

�cs
ij ys

ij +
X

s2 S

X

( i;j )2 Â s

ĉs
ij zs

ij (12)

sub ject to

X

i 2 M

X

k2 K

X

j 2 V k

xk
ij = 1 M 2 
 (13)

X

i 2 �

X

k2 K

X

j 2 V k

xk
ij � 1 � 2 � (14)

X

j 2 N

xk
n + k;j � vk k 2 K (15)

X

i 2 V k

xk
ij �

X

i 2 V k

xk
ji = 0 k 2 K; j 2 V k

(16)

X

k2 K

X

l 2 V k

xk
il +

X

k2 K

X

l 2 V k

xk
jl � 1

�
X

j 02 � ( i;j;s )

X

k2 K

X

l 2 V k

xk
j 0l � ys

ij s 2 S;(i; j ) 2 Âs
(17)

X

k2 K

X

l 2 V k

xk
il +

X

k2 K

X

l 2 V k

xk
jl � 1

�
X

i 02 � ( i;j;s )

X

k2 K

X

l 2 V k

xk
i 0l � zs

ij s 2 S;(i; j ) 2 Âs
(18)

xk
ij 2 f 0; 1g k 2 K; (i; j ) 2 Ak

(19)

ys
ij 2 f 0; 1g s 2 S;(i; j ) 2 Âs

(20)

zs
ij 2 f 0; 1g s 2 S;(i; j ) 2 Âs

(21)

T w o c hanges ha v e b een p erformed compared to mo del SVSPSP

0
: a) t w o terms

ha v e b een added to the ob jectiv e function (12) to mo del the cost of passengers
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w aiting during transfers b et w een t w o buses that are b oth re-timetabled b y the

mo del, and b) inequalities (17) and (18) ha v e b een added to ensure that the

ys
ij and zs

ij v ariables are set correctly . F or example, ys
ij is set to 1 b y (17) when

b oth trip i and trip j are used (the �rst t w o sums on the left hand side) and

when none of the feasible transfer destinations earlier than j are in use (the last

sum on the left hand side). The constrain ts only enforce a lo w er b ound on ys
ij

but the minimisation in the ob jectiv e and assumption that �cs
ij is p ositiv e ensure

that the y v ariables tak e the lo w est p ossible v alue. Constrain ts (18) are similar

to (17), but w ork on z rather than y v ariables.

The mathematical mo del presen ted in (6)�(11) has b een implemen ted in CPLEX,

but CPLEX w as not able to solv e instances with the dimensions considered in

this pap er. No attempts ha v e b een made to solv e the mo del presen ted in (12) �

(21) with a general purp ose solv er, since the n um b er of v ariables and constrain ts

used in the adv anced mo del is ev en larger than in the mo del presen ted in (6)�

(11) . Ho w ev er, b y presen ting the mo dels here, they ha v e serv ed as an instrumen t

to giv e a precise de�nition of the problem to b e studied. Using tec hniques lik e

reform ulation or cut or column generation it migh t b e p ossible to solv e realis-

tically sized instances using the mathematical mo dels � in particular, mo del

(6)�(11) lends itself to a column based solution approac h. Ho w ev er, w e ha v e

w ork ed in a di�eren t direction, and in the follo wing section w e shall presen t a

metaheuristic for solving the problem.

4 Solution metho d

The solution metho d w e prop ose for solving the SVSPSP is based on the large

neigh b orho o d searc h (LNS) metaheuristic. The LNS w as prop osed b y Sha w

[1998]. As man y other metaheuristics, the LNS is based on the idea of �nding

impro ving solutions in the neigh b orho o d of an existing solution. What sets the

LNS apart from other metaheuristics is that the neigh b orho o d searc hed (or

sampled) in the LNS is h uge.

The term LNS is often confused with the term very lar ge sc ale neighb orho o d

se ar ch (VLSN) de�ned in Ah uja et al. [2002]. While the LNS is a heuristic

framew ork, VLSN is the family of heuristics that searc hes neigh b orho o ds whose

sizes gro w exp onen tially as a function of the problem size, or neigh b orho o ds that

simply are to o large to b e searc hed explicitly in practice, according to Ah uja

et al. [2002]. The LNS is one example of a VLSN heuristic.

W e are a w are of one application of LNS to the MD VSP , this approac h is de-

scrib ed in P epin et al. [2009]. That LNS implemen tation is more complex than

ours as it uses column generation and branc h and b ound to solv e restricted in-

stances of the MD VSP . The computational results rep orted in P epin et al. [2009]

sho w that the LNS is comp etitiv e against 4 other heuristics. LNS has also b een

successful in solving the related v ehicle routing problem with time windo ws. See

12



Algorithm 1 Large Neigh b orho o d Searc h

1: input: a feasible solution x ;

2: x � = x ;

3: rep eat

4: x0 = r (d(x)) ;

5: if accept (x0; x) then

6: x = x0
;

7: end if

8: if f (x0) < f (x � ) then

9: x � = x0
;

10: end if

11: un til stop criterion is met

12: return x �

for example Ben t and V an Hen tenryc k [2004] and Pisinger and Ropk e [2007].

4.1 Large neigh b orho o d searc h

A LNS heuristic mo v es from the curren t solution to a new, hop efully b etter,

solution b y �rst destr oying the curren t solution and then r ep airing the destro y ed

solution. T o illustrate this, consider the tra v eling salesman problem (TSP). In

the TSP w e are giv en n cities and a cost matrix that sp eci�es the cost of tra v eling

b et w een eac h pair of cities. The goal of the TSP is to construct a minim um cost

cycle that visits all cities exactly once (see e.g. Applegate et al. [2006]). A destro y

metho d for the TSP could b e to remo v e 10% of the cities in the curren t tour

at random (shortcutting the tour where cities are remo v ed). The repair metho d

could insert the remo v ed cities again using a c heap est insertion principle (see

e.g. Jünger et al. [1995]).

The LNS heuristic is outlined on Algorithm 1. In the pseudo-co de w e use the

sym b ols x for the curren t solution, x �
for the b est solution observ ed during

the searc h and x0
for a temp orary solution. The op erator d(�) is the destro y

metho d. When applied to a solution x it returns a partially destro y ed solution.

The op erator r (�) is the repair metho d. It can b e applied to a partially destro y ed

solution and returns a normal solution. The expression r (d(x)) therefore returns

a solution created b y �rst destro ying x and then rebuilding it.

The LNS heuristic tak es an initial solution as input and mak es it the curren t

and b est kno wn solutions in lines 1 and 2. Lines 4 to 10 form the main b o dy of

the heuristic. In line 4 the curren t solution is �rst destro y ed and then repaired,

resulting in a new solution x0
. In line 5 the new solution is ev aluated to see

if it should replace the curren t solution, this is done using the function ac c ept

whic h is describ ed in Section 4.2.3 b elo w. In lines 8 to 10 the b est kno wn solu-

tion is up dated if necessary . Line 11 c hec ks the stopping criterion whic h in our

implemen tation simply amoun ts to c hec king if tmax seconds ha v e elapsed.
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4.2 Large neigh b orho o d searc h applied to the SVSPSP

This section describ es ho w the LNS heuristic has b een tailored to solv e the

SVSPSP. In particular, w e describ e the implemen ted destro y and repair metho ds

and the acceptance criterion.

4.2.1 Destro y metho ds

Destro y metho ds for the SVSPSP remo v e trips from the curren t solution. Ev ery

time a destro y metho d is in v ok ed the n um b er of trips to remo v e is selected

randomly in the in terv al [5; 30]. T w o simple destro y metho ds for the SVSPSP

ha v e b een implemen ted. The �rst metho d simply remo v e trips at random, whic h

is a go o d metho d for div ersifying the searc h.

The second metho d is based on the r elate dness principle prop osed b y Sha w

[1998]. Here w e assign a relatedness measure R(i; j ) to eac h pair of trips (i; j ) .

A high relatedness measure indicates that the t w o trips are highly related. The

relatedness of t w o trips i and j are de�ned as

R(i; j ) = 30 � 1 s( i )= s( j ) + 30 � 1 e( i )= e( j ) + 20 � 1 s( i )= e( j ) + 20 � 1 e( i )= s( j ) � j t (i ) � t (j )j

where s(i ) and e(i ) are the start and end lo cations of trip i resp ectiv ely , t(i )
is the start time of trip i (start time in the curren t solution). The notation

1 expr is used to represen t the indicator function whic h ev aluates to one if expr
ev aluates to true and zero otherwise. The measure de�nes t w o trips to b e related

if they start around the same time and if the share start and/or end lo cations.

The measure is used to remo v e trips as follo ws. An initial seed trip is selected

at random and added to a set of remo v ed trips S . F or eac h trip i still in the

solution w e calculate the relatedness

v(i; S ) = max
j 2 S

f R(i; j )g

The trips still in the solution are sorted according a non-increasing v(i; S ) in

a sequence T , a random n um b er p in the in terv al [0; 1) is dra wn and the trip

at p osition bjT jp5c in T is selected. This selection rule fa v ours trips with high

v(i; S ) v alue. The selected trip is added to the set of remo v ed trips, and v(i; S )
is recalculated after adding a trip to S . W e con tin ue to add trips to S , un til w e

ha v e reac hed the target n um b er of remo v ed trips.

The t w o destro y metho ds are mixed in the LNS heuristic. Before remo ving a

trip from the solution it is decided whic h destro y metho d that should b e used

to select the trip. With probabilit y 0.15 the �rst metho d (random) is used and

with probabilit y 0.85 the second metho d (relatedness) is used.

The trips that ha v e b een remo v ed from the solution are still active in the sense

that they will b e used in the trip incompatibilit y c hec k de�ned b y constrain ts

(8) and (14). That is when adding a trip to a solution in the repair step b elo w,
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w e c hec k if it is compatible with the trips in the solution and the trips remo v ed

in the previous destro y op eration. A trip i is made inactiv e when another trip,

b elonging to the same metatrip as i , is inserted in to the solution.

4.2.2 Repair metho ds

The repair metho d for the SVSPSP reinserts the trips that w ere remo v ed from

the solution b y the destro y metho d. The repair metho d uses a randomised greedy

heuristic. F or eac h unassigned metatrip S the heuristic calculates an insertion

cost f (S) giv en the curren t solution. When inserting a metatrip S w e ha v e a

c hoice of whic h trip i 2 S that should b e inserted. With probabilit y � w e insert

the same trip that w as used in the solution b efore destruction and with proba-

bilit y 1� � w e insert a random trip from S . The c hosen trip should b e compatible

with all activ e trips. Suc h a trip exists b ecause w e are sure that the trip from the

pre-destruction solution is compatible with all trips. The requiremen t ensures

that w e nev er get to a situation where one or more metatrips cannot b e inserted

b ecause of the the compatibilit y constrain ts (8) and (14).

Giv en the c hoice of trip i , w e de�ne the cost f (S) as the cost of inserting trip

i at the b est p ossible p osition in the curren t solution m ultiplied b y a random

factor that is mean t to div ersify the insertion pro cedure. More precisely the cost

is de�ned as:

f (S) =

(
minr 2 R f c(i; r )g � (1 + rand (� �; � )) if minr 2 R c(i; r ) 6= 1

c(i; ; ) otherwise

where c(i; r ) is the cost of inserting trip i in route r at the b est p ossible p osition,

R is the set of routes in the curren t solution, c(i; ; ) is the cost of serving the

trip using a new v ehicle from the b est p ossible dep ot, � is a parameter and

rand (� �; � ) is a function that returns a random n um b er in the in terv al [� �; � ].

The parameter � con trols the amoun t of randomisation applied b y the insertion

pro cedure. The heuristic c ho oses to insert the metatrip S with lo w est cost. It

do es this b y inserting the trip i that w as used as a represen tativ e for S and

inserts this at its b est p ossible p osition. This con tin ues un til all metatrips ha v e

b een inserted. With to the assumption that vk = j
 j it is alw a ys p ossible to

insert a metatrip � w e will alw a ys b e able to serv e it using a new v ehicle.

4.2.3 A cceptance criterion

The acceptance criterion used in our implemen tation of the LNS heuristic is the

one used in sim ulated annealing metaheuristics: The function accept (x0; x) used

in line 6 of Algorithm 1 accepts the new solution x0
if it is at least as go o d as

the curren t solution x , that is, f (x0) � f (x) . If f (x0) > f (x) then the solution

is accepted with probabilit y

e
f ( x ) � f ( x 0)

T :
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The parameter T is called the temp er atur e and con trols the acceptance prob-

abilit y: a high temp erature mak es it more lik ely that w orse solutions are ac-

cepted. Normally the temp erature is reduced in ev ery iteration using the for-

m ula T new = �T old

where 0 < � < 1 is a parameter that is set relativ e to

desired start and end temp eratures and desired n um b er of iterations. Because

w e use elapsed time as stopping criterion w e calculate the curren t temp erature

b y the form ula

T(t) = Ts �
�

Te

Ts

� t
t max

here t is the elapsed time since the start of the heuristic, Ts is the starting

temp erature and Te is the end temp erature. Because of the acceptance criterion

the LNS heuristic can b e seen as a sim ulated annealing heuristic with a complex

neigh b ourho o d de�nition.

4.2.4 Starting solution

A starting solution is necessary b ecause the LNS heuristic impro v es an existing

solution. It is constructed using the greedy heuristic outlined in Algorithm 2.

The generation heuristic do es not consider time shifting, instead it only considers

insertion of the original trip from eac h metatrip. Therefore, when writing e arliest

metatrip in Algorithm 2 w e refer to the metatrip whose original trip is the

earliest. The heuristic constructs v ehicle routes one at a time and attempts to

create routes where little time is w asted in b et w een trips. Lines 2�12 deal with

the construction of a single route for a v ehicle. Lines 2�4 select the �rst trip on

the route and the dep ot whic h should pro vide the v ehicle for the route. Lines

5�12 add trips to the partial route. The selection of whic h trip to add is based

on the terminal where the partial route is ending at the momen t. The algorithm

adds the �rst trip that lea v es that terminal or closes the route if the route cannot

b e extended with a trip starting in the curren t terminal.

5 Data

The data set that has b een dev elop ed for the SVSPSP during the prepara-

tion of this pap er has b een describ ed in further detail in a tec hnical rep ort b y

P etersen et al. [2008], and in this section w e will giv e a brief description of

the bac kground and the resulting data set. The data set can b e obtained from

h ttp://www.transp ort.dtu.dk/SVSPSP/.

The lo cal train net w ork in the Greater Cop enhagen area roughly has the form

of a fan or the �ngers of a hand, as sho wn in Figure 5. A net w ork of express

bus lines complemen ts the train lines across and in parallel, as can b e seen in

Figure 6. The data set that has b een dev elop ed for the SVSPSP is based on this

structure, where the radial train lines are op erated on a �xed timetable, and the
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Algorithm 2 Heuristic for generating an initial solution

1: while there are non-serv ed metatrips left do

2: Select a random station s with unserv ed metatrips;

3: Select earliest non-serv ed metatrip S starting from s;

4: Start a new route r serving S . Use a v ehicle from the dep ot nearest to s;

5: rep eat

6: Let s0
b e the station where route r is ending;

7: if r can b e extended with a non-serv ed metatrip starting in s0
then

8: Select earliest non-serv ed metatrip S0
starting in s0

that can extend

r . A dd S0
to r ;

9: else

10: End route r b y returning to the dep ot;

11: end if

12: un til r has returned to the dep ot;

13: end while ;

timetables for the bus lines (of whic h most are circular) are adjusted according

to this.

A data set for the SVSPSP consists of sev eral parts: 1) a distanc e matrix , con-

taining all distances b et w een dep ots and line end-p oin ts, 2) �xe d time tables

of all �xed-sc hedule train connections, 3) numb er of tr ansferring p assengers for

eac h transfer opp ortunit y , 4) an initial sche dule used to determine the a v ail-

able set of trips, 5) c osts of di�eren t activities, and other parameters suc h as

turnaround times, passenger transfer times, etc.

Among these elemen ts the distances and �xed time tables are generally relativ ely

easy to obtain. F urthermore the initial sc hedule, in the form of the curren t bus

sc hedule, is required to pro vide information regarding frequencies and service

lev el, whic h will b e main tained b y the new solution. Giv en a suitable generation

strategy , the set of p oten tial trips can b e generated based on these time ta-

bles.The curren t sc hedule can also b e used to generate an initial feasible (VSP)

solution for the heuristics.

The problem ob jectiv es of op erating cost and passenger w aiting time ha v e b een

com bined b y expressing b oth in monetary units. The v arious costs required for

calculating the total cost of a solution ha v e b een estimated for the data set, in

particular the cost of passenger w aiting time has b een estimated based on the

recommended v alue of tra v el time b y the Danish Ministry of T ransp ort.

What then remains to b e estimated is the n um b er of passengers and their trans-

fer patterns. This transfer information will allo w us to calculate the n um b er of

(dis)em barking passengers using eac h a v ailable transfer opp ortunit y , for an y

arriv al or departure of a bus at a station.

F or this pro ject these data ha v e b een obtained b y a t w o-stage pro cess: First w e

estimated the n um b er of (dis)em barking passengers, as a function of the station,
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Figure 5: The lo cal train net w ork of Cop enhagen
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Figure 6: The S-bus net w ork; trains are sho wn as thin lines
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bus line and time of da y , and then w e estimated the p ercen tage of (dis)em barking

passengers that sould p erform eac h p ossible transfer.

The n um b er of (dis)em barking passengers at eac h station is calculated as f t �
f l � f s � n where f t is a time factor, f l is a line factor, f s is a station factor, and

n is a random n um b er ev enly distributed in the in terv al [32; 48]. The v alues of

n is c hosen to roughly re�ect the capacit y of a v ehicle, and the in tro duction of

randomness increases the v ariation of data, to mak e them more realistic.

The distribution of transferring passengers b et w een a v ailable connections has

b een estimated based on kno wledge of the net w ork, and considering the direction

of trains (to w ards the to wn cen tre or a w a y from it). A random elemen t has b een

added to pro vide a b etter spread of the obtained v alues. Connections ha v e b een

sp eci�ed either for a particular train line or as e.g. �the �rst departure going

in to to wn�. F or mo delling purp oses this could b e obtained b y adding arti�cial

train lines.

Metatrips are created from trips in the original timetable. Let Ti b e the depar-

ture time of a trip in the original timetable, b elonging to a particular d-line

L . W e create an in terv al [T s
i ; T e

i ] around Ti and distribute � trips in this in-

terv al to form a metatrip. Assume that � is an unev en n um b er. W e express

the start and end of the in terv al as follo ws T s
i = Ti � � �

i and T e
i = Ti + � +

i .

The sym b ols � �
i and � +

i are expressed in terms terms of the departure times

Ti � 1 and Ti +1 of the previous and next, resp ectiv ely , trip on L as follo ws:

� �
i = bT i � T i � 1 � 1

2 c; � +
i = bT i +1 � T i

2 c. This construction ensures that the in ter-

v als around the trips on eac h d-line are disjoin t. The set of departure times

constructed are

�
Ti �

2j
�

� �
i : j = 1 : : :

j �
2

k�
[ f Ti g [

�
Ti +

2j
�

� +
i : j = 1 : : :

j �
2

k�

with the time expressions rounded to the nearest in teger to ensure that depar-

tures o ccur at in teger v alued times. If the trips in the original timetable are

close then w e ma y end up with few er than � departure times b ecause some de-

partures get mapp ed to the same in teger due to the round-o�. In that case w e

only create as man y trips as w e ha v e departure times for. In our test w e used

� = 5 . Figure 7 sho ws an example of ho w the trips of a metatrip are distributed.

9.309.15 9.45

30+2/5*7 30+4/5*730-2/5*730-4/5*7

Figure 7: Example of the distribution of trips in metatrips

The only incompatibilities used in this pro ject are found b y m ultiplying the

curren t in terv al b et w een t w o trips b y a factor to determine lo w er and upp er
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b ounds allo w ed for the same in terv al. This factor has b een set to 0.5 for the

lo w er b ound and 1.5 for the upp er b ound.

Instances of three di�eren t sizes ha v e b een considered for this pro ject. These in-

stances ha v e b een constructed b y considering a meaningful subset of the actual

op erated bus routes, i.e. a subset that in itself constitutes a realistic problem.

This means that the routes selected for the smaller subset ha v e c haracteristics

that ma y di�er from the routes added in the larger subsets. Th us the smaller

problem consists of the most cen tral lines, and the lines that are added in the

larger sets are more rural, and/or ha v e few er in tersections with the train net-

w ork.

The prop erties of the three di�eren t instances will b e summarised b elo w:

3 lines. 538 trips. All lines are circular lines with 5�6 in tersections with the train

net w ork, but only few in terconnections b et w een the buses. Man y passen-

gers. Subset of

5 lines. 792 trips. All lines are circular lines with 4�6 in tersections with the train

net w ork, and only few in terconnections b et w een the buses. Some lines are

passenger in tensiv e. Subset of

8 lines. 1400 trips. Com bination of circular and radial lines. The radial lines only

ha v e 2�3 connections to trains, but more connections to other buses. Most

lines are passenger in tensiv e.

6 Computational exp erimen ts

T o ev aluate the qualit y and usefulness of the algorithm, w e ha v e p erformed a

series of tests to examine its b eha viour with di�eren t instance sizes and settings,

whic h will b e presen ted in this section. The tests ha v e b een p erformed on an

In tel P en tium 4, 2.8 GHz, with 2GB RAM, running Windo ws XP .

The curren t v ehicle sc hedules used for the data set w ere not a v ailable, so these

had to b e constructed initially . This has b een done b y using the implemen ted

LNS as a regular VSP solv er, i.e. b y not allo wing an y time shifts. The generated

solutions ha v e b een used as initial solutions when solving the SVSPSP , and also

as reference solutions represen ting curren t practiv e, when ev aluating the qualit y

of the obtained �nal solutions. As w e kno w that the actual curren t sc hedules

are not created with dedicated soft w are, this should pro duce reference solutions

that are not w orse than the curren tly used solution. F or eac h instance a running

time of 24 hours w as allo w ed for the construction of the reference solution.

T able 1 sho ws the results from running the implemen ted LNS algorithm on in-

stances of di�eren t sizes with di�eren t running times. F or eac h run w e rep ort

the cost reduction compared to the initial solution, the n um b er of v ehicles used,

the reduction of empt y mileage costs (i.e. a negativ e v alue indicates that the
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3 lines

total a vg.

cost v eh. empt y time shifts shift reg.

1h 2.9% 0.0% � 14.2% 16.5% 74.2% 2.19 39.7%

6h 3.1% 0.0% � 13.0% 17.4% 73.4% 2.22 43.2%

24h 3.3% 0.0% � 8.9% 18.1% 73.8% 2.11 48.1%

5 lines

total a vg.

cost v eh. empt y time shifts shift reg.

1h 2.8% 0.0% � 10:1% 19.8% 77.0% 2.58 39.8%

6h 3.1% 0.0% � 9:2% 21.8% 79.3% 2.68 43.4%

24h 3.2% 0.0% � 7:8% 22.5% 78.2% 2.61 40.5%

8 lines

total a vg.

cost v eh. empt y time shifts shift reg.

1h 1.1% 0.0% � 7.8% 9.5% 64.2% 1.88 30.4%

6h 1.6% 0.0% � 6.4% 13.3% 76.6% 2.38 31.4%

24h 2.0% 0.0% � 7.1% 16.4% 76.4% 2.39 36.0%

T able 1: Solution impro v emen ts for di�eren t problem sizes
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empt y cost has increased), the reduction of total passenger w aiting time, the

p ercen tage of trips that ha v e b een time shifted, the a v erage amoun t of time

that eac h trip is shifted, and the p ercen tage of trips that are r e gular . A r e g-

ular /memorable trip is a trip for whic h the gap to the preceding trip on the

same line is a m ultiple of 5. This mak es the sc hedule easier to remem b er, and is

th us an adv an tage to the passengers. F or the curren t sc hedule the p ercen tage of

regular trips is around 72% for the largest instance, and 83�84% for the others.

Ho w ev er, memorabilit y has not b een an ob jectiv e of the implemen ted algorithm.

The table sho ws that go o d results can b e obtained, and that a considerable

reduction of passenger w aiting time is p ossible. The reduced w aiting times lead

to an increase in the amoun t of empt y tra v el, ho w ev er the total op erating cost

still sho ws impro v emen t of around 3% for the smaller instances, and 1�2% for

the 8 line instances.

Alternativ e small instances

As stated previously the di�eren t tested instances di�er not only in size, but

also in some c haracteristics regarding the t yp e of lines that are used. Th us the

v ariation in cost and time reduction obtained for the di�eren t instances ma y w ell

dep end just as m uc h on the c hange in these c haracteristics as on the actual size

of the problems. The tests of T able 1 ha v e b een rep eated on t w o additional small

instances that ha v e b een created with a mix of lines more similar to those of the

largest instance. These instances represen t subproblems that w ould most lik ely

not b e considered in real-life, but can hop efully demonstrate the b eha viour on

smaller instances without b eing a�ected b y the di�eren t c haracteristics of the

problem. Eac h instance consists of t w o circular lines (of whic h one is passenger

in tensiv e) and one radial line. The results for these t w o instances can b e found in

T able 2, and indicate that it is di�cult to compare the prop erties of instance just

b y lo oking at simple prop erties of the included lines. The results also indicate

that the ac hiev able cost impro v emen t do es indeed dep end on the c hoice of lines

to include in the problem.

total a vg.

cost v eh. empt y time shifts shift reg.

1h 1.3% 0.0% � 7.2% 12.2% 73.2% 2.0 29.8%

6h 1.6% 0.0% � 7.7% 14.7% 76.4% 2.1 31.4%

1h 2.9% 0.0% � 8.6% 20.4% 79.4% 2.8 39.2%

6h 3.1% 0.0% � 5.6% 21.3% 76.5% 2.8 45.0%

T able 2: Solution impro v emen ts for more �realistic� small instances
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Random v ariation of the instances

The net w ork structure and the existing time tables are �xed, so in order to

pro duce a series of di�eren t data sets/problem instances that still re�ect the

real w orld, the only adjustable parameter has b een the random elemen t of the

spread of the passengers o v er di�eren t a v ailable connections. This has b een done

for the medium-sized instances (5 lines), using running times of 1 and 6 hours,

and the results can b e found in T able 3.

total a vg.

cost v eh. empt y time shifts shift reg.

1h 2.8% 0.0% � 10.5% 19.7% 78.8% 2.7 37.3%

2.2% 0.0% � 6.4% 15.4% 75.5% 2.5 39.3%

2.8% 0.0% � 11.8% 20.1% 77.8% 2.7 34.5%

2.7% 0.0% � 11.6% 19.7% 76.8% 2.7 39.6%

6h 3.2% 0.0% � 6.2% 21.8% 76.4% 2.6 39.9%

2.6% 0.0% � 4.8% 17.8% 77.1% 2.7 43.1%

3.1% 0.0% � 9.0% 21.8% 78.3% 2.6 43.1%

3.2% 0.0% � 5.4% 21.8% 76.4% 2.5 39.5%

T able 3: Solution results with mo di�ed transfer distributions

These results sho w that the actual distribution of the passengers to some exten t

in�uences the size of the reductions that can b e obtained, but also that the

impro v emen ts are consisten tly around 2.6% for the shorter running times, and

around 3% for the 6 hour running times.

7 Conclusion

W e ha v e in tro duced a new problem that in tegrates the timetabling and v ehicle

sc heduling phases in public transp ortation planning. It do es so b y sim ultane-

ously considering resource costs and passenger w aiting time at transfers. The

problem has b een de�ned formally and a metaheuristic based on the LNS prin-

ciple has b een designed and tested. The metaheuristic has b een tested on a data

set based on a subset of the buses serving the Greater Cop enhagen area. The re-

sults obtained are encouraging: for the full data set w e ha v e observ ed that a 16%

reduction of passenger transfer w aiting times are p ossible. This reduction w as

p ossible without using more buses to pro vide the service, but an increase in the

amoun t of deadheading w as necessary . W e consider the increase in deadheading

negligible compared to the total cost in v olv ed in op erating a public transp ort

system and when considering the increased passenger service obtained.

A topic for future researc h is ho w to mak e the timetables pro duced b y the

heuristic easier for the passengers to memorise. This could b e ac hiev ed either
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b y adding a term p enalising solutions with lo w memorabilit y to the ob jectiv e

function or ensuring that blo c ks of subsequen t departures ha v e �xed headw a y .
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