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Integer programming

minimize cx

subjectto AXx=D
x>0
X E 7

Solved through branch-and-bound, using lower bounds
e LP-relaxation can be solved efficiently
e Natural way of formulating ILP models

Many problems cannot be formulated as linear models, or
the formulation is inefficient.



Interior point methods

Interior point methods can be extended to a number of
cones (self-dual homogeneous cones)

e R" (linear programming)

e vectorized symmetric matrices over real numbers
(semidefinite programming)

e Vvectorized Hermitian matrices over complex numbers
e vectorized Hermitian matrices over quaternions
e vectorized Hermitian 3 x 3 matrices over octonions

Grotschel, Lovasz and Schrijver [3]:
semidefinite programming solved in polynomial time

e semidefinite relaxations attractive tool
e Modeling part not well-developed

Concrete semidefinite optimizers: Sturm [6], Toh, Tutuncu
and Todd [7], Fujisawa, Kojima and Nakata [2].



Semidefinite programming, definitions

aj
e vectora= | : a' = (ag,...,an)
dn

e inner product between matrices A,B € R™"

(A,B) = Iijiaijbij.

e vector product of two vectors a,b € R" is
n
Th -
ab:= ajbj
2

alb]_ e albn
ab' 1= : :
anbl e anbn
e diag(A) vector of diagonal elements of A € R"™"
A1 --- dain ail
diag(A) := diag : : _ :
anl . e ann ann

e Diag(a) diagonal matrix of vector a € R"

a, 0 --- 0
Diag(a) = Diag(ay,...,an) = O .a.g O
0 0 0 a,



Semidefinite programming

e Matrix A € R"™" is positive semidefinite
VyeR":yTAy >0

e |A> 0 < Apos. semidef. and symmetric

11
A (1) 20

symmetric, y' Ay > 0 since

(V1 yz)(i })(ﬁ)
) (11

(V3 +y1Y2) + (Yiy2+Y3)
(Y1+Y2)? >0

y' Ay

1)



Example

dijd; --- djidp
A=aa' = s 5
anal e anan
IS positive semidefinite (and symmetric) since

y' Ay =y'(aa' )y = (y'a)(a'y) = (a'y)* >0

Example
ap O --.- 0
A = Diag(ay,...,a,) = O .a.g O
0 0 0 a,
Is positive semidefinite if and only if a; > 0.
n
y' Ay = I;y?ai

to prove “only if” choosey = (0,...,1,...,0)

Cone

The set of semidefinite matrices is a cone (see exercise)



Properties of semidefinite matrices

Observations from linear programming:
A= : : 0
All submatrices are again positive semidefinite

Diagonal elements a;i > 0 (see exercise)

A>=0,A>0,... A0 & _ -0



Characterisation of positive semiefinite matrices

Proposition 1 The following are equivalent
1 A e R™" is positive semidefinite
2 EigenvaluesAj >0fori=1,...,n
3 3C € R™" such that A= C'C and rank(C) = rank(A)

A € R™": eigenvector v # 0, eigenvalue A |Av = Av
A = PAPT eigenvalue decomposition of A

Proof

e 1= 2Letv e R" be an eigenvector with |v| =1 cor-
responding to A. Since A is pos. semldef vIAv > 0
and v' (Av) =VIAv = AvTv = A|v|? =

e 2= 3 Let A=PAPT eigenvalue decomp. of A

VA1 0

C:=AzPT

CTC = (PAZ)(AzPT)

e 3= 1Show: Yy R":y"Ay >0
Giveny € R" letw =Cy

y'Ay=y'(C'C)y=(y'C")(Cy) =w'w >0

NI

N

PAPT = A



Semidefinite programming

Linear optimization problem in standard form

maximize cx
subjectto a;x = by,

amX:bm7
X = (Xg1,...,%Xn) >0

Semidefinite optimization problem in standard form

maximize (C,X)
subjectto (A1,X) = by,

<Am7X> — bm7
X>0

where X = (Xjj) € R™", C e R™", A; € R™" and b; e R.
Grotschel, Lovasz and Schrijver [3] polynomial algorithm



Several semidefinite matrices

Problem defined in several matrices
maximize y*_;(Cj,X;)
subjectto 35_; (Aqj, Xj) = by,

S5 1 (Amjs Xj) = bm,
X1>=0,....% >0

Remind that
Xy 0 -+ 0
Xy = 0% > 0,.... X = 0 0 % o =0
0 0 0 X
Defining
X; 0 -~ 0 Al O -~ 0
= OXZo A= OAZO
0 0 0 X 0 0 0 Ay
and noting that
A1 0 --- 0 X3 0 --- 0
R { BN B I B £
0 0 0 Ax 0 0 0 X =

Semidefinite optimization problem in standard form
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Embedding LP in semidefinite programming

Linear optimization problem

minimize %_; ¢jX;
subject to ijlalej:bl

Zlle amjXj = b
X1,...y Xm >0
Define matrices
o Aij = (ajj)
o X;=(X)
Nonnegativity constraint

Xi= 0 yXiy>0&xy* > 06X >0

We may use all LP-constraints as usual
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Rank of matrices

rank(A) < number of linearly independent columns of A

Proposition 2 matrix X € R™":

1. X > 0andrank(X) =1

2N
2. X = xx' for some vector x € R"

X11 -+ X X1X1 -+ X1Xp

X = : : XX! =

Xn1 -+ Xmn XnX1 -+ XpXp

Proof

e 1= 2 From Prop. 1: X = CTC where C = AZPT
Since rank(X) = 1 only one eigenvalue Aj # 0

) 0 P11 -+ Pn1 O --- 0
C:/\ZPT:( \/)\_I ) ( ):<C1 Cn)
0 pln pnn O --- 0
set X = (C1,...,Cq). Then X =C'C = xx".
e 2 = 1 Construct matrix

X1 - Xn x1 0 ... 0 Xp = X
c=| 0 0 CTC—(E : ) U
0 --- 0 Xn 0 ... O 0 --- 0

Since rank(C) =1fromProp.1: X =0 Arank(X)=1

=]
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Quadratic functions

If objective function or constraint

n n
Zl Y Cijxixj = X' CX
I=1j=1

3 matrix X = xx" where X >= 0 and rank(X) = 1 such that

(C,X) :Iijicijxij

since Xjj = XiXj we get

iicijxixj = (C,X)
I=1]=

X=1
rank(X) =1
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The Quadratic Knapsack Problem
v

PPR
Dol ®
PG

e N={1,...,n} items

e item J € N has weight w;

e knapsack capacity ¢

e profit matrix P = (pij)

e Dij+ pji profit achieved if items i and J are selected

Binary variable x; = 1 < item | is selected

maximize % % PijXiX;
IEN je€

subject to waij- <c, (2)
B

Xj € {0,1}, ] €N.
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Upper Bounds
LP-relaxation
maximize ; Zw PijXiX;
IEN je€
subject to ;Wij <,
5

OSXjSl, ] €N.

objective function is not linear
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Bounds from Linearisation
Variablesyj; & xi=1and x; =1

Yii <Xi, Vij <Xj, Xi+Xj<1+yjj,
ILP model

maximize % Zw Pi;Vij

subject to ZIW iXj <c,

yljgxla i7j€N7
yijSij iajENa
Xi+xj§1+yij7 ivjENa
Xj,Yij € {0,1}, I, ] €N.

LP-relaxation

maximize Zﬂ % Pi;Vij

subject to wa iXj <c,

yljgxly J€N7
Yij < Xj, €N,
Xi+Xj§1+yij7 i7j€N7
OSXjSl, jEN,
yij > 0, ] €N.

Upper bound UL
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Bounds from Semidefinite Relaxation

Objective function of QKP

X' PX = Zﬂ % piiXiXj = (P, X)
IEN je
Formulation of QKP

maximize (P,X)

subjectto (Diag(w),X) <c,
X >0,
rank(X) =1,
Xii € {O, 1}.

Dropping rank(X) = 1 constraint, relax last constraint

maximize (P,X)

subjectto (Diag(w),X) <c,
0<Xi<1
X =0,

Upper bound U°

HRW
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Max-cut problem

Graph G = (V,E,a), splitV = {U,V\U}

‘. — 1 ifieU 1-XX; [ 1 ifx#X;
' 1 -1 ifiev\U 2 1 0 ifx=x;
Model
. 1 —XiX;
maximize Zaij%

<]

subjectto x € {—1,1}"

Rewriting objective

ZZa” (1—xixj) =

<]
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Max-cut problem

Setting C = 2(Diag(Ae) — A) we get objective

Al

1
E;aij(l —XiXj) =Xx"Cx = (C,xx")

Semidefinite program

maximize (C,X)

subjectto diag(X)=e
X >0,
rank(X) =1,

Since diag(X) = e we have
Xii = 1 = XiXi
Drop rank(X) = 1, semidefinite relaxation

maximize (C,X)
subjectto diag(X)=¢e
X =0
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Quadratic 0-1 programming

Problem

max X' Cx
xe{0,1}"

Semidefinite program
maximize (C,X)
subjectto X >0,
rank(X) =1,
Xii € {0, l}

Drop rank(X) =1, LP-relax X;; € {0,1}

Semidefinite relaxation

maximize (P,X)
subjectto 0<X;i<1
X >0
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Tighter bounds for QKP

Proposition 3 If X > 0 and rank(X) = 1 and X;; € {0,1}

then also
X —diag(X)diag(X)" > 0. (3)

Proof

e X = xx" due to Proposition 2

X11 -+ Xin X1X1 *++ X1Xp
X=1 : : XX = : :
Xn1 -+ Xmn XnX1 -+ XnXp
e diag(X) = diag(xx") = x when x € {0,1}"

e WeR" (x+V)(x+v)T =0
choose v = —diag(X)

(X+V)(x+v)' =

XXT +vx! +xvl +w' =

X +vdiag(X)" +diag(X)vT +w' =

X + (v+diag(X))(v+diag(X))" —diag(X) diag(X)" =
X —diag(X)diag(X)" =0
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Tighter bounds for QKP

Proposition 4
X —diag(X)diag(X)' =0 & X >0

where Y'—( 1 diag(x)T)
 \ diag(X) X ‘

Proof

Define the regular matrix B as

B _ <(1) —dialg(X)T ) |

and observe that
- 1 0 1 diag(X)T 1 —diag(X)T
B'XB = (—diag(X) | )(diag(X) o) )(o 000 )

- ( é X—diag()?)diag(X)T )
Using Yy = B~y we have
y'Xy=y'(B~*)'B'XBB~'y =y'B'XBy,
hence: X = 0< B'™XB >0
B'XB>0 < 1> 0andX —diag(X)diag(X)" >0
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Tighter bounds for QKP (bound 1)

Relax QKP to QKP’
maximize (P,X)
subjectto (Diag(w),X) <c,
X — diag(X)diag(X)" > 0,
rank(X) =1,
Xii € {O, 1}
Drop rank(X) = 1 and relax last constraint to 0 < X;; <1

maximize (P,X)

subjectto (Diag(w),X) <c,
X — diag(X)diag(X)" > 0,
Xi<l1

upper bound Ut
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Tighter bounds for QKP (bound 2)
oW X=x"W
e W' x<c=wxx"w<c?
o WhxxTw = (ww', xx")
o relax xx' to X
relaxation

maximize (P, X)
subjectto (ww',X) < c?,
X —diag(X)diag(X)" =0

upper bound U?

HRwW
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Tighter bounds for QKP (bound 3)

The third semidefinite relaxation is based on the observa-
tion that w' x < ¢ can be multiplied by the real number w' x
on both sides gives the constraint (w'x)? < w'xc, leading
to the inequality

T Ty — w1 T C
0<wix(c—x'w)=w'x(L,x" ) *

:(o,wT)<)1()(1,xT)(_CW). (4)

N (1,xT ) =xXT the right hand side ex-

pression in (4) can be written

<(_CW) (0w ),x’>. (5)

This leads to the following relaxation:

Setting X’ =

maximize (P,X)

subject to <( _CW) (0o,w') ,X’> >0, (6)
X — diag(X)diag(X)" > 0.
3

HRW "

Solving the above problem gives bound U
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Tighter bounds for QKP (bound 4)

The last relaxation is obtained by multiplying the capacity
constraint with each of the variables x; for 1 € N getting
xiw'x < xjc. By writing the vector product explicitly we

get the sum
WiXiXj < X;jC. (7)
2
By introducing in (7) X; for x;x; and X;; for x; we get
w;jXij < XijiC, (8)
2

which leads to the following relaxation:
maximize (P, X)
subject to %Winj —Xiic<0, forieN, (9
JE
X —diag(X)diag(X)" > 0,

4

HRwW "

giving the bound U
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Strength of bounds for QKP

Helmberg, Rendl and Weismantel [4] together with Bau-
vin and Goemans [1] prove that

ult >u? >us >u*

HRW — HRW — HRW — HRW

Computational Experiments

Randomly generated instances by Gallo, Hammer and Sime-
one
Let A be the density of an instance

e weight wj is randomly distributed in [1,50] while

e profits p;j = pji are nonzero with probability A, and
in this case randomly distributed in [1,100].

e capacity c is randomly distributed in [50, 35_; W]

Implementation and experimental study was carried out
by Rasmussen and Sandvik [5]
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ul U2 ud U4 Ughs
A niti meGHSdev ti rreGHSdev ti rreGHSdev ti rreGHSdev time dev
5 40 1 0.000 638 | 0002 638 | 0001 638 [ 0000 638 | 0.000 6.38
60 | 0.000 17.61 | 0.000 17.61 | 0.001 17.61 | 0.002 17.61 | 0.001 17.49
80 | 0.000 22.70 | 0.000 22.70 | 0.000 22.70 | 0.001 22.70 | 0.001 22.70
100 | 0.000 13.84 | 0.002 13.84 | 0.003 13.84 | 0.001 13.84 | 0.000 13.84
120 | 0.001 25.04 | 0.001 25.04 | 0.002 25.03 | 0.001 25.02 | 0.001 25.02
140 | 0.000 40.17 | 0.000 40.17 | 0.006 39.22 | 0.002 39.09 | 0.003 38.99
160 | 0.001 2153 | 0.001 2153 [ 0.003 21.32 | 0.005 21.27 | 0.005 21.24
180 | 0.002 21.69 | 0.002 21.69 | 0.008 21.69 | 0.002 21.69 | 0.002 21.69
200 | 0.002 18.06 | 0.004 18.06 | 0.008 18.06 | 0.002 18.06 | 0.004 18.06
avrg | 0.001 20.78 | 0.00I 20.78 | 0.004 20.65 | 0.002 20.63 | 0.002 20.60
25 40 [ 0.000 3522 | 0.001 34.00 | 0.002 2782 | 0.001 2733 | 0.000 26.45
60 | 0.000 21.47 | 0.000 20.99 | 0.000 18.08 | 0.001 17.88 | 0.001 17.76
80 | 0.000 16.83 | 0.001 16.78 | 0.001 14.89 | 0.003 14.81 | 0.001 14.74
100 | 0.000 61.73 | 0.003 61.36 | 0.002 57.57 | 0.000 57.41 | 0.001 57.17
120 | 0.000 31.08 | 0.001 30.64 | 0.002 27.30 | 0.001 27.24 | 0.004 27.18
140 | 0.002 36.89 | 0.002 36.89 | 0.004 35.66 | 0.001 35.62 | 0.005 3557
160 | 0.000 1854 | 0.001 1854 | 0.006 17.96 | 0.002 17.94 | 0.006 17.91
180 | 0.000 31.80 | 0.002 31.44 | 0.008 29.96 | 0.003 29.95 | 0.005 29.92
200 | 0.003 49.02 | 0.003 49.02 | 0.009 4259 | 0.010 4250 | 0.006 42.31
avrg | 0.001 33.62 | 0.002 3329 | 0.004 30.20 | 0.002 30.08 | 0.003 29.89
50 40 [ 0.000 3576 | 0.000 3491 | 0.00I 26.01 | 0.001 2548 | 0.000 24.95
60 | 0.000 36.11 | 0.000 34.17 | 0.000 27.61 | 0.001 27.35 | 0.002 26.98
80 | 0.000 1848 | 0.000 1839 | 0.003 14.86 | 0.002 14.76 | 0.001 14.64
100 | 0.001 52.13 | 0.001 46.00 | 0.003 34.87 | 0.001 34.70 | 0.003 34.42
120 | 0.001 31.47 | 0.005 29.80 | 0.003 2259 | 0.002 2251 | 0.003 22.36
140 | 0.000 43.17 | 0.002 43.14 | 0.003 38.05 | 0.006 37.97 | 0.003 37.84
160 | 0.000 2359 | 0.002 2241 | 0.003 16.80 | 0.004 16.76 | 0.006 16.67
180 | 0.003 30.88 | 0.007 2891 [ 0.005 21.90 | 0.005 21.87 | 0.007 21.79
200 | 0.000 29.32 | 0.005 28.60 | 0.010 23.23 | 0.007 23.20 | 0.007 23.15
avrg | 0.001 3343 [ 0.002 31.81 | 0.003 2510 | 0.003 2496 | 0.004 2475
75 40 [ 0.000 3510 | 0.000 2880 | 0.000 1848 | 0.000 18.00 | 0.000 17.55
60 | 0.001 37.38 | 0.000 29.12 | 0.000 17.36 | 0.000 17.06 | 0.002 16.73
80 | 0.000 26.77 | 0.001 23.04 | 0.002 1537 | 0.003 15.27 | 0.000 15.12
100 | 0.000 31.20 | 0.001 22.89 | 0.004 13.85 | 0.002 13.77 | 0.002 13.63
120 | 0.000 33.20 | 0.002 2157 | 0.002 11.59 | 0.003 11.53 | 0.003 11.39
140 | 0.000 36.53 | 0.002 27.27 | 0.005 16.80 | 0.005 16.75 | 0.004 16.66
160 | 0.000 25.79 | 0.002 22.07 | 0.004 16.13 | 0.007 16.11 | 0.007 16.05
180 | 0.002 52.66 | 0.006 3491 [ 0.006 20.86 | 0.009 20.82 | 0.006 20.71
200 | 0.001 51.06 | 0.004 26.00 | 0.007 13.30 | 0.009 13.26 | 0.009 13.19
avrg | 0.000 36.63 | 0.002 26.19 | 0.003 1597 | 0.004 15.84 | 0.004 15.67
95 40 [ 0.000 63.84 | 0.001 3523 | 0.003 1733 | 0.000 16.72 | 0.000 16.15
60 | 0.000 61.20 | 0.000 35.03 | 0.002 16.16 | 0.001 15.86 | 0.003 15.51
80 | 0.000 39.89 | 0.001 24.19 | 0.000 12.88 | 0.002 12.74 | 0.002 12.59
100 | 0.002 49.27 | 0.002 27.00 [ 0.001 13.50 | 0.006 13.39 | 0.000 13.28
120 | 0.002 27.16 | 0.002 1852 | 0.002 10.64 | 0.004 10.59 | 0.004 10.52
140 | 0.002 28.02 | 0.004 19.79 | 0.006 11.69 | 0.003 11.65 | 0.005 11.58
160 | 0.000 34.82 | 0.002 23.34 | 0.004 12.11 | 0.008 12.08 | 0.008 12.01
180 | 0.002 31.71 | 0.004 20.00 | 0.006 11.27 | 0.008 11.24 | 0.003 11.18
200 | 0.002 53.23 | 0.003 31.67 | 0.009 14.33 | 0.007 14.30 | 0.015 14.21
avrg | 0.001 4324 [ 0.002 26.08 | 0.004 1332 | 0.004 13.17 | 0.004 13.00
100 40 | 0.001 2367 | 0.001 1524 | 0001 9.64 | 0.001 932 | 0.000 9.15
60 | 0.000 19.93 | 0.000 11.09 | 0.001  6.09 | 0.001 596 | 0.001 5.88
80 | 0.000 40.13 | 0.000 21.15 | 0.001 10.72 | 0.003 10.58 | 0.001 10.45
100 | 0.001 33.11 | 0.001 19.42 | 0.003 10.46 | 0.003 10.38 | 0.002 10.29
120 | 0.001 37.67 | 0.004 2286 | 0.002 11.33 | 0.003 11.27 | 0.005 11.19
140 | 0.000 26.21 | 0.002 17.50 | 0.006 10.35 | 0.004 10.31 | 0.004 10.25
160 | 0.000 38.14 | 0.001 19.63 [ 0.007 9.68 | 0.006  9.64 | 0.005  9.59
180 | 0.002 46.30 | 0.005 24.20 [ 0.005 9.86 | 0.007 9.83 | 0.009 9.77
200 | 0.003 40.76 | 0.004 22.01 | 0.009 10.09 | 0.010 10.07 | 0.008 10.01
avrg | 0.001 3399 [ 0.002 19.23 ] 0.004 9.80 | 0.004 9.71 ] 0.004  9.62
totalavrg | 0.001 33,62 | 0.002 26.23 | 0.004 19.18 | 0.003 19.06 | 0.003 18.92

Table 1: Bounds from upper pla%s (Intel Pentium 111, 933 MHz).




~2 ~2 ~2
Uchm Uwmv Usrs _Ucer Ui

A njtime dev |tine dev |time dev A njtime dev| time dev
51 40 0.0 0.80 03 027 36 074 51 40 0.0 1.23] 252 0.70

60 0.0 0.65 0.6 0.37 9.6 0.49 60 0.1 141| 160.0 0.45

80 0.0 0.45 14 0.29| 158 043 80 0.2 156

100 0.0 0.32 20 0.16| 248 0.31 100 04 132

120 0.0 0.28 3.2 0.17| 404 0.30 120 0.7 137

140 0.0 0.56 2.2 053] 75.6 0.70 140 15 215

160 0.0 0.13| 125 0.08| 765 0.14 160 2.1 149

180 0.0 0.14 7.3 011| 95.0 0.17 180 3.7 164

200 0.1 0.08| 220 0.05| 111.0 0.09 200 48 144

avrg 0.0 0.38 57 0.22] 50.2 0.37 avrg 15 151 926 057
25| 40 0.0 3.07 0.6 238 3.7 1.65 251 40 00 291 3K5 2721

60 0.0 0.58 1.8 0.37 85 0.35 60 0.1 092| 326.4 0.38

80 0.0 1.02 6.5 0.77| 16.1 0.65 80 03 134

100 0.0 2.48 3.0 244| 30.0 0.68 100 0.7 2.79

120 0.1 057 49 053| 386 0.26 120 1.0 0.93

140 0.1 1.46 24 146| 59.4 0.61 140 2.1 1.96

160 0.2 050| 647 047| 622 0.16 160 25 1.01

180 0.2 0.74| 348 0.73| 935 0.27 180 45 118

200 03 147| 203 1.47| 1223 0.36 200 7.7 191

avrg 0.1 132 155 1.18] 483 0.55 avrg 2.1 166| 181.0 1.30
50| 40 0.0 3.70 11 333 3.7 133 50| 40 0.1 329 559 1.70

60 0.0 2.85 3.1 270 8.4 0.67 60 02 211| 699.3 0.84

80 0.0 0.82 9.4 069| 147 0.38 80 0.3 0.85

100 0.1 361| 154 357| 24.7 0.50 100 0.7 2.40

120 0.2 140| 485 135| 36.1 0.35 120 12 131

140 03 133| 284 132| 473 0.19 140 22 145

160 05 1.16| 1649 112| 66.1 0.20 160 29 0.89

180 06 157| 279 157| 848 0.21 180 52 157

200 0.8 0.83| 43.8 0.83| 107.0 0.16 200 6.0 0.84

avrg 03 192 381 1.83] 437 0.44 avrg 21 164| 3776 1.27
75| 40 0.0 392 3.3 3.36 3.7 158 75| 40 0.1 245 294 159

60 0.0 2.15 6.4 1.88 8.1 0381 60 0.1 139| 116.4 0.80

80 0.1 152 20 152| 135 0.23 80 0.3 1.03| 9788 0.22

100 02 196| 151 193| 233 041 100 0.5 12121109 041

120 0.3 1.89| 1955 1.80| 31.2 0.49 120 0.8 0.73]2982.4 0.47

140 05 194| 306 194| 475 0.19 140 17 111

160 0.7 124|506.8 121| 63.1 0.18 160 25 0.84

180 08 180| 144 180| 778 0.12 180 3.6 0.78

200 3.7 2.03| 179 2.03| 1025 0.17 200 42 0.78

avrg 0.7 205 88.0 1.94| 412 0.46 avrg 15 1.15[1243%6 0.70
951 40 0.0 9.30 04 9.28 3.8 1.60 95| 40 0.1 269 177 159

60 0.0 4.21 0.6 4.21 8.4 0.68 60 0.1 125| 102.2 0.68

80 0.1 259| 112 254| 146 0.71 80 0.3 1.12| 4458 0.70

100 0.2 163| 131 162| 21.0 0.46 100 0.4 0.91]1346.5 0.46

120 04 171| 894 169| 327 0.28 120 0.7 0.66

140 05 1.82| 1132 1.81| 415 0.22 140 1.3 0.65

160 0.8 2.18| 2216 2.18| 629 0.33 160 2.1 0.63

180 1.0 2.06| 151 2.06| 80.8 0.32 180 32 071

200 1.2 3.38|563.3 3.37 | 103.7 0.15 200 47 054

avrg 05 321]1142 320| 41.0 0.53 avrg 14 1.02| 478.0 0.86
100 40 0.0 422 2.0 4.08 3.6 155 100 40 0.1 189 248 155

60 00 214| 112 2.05 8.2 0.99 60 0.1 117| 1511 0.98

80 0.1 222| 204 220| 140 053 80 0.3 0.74| 397.7 051

100 0.2 2.90 44 290| 220 0.27 100 0.5 0.61]1990.1 0.27

120 04 223| 200 222| 331 0.38 120 09 0.74

140 0.6 193| 1227 192| 479 0.26 140 1.3 053

160 0.8 2.25|978.7 221| 60.0 0.31 160 1.9 0.50

180 1.0 254 | 211 254| 783 0.24 180 2.9 0.46

200 14 166| 79.8 1.66| 103.1 0.50 200 4.2 0.66

avrg 05 245] 1400 242 411 0.56 avrg 1.3 0.81| 640.9 0.83
total avrg 0.3 189] 669 1.80| 443 0.49 total avrg 1.7 130 6314 0.87

Table 2: Bounds based on Lagrangian relaxation (left table) and bounds from Lin-
earisation (right table). (Intel Pentium II59933 MHz).



. UE{RW . UlHRW . UaRW . USHRW . U?—mw
A ni|tinme dev tinme dev time dev time dev time dev
5 40 3.9 3.40 5.6 1.29 53 1.22 59 122 142 121
60 9.7 7.64 12.4 2.70 135 184 142 1.83 75.8 1.83
80 255 10.23 29.1 3.60 342 195 36.8 1.95 2221 1.95
100 54.3 6.82 68.1 2.24 835 1.12 90.6 1.12 5795 1.12
120 | 125.4 11.02 143.0 4.19 1704 1.58 180.1 158 | 1053.8 1.58
140 | 243.1 17.97 273.7 8.24 309.4 247 3279 247 | 18104 2.47
160 | 408.0 10.42 509.7 3.95 566.3 1.03 619.8 1.03 | 2410.6 1.03
180 | 6445 11.45 799.2 5.01 909.3 1.19 | 1014.2 1.19 | 3928.0 1.19
200 | 904.3 9.76 | 1107.9 3.43 | 13455 0.69 | 1564.6 0.69
avrg | 268.8 9.86 327.6 3.85 3819 1.46 428.2 145 | 1261.8 1.55
25 40 3.8 17.36 42 1044 47 299 54 297 178 2.95
60 10.0 11.79 11.5 5.07 148 071 153 0.70 69.6 0.70
80 24.4 9.78 28.7 4.96 38.2 0.87 421 0.86 255.5 0.85
100 55.2 31.42 61.1 18.31 720 1.23 80.6 1.22 537.0 1.21
120 | 120.3 16.75 138.6 8.77 185.1 0.49 204.2 0.48 | 1090.5 0.47
140 | 240.7 21.13 2743 11.59 340.3 0.49 350.7 0.49 | 1968.3 0.49
160 | 373.4 11.62 457.7 5.78 626.3 0.25 679.3 0.25 | 3146.9 0.25
180 | 583.3 18.92 664.0 10.00 888.5 0.31 929.8 0.30 | 4885.8 0.30
200 | 916.2 2476 | 1019.1 14.33 | 13065 0.34 | 1320.2 0.34
avrg | 258.6 18.17 2955 9.92 386.3 0.85 403.1 0.85 | 1496.4 0.90
50 40 3.8 20.46 41 12.23 51 185 5.7 1.83 173 1.82

100 | 551 2769 | 610 1658 | 792 066 | 87.7 063 | 5766 061
120 | 121.9 1760 | 1367 1002 | 1932 040 | 2064 039 | 11858 0.38
140 | 2402 2551 | 2656 1400 | 3967 023 | 397.2 023 | 23704 023

75 40 70 2146 70 1204 51 1.88 54 187 | 108 187
60 95 2072 | 108 1182 | 143 101 | 164 098 | 728 097
80 | 225 1606 | 256 905 | 411 028 | 423 027 | 2414 027

100 | 539 .

avrg | 2653 10.10 | 2804 1144 | 4336 061 | 5511 050 | 10823 066

95 40 3.7 38.28 39 2505 49 180 53 1.78 173 1.78
60 9.4 3416 10.7  20.90 149 0.82 166 0.79 756 0.78

80 23.2 22.26 26.2 1348 408 0.78 438 0.76 2565 0.75

100 546 24.82 59.6 14.78 96.8 0.65 1025 0.61 655.5 0.59

120 | 1171 16.32 131.7 9.32 2287 0.34 233.0 0.32 | 12486 031
140 | 2365 17.29 259.9 9.82 428.0 0.27 464.6 0.27 | 2165.8 0.27
160 | 369.1 21.00 4193 12.44 7295 0.34 7326 0.34 | 34264 0.34
180 | 6194 18.34 6629 11.02 | 11828 0.37 | 12274 0.36 | 5121.6 0.35

avrg | 259.9 24.64 2824 15.00 4895 0.61 509.8  0.60 | 16209  0.65
100 40 3.7 17.04 41 1059 58 1.66 59 166 211 166

60 9.3 1207 10.5 7.22 16.2 1.05 159 105 83.8 1.04

80 223 2230 258 13.17 381 059 415 0.58 258.0 0.57
100 505 19.85 573 1225 938 0.30 100.5 0.29 639.7 0.29
120 | 1195 22.26 1304 13.04 238.6 0.40 235.2 040 | 12573 0.40
140 | 238.9 16.86 260.2 9.61 459.0 0.27 4578 0.26 | 2203.8 0.26
160 | 405.8 20.41 4420 1241 717.2 0.39 803.8 0.38 | 3503.7 0.37
180 | 620.9 24.25 678.2 1485 | 1133.7 0.27 | 12109 0.26 | 4833.8 0.25

avrg | 2627 1066 | 2865 1181 | 4804 061 | 5144 060 | 16001 0.60
folalavrg | 2624 1843 | 2952 1048 | 4328 0.9 | 4787 0.78 | 14444 0.3

Table 3: Bounds from Semidefinite Pro%amming. (Intel Pentium 111, 933 MHz).



Approximation algorithms

e Should run in polynomial time
e Bounds from semidefinite programming

e Semidefinite optimization can be solved in polyno-
mial time
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