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Recent research suggests that the goal of fully automatic and reliable program generation for a
broad range of applications is coming nearer to feasibilit y. However, several interesting and chal-
lenging problems remain to be solved before it becomesa realit y. Solving them is also necessary,
if we hope ever to elevate software engineering from its current state (a highly-dev eloped handi-
work) into a successfulbranch of engineering, capable of solving a wide range of new problems by
systematic, well-automated and well-founded methods.

A key problem in all program generation is termination of the generation process. This paper
focuseson o�-line partial evaluation and describes recent progress towards automatically solving
the termination problem, �rst for individual programs, and then for specializers and \generating
extensions," the program generators that most o�ine partial evaluators produce.

The technique is based on size-change graphs that approximate the changes in parameter sizes
at function calls. We formulate a criterion, bounded anchoring, for detecting parameters known to
be bounded during specialization: a bounded parameter can act as an anchor for other parameters.
Specialization points necessary for termination are computed by adding a parameter that tracks
call depth, and then selecting a specialization point in every call loop where it is unanchored. By
generalizing all unbounded parameters, we compute a binding-time division which together with
the set of specialization points guarantees termination.

Contributions of this paper include a proof, based on the operational semantics of partial eval-
uation with memoization, that the analysis guarantees termination; and an in-depth description
of safety of the increasing size approximation operator required for termination analysis in partial
evaluation.

Initial experiments with a protot ype shows that the analysis overall yields binding-time divisions
that can achieve a high degree of specialization, while still guaranteeing termination.

The paper ends with a list of challenging problems whose solution would bring the communit y
closer to the goal of broad-spectrum, fully automatic and reliable program generation.

Categories and Subject Descriptors: F.3.2 [Logics and Meanings of Programs ]: Semantics of
Programming Languages| partial evaluation ; program analysis; F.3.3 [Logics and Meanings of
Programs ]: Studies of Program Constructs| program and recursion schemes; I.2.2 [Arti�cial
In telligence ]: Automatic Programming| program tr ansformation ; D.1.2 [Programming T ech-
niques ]: Automatic Programming; F.3.1 [Logics and Meanings of Programs ]: Specifying and
Verifying and Reasoning about Programs| speci�c ation techniques; D.3.3 [Programming Lan-
guages ]: Language Constructs and Features| recursion ; D.3.4 [Programming Languages ]:
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1. ON PROGRAMGENERATION

Program generation is a rather old idea, dating back to the 1960sand seenin many
forms since then. Instances include code templates, macro expansion, conditional
assembly and the useof if-defs, report generators,partial evaluation/program spe-
cialization [Consel and Danvy 1993; Jones et al. 1993; Lloyd and Shepherdson
1991], domain-speci�c languages(at least, those compiled to an implementation
language) [Hudak 1996], program transformation [Burstall and Darlington 1977;
Chin et al. 1998; Gallagher and Bruynooghe1990], and both practical and theoret-
ical work aimed at generating programs from speci�cations [Hudak 1996; Kieburtz
et al. 1996].

Recent years have seena rapid growth of interest in generative, automatic ap-
proachesto program management, updating, adaptation, transformation, and evo-
lution, e.g., [Kieburtz et al. 1996; McNameeet al. 2001; Taha 2000]. The motiva-
tions are well-known: persistenceof the \soft ware crisis" and dreamsof achieving
industrial-st yle automation, automatic adaptation of programs to new contexts,
and automatic optimization.

The overall goal is to increasee�ciency of software production by making it
possibleto write fewer but more abstract or more heavily parameterizedprograms.
Ideally, one would like to transform a problem speci�cation automatically into a
solution in program form. Bene�ts of such an approach would include increased
reliabilit y in software production: The software developer can debug/test/v erify a
small number of high-level, compact programs or speci�cations; and then generate
from theseasmany machine-near,e�cien tly executable,problem-speci�c programs
as needed,all guaranteed to be faithful to the speci�cation from which they were
derived.

1.1 What are programsgeneratedfrom?

On a small scale,programs can be generatedfrom problemparameters(e.g., device
characteristics determine the details of a device driver). Ideally, and on a larger
scale,programscould be generatedfrom user-oriented problemdescriptions or spec-
i�c ations. Dreamsof systematically transforming speci�cations into solutions were
formulated in the 1970sby Dijkstra, Gries, Hoare, Manna, etc.

This approach has been tried out in real-world practice and someseriousprob-
lemshavebeenencountered. First, it is very hard to seewhether a program actually
solvesthe problem posedby a description or speci�cation. Second,it seemsimpos-
sible for speci�cations of manageablesizeto be completeenoughto give the \whole
picture" of what a program should do for realistic problem contexts. While there
have been recent and impressive advancesin bridging somegaps between speci�-
cations and programs by applying model-checking ideasto software [Corbett et al.
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2000], they are incomplete: the speci�cations usednearly always describe only cer-
tain misbehaviors that cannot be accepted,rather than total program correctness.

Executable speci�c ations. It has proven to be quite di�cult to build a program
from an unexecutable,nonalgorithmic speci�cation, e.g., expressedin �rst-order or
temporal logic. For realistic problems it is often much more practical to use an
executable speci�c ation. Such a speci�cation is, in essence,also a program; but is
written on a higher level of abstraction than in an implementation language,and
usually has many \don't-care" cases.

Consequence:Many examples of \generative software engineering" or \trans-
forming speci�cations into programs" or \program generation" can be thought of
as transformation from one high-level program (speci�cation-orien ted) to another
lower-level one (execution-oriented). In other words, much of generative software
engineeringcan be done by (variations on) compilation or program transformation.

This theme has been seen frequently , �rst in early compilers, then in use of
program transformation frameworks for optimizations, then in partial evaluation,
and more recently in multi-stage programming languages.

Partial evaluation for program generation. This paper concernssome improve-
ments neededin order to use partial evaluation as a technology for automatically
transforming an executableproblem speci�cation into an e�cien t stand-alone so-
lution in program form. There have been noteworthy successesand an enormous
literature in partial evaluation: see[Sestoft 2001] and the PEPM series,as well as
the Asia-PEPM and SAIG conferences.However, its use for large-scaleprogram
generation has been hindered by the need, given an executableproblem speci�ca-
tion, to do \hand tuning" to ensuretermination of the program generation process:
that the partial evaluator will yield an output program for every problem instance
described by the current problem speci�cation.

1.2 Fully automatic programtransformation: an impossibledream?

Signi�cant speedupshave beenachieved by program transformation on a variety of
interesting problems. Pioneersin the �eld include Bird, Boyle, Burstall, Darlington,
Dijkstra, Gries, the Kestrel group, Meertens and Paige; more recent researchers
include De Moor, Liu and Pettorossi. As a result of this work, some signi�can t
common principles for deriving e�cien t programs have becomeclear:

|Optimize by changing the times at which computations are performed (code
motion, preprocessing,specialization, multi-staged programming languages
[Aho et al. 1986; Consel and Danvy 1993; Ganz et al. 2001; Jones et al. 1993;
Hatcli� et al. 1999; Taha 1999a; Taha et al. 2001; Taha and Sheard2000]).

|Don't solve the same sub-problem repeatedly. A successfulpractical example is
the XSB logic programming system [Sagonaset al. 1994], based on memoiza-
tion: Instead of recomputing results, store them for future retrieval when �rst
computed.

|Av oid multiple passesover samedata structure (tupling, deforestation [Burstall
and Darlington 1977; Chin et al. 1998; Gl•uck and S�rensen 1996; Wadler 1988]).

|Use an abstract, high-levelspeci�c ation language. SETL [Cai et al. 1991] is a good
example,with small mathematics-likespeci�cations (sets,tuples, �nite mappings,
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�xp oints) that are well-suited to automatic transformation and optimization of
algorithms concerninggraphs and databases.

The pioneering results already obtained in program transformation are excellent
academicwork that include the systematic reconstruction of many state-of-the-art
fundamental algorithms seenin textb ooks. Such established principles are being
used to develop algorithms in newer �elds, e.g., computational geometry and bio-
computation. On the other hand, these methods seem ill-suited to large-scale,
heterogeneouscomputations: tasks that are broad rather than deep.

Summing up. Program transformation is a promising �eld of research but its
potential in practical applications is still far from being realized. Much of the
earlier work has 
a vor of a \�ne art," practiced by highly gifted researchers on
one small program at a time. Signi�cant automation has not yet beenachieved for
the powerful methods capableof yielding superlinear speedups.The lessambitious
techniques of partial evaluation have been more completely automated, but even
there, termination remains a challenging problem.

This problem setting de�nes the focus of this paper. For simplicit y, in the re-
mainder of this article we usea simple �rst-order functional language.

1.3 Requirementsfor successin generativesoftware engineering

The major bottlenecks in generative software engineeringhave to do with humans.
For example,most peoplecannot and should not have to understand automatically
generatedprograms|e.g., to debug them|b ecausethey did not write them them-
selves. A well-known analogy: the typical user doesnot and probably cannot read
the output of parsergeneratorssuch asYaccand Lex, or the code producedby any
commercial compiler.

If a useris to trust programshe/shedid not write, a �rm semanticbasis is needed,
to ensurethat user intentions match the behavior of the generatedprograms. Both
intentions and behavior must be clearly and precisely de�ned. How can this be
ensured?

First, the source language or speci�cation language must have a precisely un-
derstood semantics (formal or informal; but tighter than, say, C++), so the user
can know exactly what was speci�ed. Second,evidence(proof, testing, etc.) is
neededthat the output of the program generatoralways has the samesemantics as
speci�ed by its input. Third, familiar software quality demandsmust be satis�ed,
both by the program generator itself and the programs that it generates.

Desirable properties of a program generator thus include:

(1) High automation level. The processshould
|accept any well-formed input, i.e., not commit generation-time failures like

\can't take tail of the empty list"
|issue sensibleerror messages,so the user is not forced to read output code

when something goeswrong

(2) The code generation processshould
|terminate for all inputs
|b e e�cien t enoughfor the usagecontext, e.g., the generationphaseshould be

very fast for run-time code generation,but neednot be for highly-optimizing
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compilation
(3) The generated program

|should be e�cien t enoughfor the usagecontext, e.g., fast generatedcode in
a highly-optimizing compilation context

|should beof predictable complexity, e.g.,not slower than executingthe source
speci�cation

|should have an acceptablesize(no code explosion)
|ma y be required to terminate.

1.4 On the meaningof \automatic" in programtransformation

The goalsabove are central to the �eld of automatic program transformation. Un-
fortunately, this term seemsto mean quite di�eren t things to di�eren t people, so
we now list somevariations as points on an \automation" spectrum:

(1) Hand work, e.g., program transformation doneand proven correct on paper by
gifted researchers. Examples: recursive function theory [P�eter 1976], work by
McCarthy [1963] and by Bird [1977].

(2) Interactive tools for individual operations, e.g., call folding and unfolding. Ex-
amples: early theorem-proving systems,the Burstall-Darlington program trans-
formation system [Burstall and Darlington 1977].

(3) Tools with automated strategies for applying transformation operations. Hu-
man interaction to check whether the transformation is \on target." Examples:
Chin, Khoo, Liu [Chin et al. 1998; Liu 2000].

(4) Hand-placed program annotations to guide a transformation tool. Examples:
Chambers' and Engeler's DyC and Tick C [Grant et al. 2000; Poletto et al.
1999]. After annotation, transformation is fully automatic, requiring no human
interaction.

(5) Tools that automatically recognizeand avoid the possibility of nontermination
during program transformation, e.g., homeomorphic embedding. Examples:
S�rensen, Gl•uck, Leuschel [Leuschel 1998; S�rensen and Gl•uck 1995].

(6) Computer-placed program annotations to guide transformation, e.g., bind-
ing-time annotation [Bondorf 1991; Consel 1993; Consel and Danvy 1993;
Glenstrup and Jones1996; Gl•uck et al. 1995; Joneset al. 1993; Hatcli� et al.
1999; Thiemann 1997]. After annotation, transformation is fully automatic,
requiring no human interaction.

In the following we usethe term \automatic" mostly with the meaning of point 6.
This paper's goal is automatically to perform the annotations that will ensure
termination of program specialization. We will ignore issuesconcerning code du-
plication, elimination and reordering, as they are important issuesin themselves
treated elsewhere[Joneset al. 1993].

2. PARTIAL EVALUATION AND PROGRAMGENERATION

Partial evaluation [Consel and Danvy 1993; Danvy et al. 1996; Joneset al. 1993;
Hatcli� et al. 1999; Lloyd and Shepherdson1991; Mogensen2000] is an exampleof
automatic program transformation. While speedupsare more limited than some-
times realizable by hand transformations based on deep problem or algorithmic
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knowledge, the technology is well-automated. It has already proven its utilit y in
several di�eren t contexts:

|Scien ti�c computing [Berlin and Weise1990; Gl•uck et al. 1995, etc.];

|Extending functionalit y of existing languagesby adding binding-time options
[Grant et al. 2000, etc.];

|F unctional languages[Bondorf 1991; Consel 1993; Hughes 1996; Launchbury
1991; Thiemann 1999, etc.];

|Logic programming languages[Gallagher and Bruynooghe1990; Gallagher 1993;
Leuschel and Bruynooghe2002; Lloyd and Shepherdson1991, etc.];

|Compiling or other transformation by specializing interpreters [Birk edal and
Welinder 1994; Bondorf 1991; Glenstrup et al. 1999; Jones et al. 1993; Jones
1996; Mogensen1988, etc.];

|Optimization of operating systems,e.g., remote procedure calls, device drivers,
etc. [Conseland No•el 1996; McNameeet al. 2001; Poletto et al. 1999, etc.];

2.1 Equationalde�nition of a parsergenerator

To get started, and to connectpartial evaluation with program generation,we �rst
exemplify our notation for program runs on an example. (Readers familiar with
the �eld may wish to skip to Section 3.)

Parsergeneration is a familiar exampleof program generation. The construction
of a parserfrom a grammar by a parsergenerator,and running the generatedparser,
can be described by the following two program runs:1

parser := [[parse-gen] ][ grammar]
parsetree := [[parser] ][inp uts tr ing ]

The combined e�ect of the two runs can be described by a nestedexpression:

parsetree := [[[ [parse-gen] ] [gr ammar]] ][ in put st rin g]

2.2 What goalsdoespartial evaluationachieve?

A partial evaluator [Conseland Danvy 1993; Joneset al. 1993; Hatcli� et al. 1999]
is a program specializer: Supposeone is given a subject program p, expecting two
inputs, and the �rst of its input data, in1 (the \static input"). The e�ect of
specialization is to construct a new program pin1 that, when given p's remaining
input in2 (the \dynamic input"), yields the sameresult that p would haveproduced
if given both inputs.

The processof partial evaluation is shown schematically in Figure 1.

Example 1. The standard toy example for partial evaluation is the program
power, computing xn with code:

f(n,x) = if n=0 then 1 else if odd(n) then x*f(n-1,x) else f(n/2,x)**2

1Notation: [[p]][in1,...,ink] is a partial value: the result yielded by running program p on input
values in1,...,ink if this computation terminates, else the unde�ne d value ? .
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Normal Evaluation Partial Evaluation

[in1,in2] p p

in1 partial evaluator

in2 pin1

result result

Fig. 1. Comparison of normal and partial evaluation. Boxes represent programs, ovals represent
data objects. The residual program is pin1 .

This exampleillustrates that partial evaluation in e�ect doesan aggressiveconstant
propagation acrossfunction calls. Specialization to static input n = 13 yields a
residual program that runs several times faster than the generalone above:

f_13(x) = x*((x*(x**2))**2)**2

Example 2. (Ackermann's function) If calls are not unfolded, then specialized
functions are generated in the specialized program, as seen by this example of
specialization to static input m=2:

Source program

ack(m,n) = if m=0then n+1 else
if n=0 then

ack(m-1,1) else
ack(m-1,ack(m,n-1))

Specialized program (for m= 2)

ack_2(n) = if n=0 then
ack_1(1) else
ack_1(ack_2(n-1))

ack_1(n) = if n=0 then
ack_0(1) else
ack_0(ack_1(n-1))

ack_0(n) = n+1

2.2.1 Equational de�nition of a partial evaluator. Correctness of pin1 as de-
scribed by Figure 1 can be described equationally as follows:2

De�nition 2.2.1. A partial evaluator spec is a program such that for all pro-
grams p and input data in1 , in2 :

[[p]][in1,in2] = [[[ [spec] ][p,in 1] ]] [in 2]

Writing pin1 for [[spec] ][p,in1] , the equation can be restated without nestedse-
mantic parentheses[[ ]]:

[[p]][in1,in2] = [[p in1 ]][in2]

Program pin1 is often called the \residual program" of p with respect to in1 , as it
speci�es remaining computations that were not done at specialization time.

2An equation [[p]][in1,...,ink] = [[q]][in1,...,ink] expresses equalit y of partial values: if
either side terminates, then the other side does too, and they yield the same value.
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2.2.2 Desirable properties of a partial evaluator.

E�ciency. This is the main goalof partial evaluation. Run out:=[ [p]][in1, in2 ]
is often slower than the run out:=[ [p in1 ]][in2] , asseenin the two examplesabove.
Said another way: It is slower to run the general program p on [in1,in2] than it
is to run the specialized residual program pin1 on in2 .

The reasonis that, while constructing pin1 , someof p's operations that depend
only on in1 have beenprecomputed, and somefunction calls have beenunfolded or
\inlined." Theseactions are never done while running [[p in1 ]][in2] ; but they will
be performed every time [[p]][in1,in2] is run. This is especially relevant if p is
run often, with in1 changing lessfrequently than in2 .

Correctness. First and foremost, a partial evaluator should be correct. Today's
state of the art is that most partial evaluators give correct residual programs when
they terminate, but sometimesloop in�nitely or sometimesgive code explosion. A
residual program, once constructed, will in general terminate at least as often as
the program from which it was derived.

Completeness.Maximal speedupwill beobtained if everycomputation depending
only on in1 is performed. For instance the specializedAckermann program above,
while faster than the original, could be improved yet more by replacing the calls
ack 1(1) and ack 0(1) , respectively, by constants 3 and 2.

Termination. Ideally:

|The specializer should terminate for all inputs [p,in1] .

|The generatedprogram pin1 should terminate on in2 just in casep terminates
on [in1,in2] .

These termination properties are easier to state than to achieve, as there is an
intrinsic con
ict betweendemandsfor completenessand termination of the special-
izer. Nonetheless,signi�can t progresshas been made in the past few years [Das
1998; Das and Reps 1996; Glenstrup 1999; Glenstrup and Jones 1996; Song and
Futamura 2000]. A key is carefully to selectwhich parts of the program should be
computed at specialization time. (In the usual jargon: which parts are considered
as \static.")

2.2.3 A breakthrough: the generation of program generators. For the �rst time
in the mid 1980s,a breakthrough was achieved in practice that had been foreseen
by Japaneseand Russian researchers early in the 1970s: the automatic generation
of compilers and other program generatorsby self-application of a specializer. The
following de�nitions [Futamura 1999a; Futamura 1999b] are called the Futamura
projections:

Generic Futam ura pro jections
1. pin1 := [[spec]][p,in1]
2. p-gen := [[spec]][spec,p]
3. cogen := [[spec]][spec,spec]

Consequences:
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A. [[p]][in1,in2] = [[p in1 ]][in2]
B. pin1 = [[p-gen] ][in1]
C. p-gen = [[cogen]][p]

Program p-gen is called p's \generating extension." By B it is a generator of
specialized versions of p, that transforms static parameter in1 into specializedpro-
gram pin1 . Further, by C and B the program called cogen behavesas a generator
of program generators.

ConsequenceA is immediate from De�nition 2.2.1. Proof of ConsequenceB is
by simple algebra:

[[p-gen] ][in1] = [[[ [spec] ][spe c, p]]][ in 1] By de�nition of p-gen
= [[spec] ][p,in1 ] By De�nition 2.2.1
= pin1 By de�nition of pin1

and consequenceC is proven by similar algebraic reasoning,left to the reader.

E�ciency gained by self-application of a partial evaluator. Comparethe two ways
to specializeprogram p to static input in1 :

I. pin1 := [[spec] ][p,in1]
I I. pin1 := [[p-gen] ][in1]

Way I is in practice usually several times slower than Way I I. This is for exactly
the same reason that pin1 is faster than p: Way I runs spec, which is a general
program that is able to specialize any program p to any in1 . On the other hand,
Way I I runs p-gen: a specialized program, only able to producespecializedversions
of this particular p.

By exactly the same reasoning, computing p-gen:=[ [spec] ][ spec, p] is often
several times slower than using the compiler generator p-gen:=[ [cogen]][ p] .

Writing cogen instead of spec. In a sense,any program generator is a \gener-
ating extension," but without an explicitly given generalsourceprogram p. To see
this, consider the two runs of the parser generator example:

parser := [[parse-gen] ][ grammar]
parsetree := [[parser] ][inp uts tr ing ]

Here in principle a universal parser (e.g., Earley's parser) satisfying:

parsetree = [[universal-par ser ]] [g rammar, inputstring]

could have beenusedto obtain parse-gen as a generating extension:

parse-gen := [[cogen]][univers al -p ars er ]

Further, modern specializerssuch as C-mix [Glenstrup et al. 1999], Tempo [Consel
and No•el 1996], PGG [Thiemann 1999] and SML-mix [Birk edal and Welinder 1994]
are cogen programswritten directly, rather than built using self-application of spec
as described above and in the literature [Jones et al. 1993]. (Descriptions of the
idea can be found in [Birk edal and Welinder 1994; Holst and Launchbury 1991;
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Thiemann 1997].) Although not built by self-application, the net e�ect is the same:
programs can be specialized; and a program may be converted into a generating
extensionwith respect to its static parameter values.

2.2.4 Front-end compilation: an important case of the Futamura projections.
Supposethat we now have two languages:the specializer's input-output language
L , and another languageS that is to be implemented. Let [[ ]]S be the \semantic
function" that assignsmeaningsto S-programs.

De�nition 2.2.2. Program interp is an interpreter for language S written in
languageL if for any S-program source and input in ,

[[source] ] S[in] = [[interp] ][sourc e, in]

(See Figure 2 in Section 2.2.5 for an example interpreter.) We now apply the
Futamura projections with somerenaming: Replaceprogram p by interp , static
input in1 by S-program source , dynamic input in2 by in , and p-gen by compiler .

Compilation by the Futam ura pro jections
1: target := [[spec]][interp,source]
2: compiler := [[spec]][spec,interp]
3: cogen := [[spec]][spec,spec]

After this renaming, the \Consequences"of Section 2.2.3 become:

A. [[interp] ][sour ce,in ] = [[target] ][in]
B. target = [[compiler] ][s ource]
C. compiler = [[cogen]][inte rp]

Program target deserves its name, since it is an L-program with the sameinput-
output behavior as S-program source :

[[source] ] S[in] = [[interp] ][sour ce, in ] = [[target] ][in]

Further, by the other consequencesprogram compiler = interp-gen transforms
source into target and soreally is a compiler from S to L ; and cogen is a compiler
generator that transforms interpreters into compilers.

The compilation application of specialization imposessomenatural demandson
the quality of the specializer:

|The compiler interp-gen must terminate for all sourceprogram inputs.
|The target programs should be free of all source code from program source .

2.2.5 Example of compiling by specializing an interpreter. Consider the simple
interpreter interp given by the pseudocode in Figure 2.3 An interpreted source
program (to compute the factorial function n!) might be:

3The interpreter is written as a �rst-order functional program, using Lisp \S-expressions" as data
values. The current binding of names to values is represented by two lists: ns for names, and
parallel list vs for their values. For instance computation of [[interp] ][pg,[2,3]] would use initial
environmen t ns = (n x) and vs = (2 3) .

Operations are car , cdr corresponding to ML's hd, tl , with abbreviations such as cadr(x) for
car(cdr(x)) .
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run(prog,d) = 1 eval(lkbody( 'main' ,prog),lkparm( 'main' ,prog ), d, prog)

eval(e,ns,vs,pg) = case e of
c : valueof(c)
x : lkvar(x, ns, vs)

basefn (e1 ,... ,en ) : apply(basefn, 2 eval(e 1 ,ns,vs,pg), ..., 3 eval(e n ,ns,vs,pg))

let x = e1 in e2 : 4 eval(e 2 ,
cons(x, ns),
cons( 5 eval(e 1 ,ns,vs,pg),vs),
pg)

if e1 then e2 else e3 : if 6 eval(e 1 , ns, vs, pg)

then 7 eval(e 2 , ns, vs, pg)
else 8 eval(e 3 , ns, vs, pg)

call f(e1 ,... ,en ) : 9 eval(lkbody(f,pg),
lkparm(f,pg),
list( 10 eval(e 1 ,ns,vs,pg), ...,

11 eval(e n ,ns,vs,pg)),
pg)

lkbody(f,pg) = if caar(pg)=f then caddar(pg) else lkbody(f,cdr(pg))

lkparm(f,pg) = if caar(pg)=f then cadar(pg) else lkparm(f,cdr(pg))

lkvar(x,ns,vs) = if car(ns)=x then car(vs) else lkvar(x,cdr(ns),cdr(vs))

Fig. 2. interp , an interpreter for a small functional language. Parameter e is an expression to
be evaluated, ns is a list of parameter names, vs is a parallel list of values, and pg is a program
(for an example, seeSection 2.2.5.) The lkparm and lkbody functions �nd a function's parameter
list and its body. lkvar looks up the name of a parameter in ns, and returns the corresponding
element of vs.

pg = ((f (n x) (if =(n,0) then 1 else*(x, call f(-(n,1), x)))))

Let target = [[spec] ][interp, pg] be the result of specializing interp to static
sourceprogram pg. Any reasonablecompiler should \sp ecialize away" all source
code. In particular, all computations involving syntactic parameters pg, e and ns
should be done at specialization time (consideredas \static.")

For instance,whengiventhe sourceprogram above,wemight obtain a specialized
program like this:

eval_f(vs) =
if apply('=, car(vs), 0) then 1 else
apply('*, cadr(vs),

eval_f(list(apply ('- , car(vs), 1), cadr(vs))))

Clearly, running eval f(d) is several times faster than running run(pg,d) .4

4Still better code can be generated! Since list vs always has length 2, it could be split into
two components v1 and v2. Further generic \ apply(op,...) " can be replaced by specialized
\ op(...) ". These give a program essentially identical to the interpreter input:

eval f(v1,v2) = if =(v1,0) then 1 else *(v2,eval f(-(v1,1), v2))
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Source program
0

ack(m,n) = 1 if m=0 then
2 n+1 else
3 if n=0 then

4 ack(m-1,1) else
5 ack(m-1,ack(m,n-1))

Specialized program
(0,m=2)

ack_2(n) = (3,m=2) if n=0 then

(4,m=2) ack_1(1) else

(5,m=2) ack_1(ack_2(n-1))

(0,m=1)

ack_1(n) = (3,m=1) if n=0 then

(4,m=1) ack_0(1) else

(5,m=1) ack_0(ack_1(n-1))

(0,m=0)

ack_0(n) = (2,m=0) n+1

Fig. 3. Partial evaluation of Ackermann's function for static m=2

2.3 How doespartial evaluationachieveits goals?

Partial evaluation is analogousto memoization, but not the same. Instead of saving
a complete value for later retrieval, a partial evaluator generatesspecialized code
(possibly containing loops) that will be executedat a later stage in time.

The specialization processis easy to understand provided the residual program
contains no loops, e.g., the \p ower" function seen earlier can be specialized by
computing values statically when possible, and generating residual code for all
remaining operations. But how to proceed if residual program loops are needed,
e.g.,asin the \Ac kermann" example,or when specializing an interpreter to compile
a sourceprogram that contains repetitiv e constructs? One answer is program-point
specialization.

2.3.1 Program-point specialization. Most if not all partial evaluators employ
some form of the principle: A control point in the specializer's output program
correspondsto a pair (pp; vs): a sourceprogram control point pp, plus someknowl-
edge(\static data") vs about of the sourceprogram's runtime state. An exampleis
shown for Ackermann's function in Figure 3 (program points are labeled by boxed
numbers.) Residual functions ack 2, ack 1, ack 0 correspond to program point 0
(entry to function ack) and known valuesm= 2; 1; 0, respectively.

2.3.2 Sketch of a generic expression reduction algorithm. To make the issues
clearer and more concrete, let exp be an expressionand let vs be the known infor-
mation about program p's run-time state.5

This is as good as can reasonably be expected, cf. the discussion of \optimal" specialization in
[Jones et al. 1993; Taha et al. 2001].

5This knowledge can take various forms, and is often a term with free variables. For simplicit y
we will assume in the following that at specialization time every parameter is either fully static
(totally known) or fully dynamic (totally unknown), i.e., that there is no partially known data.

Some partial evaluators are more lib eral, for example, allowing lists of statically known length
with dynamic elements. This is especially imp ortan t in partial evaluation of Prolog programs or
for supercompilation [Gl •uck and S�rensen 1996; Leuschel and Bruyno oghe 2002; S�rensen and
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The \reduced" or residual expressionexpr esid can be computed roughly as fol-
lows:

Expressionreduction algorithm Reduce(exp; vs):

(1) Reduceany subexpressionse1,. . . ,en of exp to er esid
1 ,. . . ,er esid

n .

(2) If exp = \ basefn(e 1,. . . ,en ) " and someer esid
i is not fully known, then

expr esid = the residual expression \ basefn(e r esid
1 ,. . . ,er esid

n ) ", else
expr esid = the value [[basefn ]](e r esid

1 ,. . . ,er esid
n ) .

(3) If exp = \ if e0 then e1 else e2" and er esid
0 is not fully known, then

expr esid = the residual expression\ if er esid
0 then er esid

1 else er esid
2 ", else

expr esid = er esid
1 in caseer esid

0 = \ True", elseexpr esid = er esid
2 .

(4) A function call exp = \ f(e 1; : : : ;en ) " can either be
residualized: expr esid = f(e i 1 ; : : : ;ei m ) with someknown ei j omitted6,
or unfolded: expr esid = Reduce(de�nition of f ; vs0)

where vs0 is the static knowledgeabout er esid
1 ,. . . ,er esid

n .

This algorithm computesexpressionvaluesdepending only on static data, reduces
static \if " constructs to their \then" or \else" branches, and either unfolds or
residualizes function calls. The latter enables the creation of loops (recursion)
in the specialized program. Any expressioncomputation or \if "-branching that
dependson dynamic data is postponed by generating code to do the computation
in the specializedprogram.

Naturally , an expressionmay be reached several times by the specializer (it may
be in a recursive function). If this program point and the current values of the
sourceprogram, (pp; vs), have been seenbefore, one of two things can happen: If
pp has been identi�ed as a specialization point, the specializer generatesa call in
the specialized program to the code generatedpreviously for (pp; vs). Otherwise,
the call is unfolded and specialization continuesas usual.

This sketch leavesseveral choicesunspeci�ed, in particular:

|Whether or not to unfold a function call
|Whic h among the known function arguments are to be removed (if any)

2.3.3 Causesof nontermination during specialization. First, we show an exam-
ple of nontermination during specialization. A partial evaluator should not indis-
criminately compute computable static valuesand unfold function calls, asthis can
causespecialization to loop in�nitely even when normal evaluation would not do
so. For example, the following program computing 2x in \base 1" terminates for
any x:

double(x) = dblplus(x,0)
dblplus(u,v) = if u <= 0 then v else dblplus(u-1,v+2)

Gl •uck 1995; Turchin 1979].
6 If a function call is residualized, a de�nition of a specialized function must also be constructed
by applying Reduce to the function's de�nition.
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Now supposex is a dynamic (unknown) program input. A na•�ve specializer might
\reason" that parameter v �rst has value 0, a constant known at specialization
time. Further, if at any stage the specializer knows one value v of v, then it can
compute its next value, v + 2. Alas, repeatedly unfolding calls to dblplus assigns
to v the values0; 2; 4; 6; : : : causingan in�nite loop at specialization time.

The way to avoid this problem is to not unfold the seconddblplus call. The
e�ect is to generalize v, i.e., to make it dynamic.

De�nition 2.3.1. A parameter x will be called potential ly static if dynamic pro-
gram inputs are not neededto compute its value.

Three e�ects are the main causesof nontermination in partial evaluation:

(1) A loop controlled by a dynamic conditional can involve a potentially static
parameter that takes on in�nitely many values, generating an in�nite set of
specialized program control points f (pp; vs1); (pp; vs2); : : :g. Parameter v of
function dblplus illustrates this behavior.

(2) A too liberal policy for unfolding of function calls can causean attempt to
generatean in�nitely large specializedprogram.

(3) As both branches of dynamic conditionals are (partially) evaluated, partial
evaluation is over-strict in the sensethat it may evaluate more expressions
than normal evaluation would, and thus risk nontermination not present in the
sourceprogram being specialized.

If there is danger of specializing a function with respect to in�nitely many static
values, then someof the parameters in question should be generalized,i.e., made
dynamic. Instead of specializing the function with respect to all potentially static
values, somewill then becomeparameters in the specialized program, to be com-
puted at run-time.

We will show how this can be done automatically, before specialization begins
(of automation degree6 in the list of Section 1.4.). A companion goal is to unfold
function calls \just enoughbut not too much."

2.3.4 Online and o�ine specialization. Partial evaluators fall in two categories,
on-line and o�-line , according to the time at which it is decided whether param-
eters should be generalizedor calls should be unfolded (cf. Step 4 of the Reduce
algorithm).

An online specializer generalizes during specialization. Usually this involves, at
each call to a function f , comparing the newly-computed static arguments with
the valuesof all parametersseenin earlier calls to f , in order to detect potentially
in�nite value sequences[Berlin and Weise 1990; Gallagher 1993; Leuschel 1998;
Leuschel and Bruynooghe2002; S�rensen and Gl•uck 1995; Turchin 1979].

An o�ine specializer works in two stages. Stage1, called a binding-time analysis
(BTA for short) yields an annotated program in which:

|eac h parameter is marked as either \static" or \dynamic,"
|eac h expressionis marked as \reduce" or \sp ecialize," and
|eac h call is marked as \unfold" or \residualize."

A CM Transactions on Programming Languages and Systems, Vol. 27, No. 6, November 2005.



Termination Analysisand Specialization-Point Insertion in Partial Evaluation � 115

Annotation is done before the static program input is available, and only requires
knowing which inputs will be known at Stage2. Stage2, given the annotated pro-
gram and the valuesof static inputs, only needsto obey the annotations; argument
comparisonsare not needed[Bondorf 1991; Christensen et al. 2000; Consel 1993;
Consel and No•el 1996; Das 1998; Glenstrup et al. 1999; Gl•uck et al. 1995; Jones
et al. 1993; Hatcli� et al. 1999; Mogensen1988].

Both kinds of specialization have their merits. Online specialization sometimes
doesmore reduction: For example, in the specialization of Ackermann's function in
Figure 3, when the call at site 4 is unfolded, an online specializer will realize that
the value of n is known and compute the function call. In contrast, the binding-time
analysisof o�ine specialization must classify n as dynamic at call site 4 , sinceits
value is not known at call site 5 .7

Although an online specializercansometimesexploit static data better, this extra
precision comesat a cost. A major problem is how to determine online when to
stop unfolding function calls. Comparison of vs with previously seenvalues can
result in an extremely slow specialization phase,and the specializedprogram may
be ine�cien t if specialization is stopped too soon.

An o�ine specializer is often faster since it needsto do no decision-makingon-
line: it only has to obey the annotations. Further, ful l self-application, as in the
Futamura projections, has to date only beenachieved by using o�ine methods.

2.4 Multi-level programminglanguages

Many informal algorithm optimizations work by changing the times at which com-
putations are done,e.g., by moving computations out of loops;by caching valuesin
memory or in �les for future reference;or by generating code implicitly containing
partial results of earlier computations. Such a changeto an algorithm is sometimes
called a stagingtransformation, or a binding-time shift. The �eld of domain-speci�c
languages[Hudak 1996; Kieburtz et al. 1996] employs similar strategiesto improve
e�ciency . Partial evaluation automates this widely-usedprinciple to gain speedup.

A BTA-annotated program canbe thought of asa program in a two-levellanguage
in which statically annotated parts are executed, while the syntactically similar
dynamic parts are in e�ect templates for generation of code to be executed at a
later time. This line of thinking has been developed much further, e.g., by Grant
et al. [2000] and, for typed languages,in Sheard'sMeta-ML work [Moggi et al. 1999;
Sheard 1999; Taha and Sheard 2000], and later in Taha's thesis and subsequent
papers [Taha 1999b; Taha 1999a; Taha et al. 2001]. Goals of the work include
e�ciency improvement by staging computations; understanding how multi-lev el
languagesmay be designedand implemented; resolution of tric ky semantic issues,
in particular questionsof renaming; and formal proofs to guarantee that multi-lev el
type safety can be achieved. A recent paper applies theseideasto ensuretype-safe
useof macros[Ganz et al. 2001].

Termination remains, however, a problem to be solved one caseat a time by
the programmer. Conceivably the ideasof this paper could contribute to a future

7Somepartial evaluators allow more static computation than in in the present paper by using poly-
variant BT A, in which the binding-time analysis can generate a �nite set of di�eren t combinations
of static and dynamic parameters [Christensen et al. 2000; Consel 1993].
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strongly-terminating multi-lev el language.

Remarkon languageevolution. Figure 1 assumesthat pin1 is an explicit, printable
program. A program in a multi-lev el language such as Meta-ML can construct
program fragments as data values and then run them, but it does not produce
stand-alone,separately executableprograms.

Meta-ML is an interesting exampleof internalization of a conceptabout program-
ming languagesinto a programming languageconstruct. Analogous developments
have happened before: continuations were developed to explain semantics of the
goto and other control structures, but were quickly incorporated into new func-
tional languages.Multi-lev el languagesperhapsderive similarly from internalizing
the fact that one language'ssemantics can be de�ned within another language,a
concept also seenin Smith, Wand, Danvy and Asai's \re
ectiv e tower" languages
3-Lisp, Brown, Blonde and Black [des Rivi �eres and Smith 1984; Friedman and
Wand 1984; Wand and Friedman 1988; Danvy and Malmkj�r 1988; Bawden 1988;
Je�erson and Friedman 1996].

2.5 Challengingproblems

2.5.1 On the state of the art in partial evaluation. Partial evaluation has been
most successfulon simple \pure" languagessuch asScheme[Bondorf 1991; Bondorf
and J�rgensen 1993; Consel1993; Lawall and Thiemann 1997] and Prolog [De Schr-
eye et al. 1999], and there has beensomesuccesson C: the C-mix [Glenstrup et al.
1999] and Tempo systems[Conseland No•el 1996]. Further, Schultz has succeeded
in doing Java specialization by translating Java to C, using the Tempo system,and
then translating back [Schultz 2001].

There have beena number of practically useful applications of partial evaluation,
many exploiting its abilit y to build program generators [Gl•uck et al. 1995; Jones
1996; McNamee et al. 2001; Lawall and Thiemann 1997; Sperber and Thiemann
2000].

Partial evaluation also has someweaknesses.One is that speedupsare at most
linear in the subject program's runtime (although the sizeof the constant coe�cien t
can be a function of the static input data.) Further, its use can be delicate: Ob-
taining good speedupsrequiresa closeknowledgeof the program to be specialized,
and some\binding-time improvements" may be neededto get expected speedups.
(These are hand work, of automation degree4 in the list of Section 1.4.) Another
weaknessis that the results of specialization can be hard to predict: While speedup
is common, slowdown is also possible, as is the possibility of code explosion or
in�nite loops at specialization time.

Little successhas been achieved to date on partial evaluation of the language
C++, largely due to its complex, unclear semantics; or on Java, C#, and other
languageswith objects, polymorphism, modules and concurrency.

One reasonfor the limited successin these languagesis that partial evaluation
requiresprecomputing as much as is possible,basedon partial knowledgeof a pro-
gram's input data. To do this requires anticipating, at specialization time, the
spaceof all possiblerun-time states. Such analysis can be done by abstract inter-
pretation [Cousot and Cousot 1977; Jonesand Nielson 1994] for simple functional
or logic programming languages,but becomesmuch more di�cult for more complex
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or more dynamic program semantics, asboth factors hinder the specialization-time
prediction of run-time actions.

Languagessuch as C++, Java and C# seemat the moment to be too complex
to be su�cien tly preciselyanalyzed,and to allow reliable assurancesthat program
semantics is preserved under specialization.

2.5.2 How to makespecialization terminate. Reliable termination propertiesare
essential for highly automatic program manipulation { and are not perfect in exist-
ing partial evaluation systems. In fact, few papers have appeared on the subject,
exceptions being the promising but unimplemented [Song and Futamura 2000],
and works by Das and Glenstrup [Das 1998; Das and Reps 1996; Glenstrup 1999;
Glenstrup and Jones 1996]. Although the generation of program generators is a
signi�can t accomplishment with promise for wider applications, program genera-
tor generation placeshigh demandson predictabilit y in the behavior of specialized
output programs, and on the specialization processitself.

Termination of specialization can always be achieved; an extreme way is to make
everything dynamic. This is useless,though, becauseno computations at all occur
at specialization time and the specialized program is only a copy of the source
program.

Our goal is thus to specialize in a way that maximizes the number of static
computations, but nonethelessguarantees termination. As a \stepping stone" in
order to achieve the two-level termination required for partial evaluation, we �rst
investigate a novel automatic approach to ordinary termination analysis.

3. PROGRAMTERMINATION BY \SIZE-CHANGEANALYSIS"

Our ultimate goal is to ensure, given program p, that program specialization:
pin1 =[[spec] ][p,in1] will terminate for all inputs in1 . Before explaining our solu-
tion to this subtle problem, wedescribean automated solution to a simpler problem:
how to decidewhether a (one-stage)program terminates on all inputs.

The termination problem is interesting in itself, of considerablepractical interest,
and has been studied by several communities: logic programming [Lindenstrauss
et al. 1997], term rewriting [Arts and Giesl 1997], functional programming [Abel
and Altenkirc h 1999; Lee et al. 2001; Xi 2002] and partial evaluation [Das 1998;
Dasand Reps1996; Glenstrup 1999; Glenstrup and Jones1996; Songand Futamura
2000].

A guarantee of termination is hard to achieve in practice, and undecidable in
general (it is the notorious uniform halting problem). Still, dependable positive
answersare essential in practice to ensuresystemlivenessproperties: that a system
will never \hang" in an in�nite loop, but continue to o�er necessaryservicesand
make progresstowards its goals. To this end, we have recently had somesuccessin
using size-changeanalysis to detect termination [Lee et al. 2001].

3.1 The size-changetermination principle

Size-changeanalysisis basedonly on local information about parametervalues. The
starting point is a \size-changegraph," Gc, onefor each call c : f ! g from function
f to function g in the program. Graph Gc describes parameter value changes
when call c is made (only equalities and decreases).The graphs are derivable from
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program syntax, using elementary properties of basefunctions (plus a sizeanalysis
to describe the results of nested function calls, see[Chin and Khoo 2002; Hughes
et al. 1996; Joneset al. 1993]).

In the following, we shall consider programs written in a �rst-order functional
language with well-founded data,8 and we say that a call sequencecs = c1c2 : : :
is valid for a program if it follows the program's control 
o w. The key to our
termination analysesis the following principle:

A program terminates (on any input to any function) if every valid
in�nite call sequence would, if executed, causean in�nite decreasein
someparameter values.

Example of size-changetermination analysis. Consider a program on natural
numbers that usesmutual recursion to compute 2x � y.

f(x,y) = if x = 0 then y else 1 g(x,y,0)
g(u,v,w) = if v > 0 then 2 g(u,v-1,w+2)

else 3 f(u-1,w)

Following are the three size-changegraphsfor this program, alongwith its call graph
and a description of its valid in�nite call sequences.There is onesize-changegraph
Gc for each call c, describing both the data 
o w and the parameter size changes
that occur if that call is taken. To keep the analysis simple, we approximate the
sizechangesby either `#= ' (the changedoesnot increasethe value) or # (the change
decreasesthe value); normally we omit the `#= ' labels from graphs for readability.
The valid in�nite call sequencescan be seenfrom the call graph, and are indicated
by ! -regular expressions9.

Size-changegraphs
G1

x u

y v

w

f ! g

G2

u u

v # v

w w

g ! g

G3

u # x

v y

w

g ! f

Call graph

f

1

g

3

2

Valid in�nite call sequences

(12� 3)! + (12� 3)� 12!

An informal argument for termination. Examination of the size-change graphs
revealsthat a call sequenceending in 12! causesparameter v to decreasein�nitely ,
but is impossibleby the assumption that data values are well-founded. Similarly,
a call sequencein (12� 3)! causesparameters x and u to decreasein�nitely . The
natural numbers are well-formed, so both are impossible. Consequently no valid
in�nite call sequence is possible, so the program terminates.

8 I.e., no in�nitely decreasing value sequencesare possible. With the aid of other analyses this
assumption may be relaxed so as to cover, for example, the integers.
9* indicates any �nite number of repetitions, and ! indicates an in�nite number of repetitions.
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3.2 A termination algorithm

It turns out that the set of valid in�nite call sequencesthat causein�nite descent in
somevalue is �nitely describable10. Perhapssurprisingly, the in�nite descent prop-
erty is decidable, e.g., by automata-theoretic algorithms. We sketch an algorithm
operating directly on the size-changegraphs without the passageto automata.

Two size-change graphs G : f ! g and G0 : g ! h may be composed in an
obvious way to yield a size-changegraph G; G0 : f ! h. Their total e�ect can be
expressedin a single size-change graph, like G13 = G1; G3, shown below. These
compositions are used in the central theorem of [Lee et al. 2001]:

Theorem 3.2.1. Let the closure S of the size-changegraphs for program p be
the smallest graph set containing the given size-changegraphs, such that G; G0 2 S
whenever S contains both G : f ! g and G0 : g ! h. Then p is size-change
terminating if and only if every idempotent G 2 S (i.e., every graph satisfying

G = G; G) has an in situ descent z
#

! z.

The closureset for the exampleprogram is:

S = f G1; G2; G3; G12; G13; G131 ; G23; G231 ; G31; G312g

This theorem leadsto a straightforward algorithm. The idempotent graphsin S are
G2 (above) aswell asG13 and G231 (below). Each of them hasan in situ decreasing
parameter, so no in�nite computations are possible.

G13

x # x

y y

f ! + f

G231

u # u

v v

w w

g ! + g

3.3 Assessment

Compared to other results in the literature, termination analysisbasedon the size-
changeprinciple is surprisingly simple and general: lexicographical orders, indirect
function calls and permuted arguments (descent that is not in-situ ) are all handled
automatically and without special treatment, with no need for manually supplied
argument orders, or theorem-proving methods not certain to terminate at analysis
time. It hasrecently beenproven [Ben-Amram 2002] that the functions computable
by size-changeterminating are exactly P�eter's \m ultiple recursive" functions [P�eter
1976]. This is an enormousclass,sothe expressivepower of size-changeterminating
programs is quite high.

Converging insights. This termination analysis technique has a history of inde-
pendent rediscovery. We �rst discoveredthe principle while trying to communicate
our earlier, rather complex, binding-time analysisalgorithms to ensuretermination
of specialization [Glenstrup 1999; Glenstrup and Jones1996]. The size-changeter-
mination principle arosewhile trying to explain our methods simply, by starting

10 It is an ! -regular set, representable by a B•uchi automaton.
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with one-stagecomputations as an easier special case[Lee et al. 2001]. To our
surprise, the necessaryreformulations led to BTA algorithms that were stronger as
well as easierto explain.

Independently , Lindenstraussand Sagiv had devisedsomemore complex graphs
to analyze termination of logic programs [Lindenstrauss et al. 1997], basedon the
samemathematical properties as our method. A third discovery: the Sistla-Vardi-
Wolper algorithm for determinization of B•uchi automata [Prasad Sistla et al. 1987]
resembles our closure construction. This is no coincidence,as the in�nite descent
condition is quite close to the condition for acceptanceof an in�nite string by a
B•uchi automaton.

Termination analysis in practice. Given the importance of the subject, it seems
that surprisingly few termination analyseshave been implemented. In logic pro-
gramming, the Termilog analyzer [Lindenstrausset al. 1997] can be run from a web
page; and the Mercury termination analysis [Speirs et al. 1997] has been applied
to all the programs comprising the Mercury compiler. In functional programming,
analysesby Abel and Altenkirc h [1999] and Lee et al. [2001] have both beenimple-
mented as part of the AGDA proof assistant [Coquand 2001]. Further, Xi [2002]
uses dependent types with user-supplied annotations to verify termination, and
Grobauer [2001] re�nes this approach to verify run-time bounds. A recent paper on
termination analysisof imperative programs is written by Col�on and Sipma [2002].

3.4 Quasitermination

The following closely related concept will turn out to be central for ensuring that
partial evaluation terminates. A quasiterminating program is one that enters only
�nitely many di�eren t states during any one computation. Of course,any termi-
nating program is also quasiterminating.

De�nition 3.4.1. Program p is quasiterminating i� for any input vector in , the
following is a �nite set:

Reach(in ) = f (f ; v) j Computation of [[p]][in ] calls f with argument vg

This can be re-expressedin terms of properties of individual function parameters:

De�nition 3.4.2. Assume program p contains the de�nition f(x 1,...,x n ) =
expression . The variation of parameter x i for program input in is the set:

Var (xi ; in ) =
�

vi
�
� (f ; v1 : : : vn ) 2 Reach(in ) for someinputs in

	

We say xi is of bounded variation (written BV, for short,) i� for every input in the
set Var (xi ; in ) is �nite.

Lemma 3.4.3. Program p is quasiterminating if and only if all its parameters
are of bounded variation.

A simple example: program double of Section 2.3.3 is terminating, and thus also
quasiterminating. The variations of its parameters:

Var (x; x) = f xg
Var (u; x) = f x; x � 1; : : : ; 1; 0g
Var (v; x) = f 0; 2; : : : ; 2xg
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4. GUARANTEEINGTERMINATION OF PROGRAMGENERATION

We now show how to extend the size-changeprinciple to an analysis to guarantee
termination of specialization in partial evaluation. The results described here are
signi�can tly better than those of Chapter 14 in [Joneset al. 1993] and [Glenstrup
1999; Glenstrup and Jones 1996]. Although the line of reasoning is similar, the
following results arestrongerand moreprecise,further, a protot ype implementation
exists.

4.1 Onlinespecializationwith guaranteedtermination

Most online specializersrecord the values of the function parameters seenduring
specialization, so that current static values vs can be compared with earlier ones
in order to detect potentially in�nite value sequences.A rather simple strategy
(residualize whenever any function argument value increases)is su�cien t to give
good results on the Ackermann exampleseenearlier.

More liberal conditions that guarantee termination of specialization will yield
more e�cien t residual programs. The most liberal conditions known to the authors
employ variants of the Kruskal tree condition called \homeomorphic embedding"
[S�rensen and Gl•uck 1995]. This test, carried out during specialization, seems
expensive but strong. It is evaluated on a variety of test examplesin the litera-
ture [Leuschel 1998].

4.2 Onlinespecializationwith call-freeresidualprograms

The termination-detecting techniquesof Section 3 can easily be extendedto �nd a
su�cien t precondition for online specialization termination to yield call-freeresidual
programs. The idea is to modify the size-change termination principle as follows
(recall Section 2.3.3, De�nition 2.3.1):

Supposeevery valid in�nite call sequencecausesan in�nite descent in
some potential ly static parameter. Then online program specialization
will terminate on any static input, to yield a call-free residual program.

A program passingthis test will have no in�nite specialization-time call sequences.
This meansthat an online specializermay proceedblindly, computing every poten-
tially static value and unfolding all function calls.

This condition can be tested by a slight extension of the closure algorithm of
Section 3:

|Before specialization, identify the set PS of potentially static parameters.

|Construct the closureS as in Section 3.

|Decide this question: Does every idempotent graph G 2 S have an in situ de-
creasingparameter in PS?

Strengths:

(1) No comparisonsor homeomorphicembedding tests are required, so specializa-
tion is quite fast.

(2) The condition succeedson many programs, e.g.,
|the \p ower" exampleof Section 2.2 specializedto static input n, or
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|Ac kermann's function specializedto static mand n.
(3) If a size-change terminating program has no dynamic inputs, the test above

will succeedand residual programs will have the form \ f( ) = constant ".
(4) Further, any program passing this test is free of \static loops," a notorious

causeof nonterminating partial evaluation.

Weakness. The methods fails, however, for the Ackermann example with static
mand dynamic n, or for interpreter specialization with static program argument
pg. The problem is that specializedversionsof such programs must contain loops.

4.3 O�ine specializationof an interpreter

As mentioned in Section2.2.4, the property that sourcesyntax is \sp ecializedaway"
is vital for compiling e�cien t target programs,and whenperforming self-application
of the specializer to generatecompilers. Our main goal is to achieve a high degree
of specialization (i.e., a fast specializedprogram) and at the sametime a guarantee
that the specialization phaseterminates.

Consider specializing the simple interpreter interp of Figure 2 (Section 2.2.4)
to static sourceprogram pg and dynamic program input d. One would hope and
expect all sourcecode to be specializedaway|in particular, syntactic parameters
pg, e and ns should be classi�ed as \static" and so not appear in target programs.

In Figure 2 parameter vs is dependent on dynamic program input d, and somust
appear in the specializedprograms. Parameter pg always equalsstatic input prog
(it is only copied in all calls), so any specializer should make it static.

Parameter e decreasesat every call site except 9 , where it is reset (always to
a subterm of pg). After initialization or this reset, parameter ns is only copied,
except at call site 4 , where it is increased.

A typical online specializer might seeat call site 9 that eval 's �rst argument
e has a value larger than any previously encountered, and thus would consider it
dynamic. By the same reasoning, argument ns would be considereddynamic at
call site 4 due to the evident risk of unboundedness.Alas, such classi�cations will
yield unacceptably poor target programs.

However the binding-time analysis of an o�ine partial evaluator considersthe
interpreter program asa whole, and can detect that eval 's �rst argument can only
range over subterms of the function bodies in the interpreted program pg. This
meansthat parameter e can be consideredas \static" without risking nontermina-
tion, and can thus be specializedaway. Further, parameter ns will always be a part
of the interpreter's program input pg. O�ine specialization can recognizethese
facts, and so ensure that no source code from pg appears in any target program
produced by specializing this interpreter.

Conclusion: control of the specializer's termination is easiero�ine than \on the

y ." The e�ect just described is not easily achieved by online methods.

Parameters that are reset to bounded values. We now describe a more subtle
automatic \b oundedness"analysis that reveals that the set of values ns ranges
over during specialization is also �nite 11. First, someterminology.

11 Remark: this is a delicate prop erty, holding only becausethis interp implements \static name
binding." Changing the call code as follows to implement dynamic name binding would make ns
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4.4 Boundedstatic variation

A necessary condition for termination of o�ine specialization is that all of the
program's static parametersare of bounded variation. We de�ne this more precisely:

De�nition 4.4.1. Assume program p contains the de�nition f(x 1,...,x n ) =
expression . Parameter xi is of bounded static variation (BSV for short) if for
all static inputs sin, the following set is �nite:

StatVar (xi ; sin) =
�

vi

�
�
�
�

(f ; v1 : : : vn ) 2 Reach(in ) for some
inputs in with sin = staticpart (in )

�

Two illustrativ e examplesboth concernthe program double of Section 2.3.3. Pro-
gram double is terminating; and parameter u is of BSV, while v is not.

double(x) = 1 dblplus(x,0)
dblplus(u,v) = if u <= 0 then v else 2 dblplus(u-1,v+2 )

Case1. Input x is static, and

StatVar (u; x) = f x; x � 1; : : : ; 1; 0g
StatVar (v; x) = f 0; 2; : : : ; 2xg

Both are �nite for any static input x. The BTA can annotate both u and v asstatic
becausedblplus will only be called with �nitely many value pairs (u; v) = (x; 0);
(x � 1; 2); : : : ; (0; 2x), where x is the initial value of x.

Case2. Input x is dynamic, and

StatVar (u; " ) = f 0; 1; 2; : : :g
StatVar (v; " ) = f 0; 2; 4; : : :g

(Here " is the empty list of static program inputs.) Here u must be dynamic since
it dependson dynamic input x. Further, even though v is computed without useof
dynamic inputs, the BTA must not annotate v as static: If it did so, then dblplus
would be specializedin�nitely , to: v = 0; v = 2; v = 4; : : :

4.5 \Must-decrease"and \may-increase"properties

Detecting violations of the BSV condition requires, in addition to the must-decrease
parameter sizeproperties on which size-changetermination is based,may-increase
properties as well. Abstract interpretation or constraint solving analysesmay be
used to detect both modalities of size-change behavior, and can be found in the
literature [Chin and Khoo 2002; Hugheset al. 1996]. We develop analysesfor the
current context in Section 5, in the style of Joneset al. [1993, Section 14.3].

A simple extension of the size-change graph formalism uses two-layered size-
change graphs G = (G" ; G#) where (as before) G# approximates \m ust-decrease"
properties on which the size-changeapproach is based,and G" safelyapproximates

necessarily dynamic during specialization:

call f(e 1 ,...,e n ): 9 eval(lkbody(f,pg), append(lkparm(f,pg),ns ),. ..)
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\ma y-increase" size relations by arcs x
"

! y. An example: the double program
seenbefore has two-layeredsize-changegraphs:

G1 =

8
>>>>><

>>>>>:

G"
1 :

G#
1 :

x u

v

x u

v

G2 =

8
>>>>><

>>>>>:

G"
2 :

G#
2 :

u u

v " v

u # u

v v

\Ma y-increase"

\Must-decrease"

4.6 Constraintson binding-timeanalysis

The purposeof binding-time analysis is safely to annotate a program. The central
task is to �nd a so-calleddivision � : ParameterNames! f S;D ; ?g that classi�es
every function parameter12 as \static," \dynamic," or \as yet undecided." The
desireddivision shouldhaveno ?-valuesand be \as static aspossible"while ensuring
that specialization will terminate in all cases.To this end de�ne � w � 0 to hold i�
� 0(x) 6= ? implies � (x) = � 0(x) for all parametersx.

Constraints on a division � .

(1) � w � 0 where � 0 is the initial division, mapping each program input parameter
to its given binding time and all other parameters to ?.

(2) � (x) = D if x is not of BSV.
(3) � (x) = D if the value of x dependson the value of somey with � (y) = D .
(4) � (x) = D if x dependson the result of a residual call.

We now proceedto develop two principles that can be used to assign � (x) := S,
both using ideasfrom size-changetermination.

4.7 Secondand better try: BoundedDomination

A new principle for termination of o�ine program specialization:

Let � (x) = ? where � satis�es the constraints in Section 4.613. If no
valid in�nite call sequencecausesx to increasein�nitely , then x is of
BSV.

This analysis goesconsiderably farther than the \call-free" method of Section 4.2.
Further, it is relatively easyto implement applying familiar graph algorithms. First,
de�ne x � w i� parameter x depends on w and w depends on x, and de�ne the
equivalenceclass: [x] = f wj x � wg.

(a) Compute the closureS of program p's size-changegraphs (now two-layered).
(b) Let � := � 0

(c) Let � (x) := D for every x that dependson somey with � (y) = D .
(d) Identify , as a candidate for upgrading, any x such that � (x) = ?, and � (y) = S

whenever x dependson y =2 [x].

12 We assume without loss of generalit y all functions have distinct parameter names, and that the
program contains no calls to its initial function.
13 Note that x must be potentially static, by Constrain t 3.
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(e) Reclassifyall parametersz 2 [x] by � (z) := S if no idempotent G 2 S contains

w
"

! w for any w2 [x].

(f ) Iterate Stepsd and e to stabilit y.

(g) Changeremaining ?'s in � to D .

Explanation: Steps b and c follow constraints 1 and 3. Steps d and e apply the
bounded domination principle to classify some equivalence classes[x] as static.
Step g follows constraint 2.

For double with static input, Step e changesinitial � = [x 7! S;u 7! ?; v 7! ?]
into

� = [x 7! S;u 7! S;v 7! ?]

Ackermann specialization terminates by similar reasoning. Now considerthe inter-
preter exampleof Figure 2 with initial

� = [prog 7! S;d 7! D ; e 7! ?; ns 7! ?; vs 7! ?; pg 7! ?; f 7! ?; x 7! ?]

pg is clearly of BSV becauseit is copied in all calls and never changed(increasedor
decreased).Further, call sites2, 3 and 5{10 only passvaluesto e from substructures
of e or pg, so the values of e are always a substructure of the static input. Thus
e is of BSV by the Bounded Domination principle and can be annotated \static"
(even though at call site 9 its value can becomelarger from one call to the next.)
This and constraint 3 of Section 4.6 gives:

� = [prog 7! S;d 7! D ; e 7! S;ns 7! ?; vs 7! D ; pg 7! S; f 7! S;x 7! S]

On the other hand, call site 4 posesa problem: ns can increase,which (so far)
will causeit to be annotated \dynamic." This is more conservative than necessary,
as the name list ns only takeson �nitely many valueswhen interpreting any �xed
program pg.

4.8 Third and still better try: BoundedAnchoring

A still more generalprinciple allows potentially static parameters that increase:

Suppose � (x) = ? and � (y) = S where � satis�es the constraints of
Section4.6. If every valid in�nite call sequencecsthat in�nitely increases
x also in�nitely decreasesy, then x is of BSV.

The set of known BSV parameters can iterativ ely be extended by this principle,
starting with onesgiven by Bounded Domination14. Again, it is relatively easyto
implement; just replaceStepsd and e above by the following:

(d0) Identify , as a candidate for upgrading, any x such that � (x) = ?, and � (y) = S
whenever x dependson y =2 [x].

(e0) Reclassifyparametersz 2 [x] by � (z) := S if every idempotent G 2 S contain-

ing w
"

! w for somew2 [x] also contains y
#

! y for somey with � (y) = S.

14 In fact, the Bounded Domination principle can be seenas the special caseof Bounded Anchoring
where the set of call sequencesthat in�nitely increase x is empty.
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Program 3 p ::= d1 : : : dn

Def 3 d ::= f x1 : : : xn = ef

Expression 3 e ::= k j x j if e1 then e2 else e3 j b e1 : : : en j c f e1 : : : en

k 2 Constant x 2 Varname c 2 Cal lSite
b 2 Basefuncname = f car ; cdr ; cons; : : :g f 2 Funname

Fig. 4. Syntax for the �rst-order functional language treated by the analysis

For the double example,Step e0 allows changing � = [x 7! S;u 7! S;v 7! ?] into

� = [x 7! S;u 7! S;v 7! S]

In the interpreter example, the previous analysis shows that e and pg are of BSV.
The remaining parameter ns can increase(call 4), but a call sequence. . . 4 . . . with
an in situ increaseof ns also has an in situ decreasein e. This implies ns cannot
increaseunboundedly and so is also of BSV. Conclusion (as desired):

� = [prog 7! S;d 7! D ; e 7! S;ns 7! S;vs 7! D ; pg 7! S; f 7! S;x 7! S]

The only dynamic parameter of function eval is vs, so target programs obtained
by specialization will be free of all sourceprogram syntax.

4.9 Specializationpoint insertion

The discussionabovewasrather quick and did not cover Constraint 4 of Section4.6,
which concernsthe function unfolding policy to be used. The justi�cation of the
constraint is that the result of a residual call is not available at specialization time.

There is a clear dangerof in�nite specialization-time unfolding, for instanceeven
in the double example. This can be prevented by doing no unfolding at all, but by
Constraint 4 this could force other parameters to be dynamic.

A more liberal unfolding policy can be used, basedupon a specialization-point
insertion analysis to mark a limited set of call sites as specialization points, not to
be unfolded. These should be as few as possible, just enough to prevent in�nite
loop unrolling. This is not explainedhere,sincethis section is already long enough.
More details, and correctnessproofs, are given in the following sections.

5. SEMANTIC FOUNDATIONS FOR TERMINATION ANALYSIS

As mentioned in Section 1.3, it is vital that the program transformations rest on
a �rm basis of the programming language semantics if the user is to trust the
generated programs. In the following sections we will present these foundations
and correctnessproofs for the termination analysis.

5.1 Syntaxand semantics

The analysespresented operate on a strict �rst-order functional languagewith the
formal syntax de�nition shown in Figure 4. For a function f we write f ( i ) for the
i th parameter of f , and label each function call site with a unique label c. CallSite
is the set of labels in the program. The functions de�ned by de�nitions d1; : : : ; dn

are referred to as f1; : : : ; fn. The semantics for normal, strict evaluation of this
language,shown in Figure 5, is quite standard; all basefunctions are assumedto
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E : Expression ! Value � ! Value [ f error; ?g

E = Ee (�x (��: f f1 7! �v 1 : : : vm : Ee � [[e f1 ]](v1 ; : : : ; vm ); : : : ;
fn 7! �v 1 : : : vk : Ee � [[e fn ]](v1 ; : : : ; vk )g))

Ee � [[k]]~v = value k

Ee � [[x i ]]~v = vi

Ee � [[if e1 then e2 else e3 ]]~v = if v0
1 then v0

2 else v0
3 ; where v0

i = Ee � [[ei ]]~v

Ee � [[b e1 : : : en ]]~v = apply b v0
1 : : : v0

n ; where v0
i = Ee � [[ei ]]~v

Ee � [[f e1 : : : en ]]~v = � f v0
1 : : : v0

n ; where v0
i = Ee � [[ei ]]~v

Fig. 5. Normal evaluation semantics. Use of `if ' is strict in its �rst argument, and applications of
functions apply and � are strict, returning ? or error if any of their arguments are ? or error

terminate, possibly with an error value, for all input. Given a tuple ~v, vi denotes
the i th component. We assumegiven a domain Value 3 v and a size relation
� 2 Value� Value which makes Value well-founded. Furthermore, we make use
of the function value : Constant ! Value which perform conversions between
expressionsand values,and also the standard function domain and rangeoperators
dom and rg. The function apply : Basefuncname! Value� ! (Value [ f errorg)
returns the value resulting from the application of a basefunction to its arguments.
Functions value and apply are assumedto terminate for any input.

In the ensuingtext we will usethe following notation:

De�nition 5.1.1. For any set A we de�ne A � to be the set of all �nite sequences
over A; and A ! to be the set of all in�nite sequencesover A; and A � ! = A � [ A ! .
We use the samenotation: as = a1a2a3 : : : for elements of either A � or A ! , and
write as = a1a2a3 : : : an for elements of A � .

De�nition 5.1.2. (Call sequence) A call sequence is any �nite or in�nite cs 2
CallSite � ! . Call sequencec1c2 : : : is well-formed i� ci labels a call to a function f
whosebody ef contains the call labeled with ci +1 .

De�nition 5.1.3. (Pr ogram St ates and Transitions)

|A state is a pair (f ;~v) 2 Funname� Value� .

|A state transition (f ;~v) c� ! (g; ~u) is a pair of states connected by a call
c g e1 : : : en in the body ef of f , such that ~u = (u1; : : : ; um ) and E[[ei ]]~v = ui .

|A state transition sequence is a sequence� = (f 0; ~v0)
c1� ! (f 1; ~v1) ! � � � (�nite or

in�nite), where (f i ; ~vi )
ci +1� � ! (f i +1 ; ~vi +1 ) is a state transition for each i = 0; 1; : : :

|The calls in a state transition sequence c1c2 : : : are given by calls(� ) = c1c2 : : :

|The set of encountered values for a state transition sequence� is de�ned as

V(� ) =
�

(x; V )

�
�
�
�

x is f ( i ) , i.e., parameter number i of f
^ V = f vi j � = (f 0; ~v0) ! � � � ! (f ; ~v) ! � � �g

�

In the following we assumegiven a �xed program p.
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5.2 Size-changedescriptors and graphs

Recall Sections3.4, 4.4 and 4.5. Our overall purposeis to detect sequencesof in-
�nitely descendingparameter values(in order to establishtermination), and to �nd
parameters of bounded variation (if statically computable, they can be computed
at program specialization time).

The \m ust-decrease"and \ma y-increase" graphs G = (G#; G" ) are at the heart
of size-changeanalysis. The edgelabels in G#; G" relate the sizeof an expression's
value to the sizesof its parameters,so it is essential to know what information they
convey, and how it relates to our purposes.More precisely:

We let D # = f# ; #= g; D " = f" ; "= g be two setsof dependencylabels and imposean
ordering v on the labels by #= v #= , #= v #, # v #, "= v "= , "= v " , " v " .

A dependencyis such a label together with a parameter, with intuitiv e meanings:

#(x) `de�nitely depending on x and lessthan its value,'
#= (x) `de�nitely depending on x and lessthan or equal to its value,'
"= (y) `possibly depending on y, and unbounded if y is unbounded'
" (y) `possibly depending on y, and greater than y for unbounded y.'

We name the collections of such dependencysets15:

Dep# def= P(D # � Varname):Dep" def= P(D " � Varname)

Each expressioncan be assigneda set of decreasingand a set of increasingdepen-
dencies.For instance, when evaluating the expressioncdr x, the resulting value is
always lessthan the value of x, written as f# (x)g, no matter the value of x. The
value of expressionx is always lessthan or equal to x, written as f#= (x)g.

The set of increasing dependenciesof cons x y is f" (x); " (y)g since its value
is greater than the values of x and y; and the set of decreasingdependenciesof
cons x y is empty. The set of increasingdependenciesof x is f"= (x)g sinceits value
is greater than or equal to x. The set of increasing dependenciesof cdr x is also
f"= (x)g, since its value will be unbounded if x's value is unbounded.

The analysespresented in detail in Appendix B center around two approximation
operators

E# : Expression ! (Dep#)� ! Dep#

E" : Expression ! (Dep" )� ! Dep" :

where E#[[e]]~� = � means: \� is a \m ust-decrease"description of the value of e,
given size descriptions ~� of its free variables," and E" [[e]]~� = � means: \� is a
\ma y-increase" description of the value of e, given size descriptions ~� of its free
variables,"

Theseoperators must terminate on all expressions(so that the termination anal-
ysis can terminate), and return a set that describescorrectly (but perhapsapprox-
imately) the size relation between the value of an expression(as computed by E)
and the valuesof its free parameters. For example we expect

E#[[cdr x]](f#= (x)g) = f# (x)g; E" [[cons x y]](f"= (x)g; f"= (y)g) = f" (x); " (y)g

15 P is the power set operator: P (X ) = f Y j Y � X g.
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As # is a stronger statement than #= and " a stronger statement than "= we remove
#= (x) from setscontaining #(x) and "= (x) from setscontaining " (x).

Now that we are able to relate the sizeof an expressionvalue to the sizesof its
free variables, we are able to construct the size-changegraphs that represent the
sizechangesof the function parametersfrom onecall to another. They are formally
given by

De�nition 5.2.1. (Size-change graphs)

|A size-changegraph is a pair G = (G#; G" ), usually written G =
�
G"

G#

�
; where

G� = (var (f ); var (g); E ) is a bipartite graph with edgesE � var(f ) � D � �
var (g). Often, we will draw a graphical representation of sizechangegraphs like
this example:

G#

x # u

y v

z
#

w

G"

x u

y
"

v

z " w

where #= and "= labels have beenomitted for readability. We will also refer to G#

and G" as size-changegraphs.

|Giv en a call site c : g e1 : : : en in a function f , we de�ne Gc =
�
G"

c

G#
c

�
, where

G"
c = (f f (1) ; : : : ; f (m )g; f g(1) ; : : : ; g(n )g; E " )

G#
c = (f f (1) ; : : : ; f (m )g; f g(1) ; : : : ; g(n )g; E #)

E " =
�

f ( i ) �� ! g( j )
�
� � (f ( i ) ) 2 E" [[ej ]]

�
"= (f (1) ); : : : ; "= (f (m ) )

�	

E # =
�

f ( i ) �� ! g( j )
�
� � (f ( i ) ) 2 E#[[ej ]]

�
#= (f (1) ); : : : ; #= (f (m ) )

�	

|In the ensuingtext, we let G denote the set of size-changegraphs for program p,
de�ned by

G = f Gcj c : g e1 : : : en is a call in pg;

5.3 Informal safety discussion

To illustrate the meaningsof the sizedescriptions, here are somepossiblesets the
size approximation operators could yield, where ~� #

id = (f#= (x1)g; : : : ; f#= (xn )g) is
the identit y \m ust-decrease"description, and ~� "

id = (f"= (x1)g; : : : ; f"= (xn )g) is the
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identit y \ma y-increase" description16.

Expressione E#[[e]]~� #
id E" [[e]]~� "

id

cons 42 17 fg fg
cons x1 x2 fg f" (x1); " (x2)g
cdr x1 f# (x1)g f"= (x1)g
minimumx1 x2 f#= (x1); #= (x2)g f"= (x1); "= (x2)g
if x1 then car x2 else cdr x2 f# (x2)g f"= (x2)g
if x1 then x2 else cons 1 x3 fg f"= (x2); " (x3)g
if length x1 < 42 then x1 else cons 17 19 fg f"= (x1)g
if length x1 < length x2 then x1 else cdr x2 fg f"= (x1); "= (x2)g

The `,' in the setsgeneratedby E# is read as`and,' while the `,' in the setsgenerated
by E" is read as `or.' The informal interpretation of the approximation setsare

fg no size-changeinformation is given
f# (x1)g the value of e is de�nitely lessthan the value of x1

f"= (x1)g the valuesof e may be unbounded, if the valuesof x1 are unbounded
f#= (x1); #= (x2)g the value of e is no greater than that of x1 and no greater than that

of x2

f" (x1); " (x2)g the value of e may exceedthat of x1 or x2 for in�nitely many values
of x1 or x2

f"= (x2); " (x3)g the valuesof e may be unboundedif the valuesof x2 are unbounded;
and may exceedx3 for in�nitely many x3

f"= (x1); "= (x2)g the valuesof e may be unbounded for unboundedvaluesof x1 or x2.

Principles. Safety of the \m ust-decrease"analysis E# is easier to de�ne, and
rather simpler to implement than E" . For any expressione, E#[[e]] will depend
on the parameters seen in e, and the operators applied to them. For example,
E#[[cons e1 e2 ]] = fg , and

E#[[cdr e]] = f# (x) j #= (x) 2 E#[[e]] or #(x) 2 E#[[e]]g

For details, seeFigure 15 in Appendix B.
The purposeof E# is to detect expressionbehavior that is guaranteed always to

decreasevalues, while E" detects expressionbehavior that might increasevalues
without bounds. Note that according to the concept of safety de�ned below, the
setsof decreasingoperators can safely be reducedand weakened: For instance, the
expressionf# (x2)g abovecould beapproximated by f#= (x2)g or fg . Correspondingly,
setsof increasingoperators can safelybe extendedand exaggerated:the expression
if x1 then car x2 else cdr x2 could alsobe approximated by f"= (x1); "= (x2)g|or
even f" (x1); " (x2)g. However, although these changesare safe, they will degrade
the precision of the termination analysis.17

16 Subsequently we will very often use the identit y descriptions, so we will sometimes just write
E# [[e]] or E" [[e]], omitting ~� #

id ; ~� "
id .

17 The expression if length x1 < 42 then x1 else cons 17 19 can in fact be given a more precise
increasing size approximation, namely the empty set, because by inspecting the if -condition it
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The approximation operators we have used for the implementation and exper-
iments of Section 8 and proof of their safety are given in Appendix B. These
operators yield rather crude approximations, but can easily be replaced by other
and more precisesafe approximation if desired, as long as they satisfy the safety
conditions.

5.4 Safe\must-decrease"sizeapproximations

De�nition 5.4.1. (Safety of E#) A decreasing size approximation operator E#

is called safe i� both the following are true for all e 2 Expression and any in�nite
set of environments f ~v1; ~v2; : : :g SupposeE[[e]]~v1 = w1; E[[e]]~v2 = w2; : : : Then

(1) if #= (x i ) 2 E#[[e]] then for all k, wk =2 f error; ?g implies wk � vk i

(2) if #(x i ) 2 E#[[e]] then for all k, wk =2 f error; ?g implies wk < vk i

The safety of E# is simple becausewe require that it give de�nite information on
what the sizeof the value of an expressionis, every time it is evaluated. Further, it
is easily de�ned compositionally, so E#[[f (e1; : : : ; en )]]~� is expressedonly in terms
of E#[[e1]]~� ; : : : ; E#[[en ]]~�.

5.5 Safe\may-increase"sizeapproximations

For \ma y-increase" dependencies"= (x) or " (x), one of two casescould apply:

(1) e's value is of unbounded variation, provided x is of unbounded variation. Ex-
ample: e = x, or e = cdr x both have dependency"= (x).

(2) the value of e exceedsthe value of x in�nitely often. Example: e = cons x y
has dependency" (x).

In this section we begin with plausible but inadequate de�nitions of safety of
\ma y-increase"analysis,and then show examplesto illustrate the subtlety of how to
give program descriptions that are safewith respect to theseinformal readings. We
examine the de�nitions' shortcomings,re�ne them, and end with a solid de�nition
of safety of an analysis.

First try at \may-incr ease" size approximation. We adapt De�nition 5.4.1:

Trial de�nition 1 (Safety of E" ) An increasing size approximation operator E"

is called safe i� both the following are true for all e 2 Expression and any in�nite
set of environments f ~v1; ~v2; : : :g: SupposeE[[e]]~v1 = w1; E[[e]]~v2 = w2; : : : Then

(1) if for all k, wk =2 f error; ?g implies wk � vk i , then "= (x i ) 2 E" [[e]]

(2) if for all k, wk =2 f error; ?g implies wk > vk i then " (x i ) 2 E" [[e]]

can be seen that the length of the resulting value is bounded.
Similarly , the expression if length x1 < length x2 then x1 else cdr x2 can be approxi-

mated more precisely by the decreasing dependency set f#= (x1 ); #(x2)g, which reads `the value of
e is de�nitely not greater than that of x1 , and de�nitely less than that of x2 .' Note also that
either "= (x1 ) or "= (x2 ) (but not both!) could be omitted from the increasing dependency set of this
expression, becauseunbounded increase of the omitted parameter is only possible if the remaining
parameter is increased as well. This also implies that in general no \b est" size approximation
exists.
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Two problems. The safety of E" is complicated by two facts. First, a description
"= (x) by part (1) above doesnot capture the requirement that unboundedx implies
unbounded e, e.g., e � cdr x should have description "= (x).

Another problem is that an expressionneednot be classi�ed as \increasing" if its
value is greater than its arguments for only a �nite set of argument values: Consider
the function

lookupbody f p = if p = nil then
cons 'error: (cons 'undefined (cons 'function nil ))

else if f = caar p then caddar p
else lookupbody f (cdr p)

The value of lookupbody f p might be longer than the value of f or p, due to
the �rst if branch. However, if we classify it as f" (f ); " (p)g we will not be able
to detect that parameter e in the interpreter example of Figure 2 is of bounded
variation, ase would seemto be increasinglydependent on itself at call site 9 . The
point is though that even if this expressionparticipates in a program loop where
the length of f or p increases,the length of its value will always be bounded by p,
and we needonly classify it as f"= (p)g.

We now try to remedy theseproblems:

Trial de�nition 2 (Safety of E" ) An increasing size approximation operator E"

is called safe i� both the following are true for all e 2 Expression and any in�nite
set of environments f ~v1; ~v2; : : :g: SupposeE[[e]]~v1 = w1; E[[e]]~v2 = w2; : : : and every
wi =2 f error; ?g . Then

(1) if jf vj i gj = 1 and jf wj gj = 1 , then "= (x i ) 2 E" [[e]].

(2) if jf vj i gj = 1 and jf j j wj > vj i gj = 1 , then " (x i ) 2 E" [[e]].

Bounded variation. The familiar program:

double x = dblplus x 0
dblplus u v = if u � 0 then v else dblplus (u � 1) (v + 2)

is a subtle \ma y-increase"exampleinvolving unboundedness.Safesizedescriptions
of u � 1, v + 2 are clearly "= (u) and " (v). Finding a safesize description of a call
dblplus u v involves�nding the net e�ect of calling function dblplus . The appro-
priate safedescription of dblplus u v is f" (u); " (v)g, which leadsto the expected
f" (x)g as size description of double x (consistent with our a priori knowledge of
the e�ect of double ).

At �rst sight description f" (u); " (v)g seems strange, since the value of
dblplus u v is computed from v alone (by adding 2 repeatedly). However the
number of times 2 is added depends on u. Consequence:if either u or v is un-
bounded, then the value of dblplus u v will also be unbounded.

We desire result description E" [[dblplus u v]]( ~� "
id ) = f" (u); " (v)g. Unfortu-

nately this cannot be obtained compositionally: The recursive call gives E" [[u �
1]]( ~� "

id ) = f"= (u)g; E" [[v + 2]]( ~� "
id ) = f" (v)g and the dblplus result value equals

v's �nal value|so the indirect dependencyof the value of dblplus u v on u is not
registeredat all.
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A secondidea is to account for indirect dependencies. Notation: for any tuple
~v = (v1; : : : ; vn ) of valuesof e's freevariables, let ~v

v j = u
be~v after replacing the j -th

component by u. The following is formulated more simply, in terms of variations
on a given tuple rather than in�nite sequencesof tuples.

Intuitiv ely, E" is safe if for all i we have that " (x i ) 2 E" [[e]]~v if there is a tuple
~v such that the value of e is greater than vi for in�nitely many vi , keeping the
remaining parameters in ~v �xed. This could be stated formally by the following

Trial de�nition 3 (Safety of E" ) An increasing size approximation operator E"

is called safe i� both the following are true for all e 2 Expression:

(1) If there exists ~v = (v1; : : : ; vn ) 2 Valuen such that for all K 2 Value

E[[e]]~v
v j = v0 = v 6= ? ^ v > K for in�nitely many v0 2 Value;

then "= (x j ) 2 E" [[e]].

(2) If there exists ~v = (v1; : : : ; vn ) 2 Valuen such that

E[[e]]~v
v j = v0 = v 6= ? ^ v > v0 for in�nitely many v0 2 Value;

then " (x j ) 2 E" [[e]].

This overcomes the two preceding problems (constants, and dependence of
dblplus u v on u.)

However, we wish the approximation to be safefor all cases,including caseslike
e � 1+ min x1 x2, whereE[[e]](v1; v2) > v1 for only �nitely many v1 whenv2 is �xed
but E [[e]] (v1; v2) > v1 for in�nitely many v1 if v1 and v2 are increasedtogether.
In this case" (x1) or " (x2) must be in E" [[e]]; otherwise E" [[e]] would not re
ect the
fact that the value of e is greater than that of x1 or x2 for in�nitely many (x1; x2).
This is captured by consideringall subsetsof the parameters.

For given ~v 2 Value and X � f x1; : : : ; xn g we de�ne the set V(~v; X ) =
f (u1; : : : ; un ) j if x i 2 X then ui 2 Value else ui = vi g, that is, �xing the values
of all parametersexcept those mentioned in X .

De�nition 5.5.1. (Safety of E" ) An increasing size approximation operator
E" is called safe i� both the following conditions are true for all e 2 Expressionand
X � f x1; : : : ; xn g, where f x1; : : : ; xn g are the parametersof the function in which
e occurs:

(1) If for all K 2 Value there exists ~v = (v1; : : : ; vn ) 2 Valuen such that

E[[e]]~v 0 = v 6= ? ^ v > K for in�nitely many ~v 0 2 V (~v; X );

then � (x i ) 2 E" [[e]] for somex i 2 X and � 2 f" ; "= g.

(2) For all x j 2 X , if there exists ~v = (v1; : : : ; vn ) 2 Valuen such that

E[[e]]~v 0 = v 6= ? ^ v > v0
j for in�nitely many ~v 0 2 V (~v; X );

then " (x i ) 2 E" [[e]] for somex i 2 X .
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5.6 Size-changegraphsand multipaths

De�nition 5.6.1. (Mul tip ath) Given a well-formed call sequencecs = c1c2 : : :,
multipath M (cs) is the sequenceGc1 ; Gc2 ; : : : of sizechangegraphs. Given a mul-
tipath M = G1; G2; : : :, we often consider only the increasing or decreasingpart
M � = G�

1; G�
2; : : : for � 2 f" ; #g.

A multipath can be viewed as one big graph obtained by concatenating the size-
changegraphs:

M =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

x

G"
1

u
"

G"
2

r

G"
3

x

M " = y
"

v s
"

y � � �

z " w t z

x u r # x

M # = y v s y � � �

z
#

G#
1

w

G#
2

t #

G#
3

z

Thus, we make the following

De�nition 5.6.2. (Mul tip ath subgraph)

|W e de�ne a subgraph of a multipath M (or M � ) to be a connectedsubgraph of
the graph created by the concatenation of the size-changegraphs.

|A maximal subgraph is a subgraph eG that is not a subgraphof any other subgraph
eG0 6= eG.

|The length of a subgraphis the length of the longestdirected path in the subgraph
(possibly in�nite).

Multipaths can be usednot only to describe sizerelations betweenprogram param-
eters, but also to describe an actual computation. Without causingambiguit y, we
can overload the M operator:

De�nition 5.6.3. (St ate transition mul tip ath) Given a state transition se-
quence� = (f 0; ~v0)

c1� ! (f 1; ~v1)
c2� ! (f 3; ~v3)

c3� ! � � �, we let M (� ) denote the multi-
path G#0

1 ; G#0
2 ; : : :, whereeach G#0

k is obtained from G#
ck

by replacing the parameters
by their actual values (given by ~vk � 1 and ~vk ), removing all the edges,and then

adding new edgesv(k � 1) i
#

� ! vk j whenever v(k � 1) i > vk j and v(k � 1) i
#=

� ! vk j when-
ever v(k � 1) i = vk j .

One multipath M (� ) with calls(� ) = c1c2 : : : from the precedingexample in might
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look like this:

1 1 8 #

#

7

M (� ) = 2
#

3
#

6
#

9 � � �

4
#
#

G#0
1

5 #

G#0
2

2 #

G#0
3

0

where any #= labels have beenomitted for readability.
Note that there is a bijective correspondencebetween the nodes of M (� ) and

M � (cs), where cs = calls(� ). In the following, we will therefore consider them
identical, and speak about the value of a node n in M � (cs), meaning the value of
the corresponding node in M (� ). Further, the safety de�nition of E# (cf. De�ni-
tion 5.4.1) implies the following lemma for the arcs:

Lemma 5.6.4. (Ar c correspondence f or M #) Given state transition se-

quence � = (f 0; ~v0)
c1� ! � � �, if there is an arc n �� ! n0 in M #(cs), where cs =

calls(� ), there is a similar arc v � 0

� ! v0 in M (� ) between the valuescorresponding
to n and n0. Furthermore, if � = # then � 0 = #.

De�nition 5.6.5. (Threads) Given a multipath M , a thread is a subgraph in
which each node has at most one ingoing and one outgoing arc.

Combining this de�nition with Lemma 5.6.4, we obtain

Cor ollar y 5.6.6. (Thread correspondence) If M #(cs) hasa thread � with
M #-labels and cs = calls(� ), then M (� ) hasa corresponding thread � 0 with at least
M #-labels.

A multipath M " (cs) conveys information about the boundednessof the corre-
sponding values in M (� ):

Lemma 5.6.7. (Unbounded predecessors) Given a state transition sequence
� with call sequence cs, there exists a K such that if a sequence of nodesn1; n2; : : :
in M (� ) has an unbounded sequence of values v1; v2; : : : all greater than K , there
exist in�nitely many of thesenodesnk1 ; nk2 ; : : : which haveat least one immediate
predecessor pk1 ; pk2 ; : : :, and the sequence of values wk1 ; wk2 ; : : : of the nodes in
M (� ) corresponding to these predecessorswil l be unbounded and greater than K .

Furthermore, for all j , if there is no arc pk j

"
� ! nk j , then wk j � vk j .

Pr oof. Given this � , assumethe sequencev1; v2; : : : is unbounded,and consider
the set of the size-changegraphs in M " (cs) that contain nodesn1; n2; : : : as right-
side elements:

G"
1

... n1 � � �

G"
2

... n2
"

� � � � � �

G"
k

"... nk � � �
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As G is �nite, there must exist at least one G" with a right-side node n, and an
in�nite subsequencek1; k2; : : : for which G" = G"

k1
= G"

k2
= � � �, where vk1 ; vk2 ; : : :

is unbounded.
For each such G" , all of these values are computed by the same expressione,

basedon (a subsetof) the valuesof the constants found in the program text, and
the valuesof the immediately precedingnodes, i.e. the left-hand nodes in G" . For
any K , there are in�nitely many vk j > K , and asthe computation of the expression
is deterministic, this is only possibleif someparameter x i 0 in e takeson in�nitely
many di�eren t values w0

1; w0
2; : : :, so by the secondcriterion of the safety of E"

(cf. De�nition 5.5.1), � (x i 0) 2 E" [[e]] for some� 2 f" ; "= g, which implies that there

exists an arc x i 0
�� ! nk j in G" .

Finally, if there exist in�nitely many w0
k j

for which w0
k j

< vk j for somex i 0, the

�rst criterion of the safety of E" requires that the arc x i
�� ! nk j be labeled � = "

for somex i (possibly i = i 0) whosesequenceof valuesw1; w2; : : : is unbounded. So
the desiredpredecessorsare the (in�nitely many) nodespk1 ; pk2 ; : : : corresponding
to x i for which wk j � vk j .

De�nition 5.6.8. (Origin node) A node in a multipath M " which has no pre-
decessorsis called an origin node.

Given this de�nition, a consequenceof the contrap osition of Lemma 5.6.7 is the
following

Cor ollar y 5.6.9. (Origin node boundedness) Given a state transition se-
quence � with call sequence cs, there exists a value K such that for any origin node
in M " (cs), the value of the corresponding node in M (� ) is bounded by K .

We now use this corollary and the preceding lemma to show that obtaining a
sequenceof unbounded values in a state transition sequence� requires that there
exist paths with unboundedly many " -labeled arcs in M " (cs):

Lemma 5.6.10. Let a state transition sequence � be given with call sequence cs
and assumefor any K there existsa set of �nite subgraphs eG1; eG2; : : : of M (� ) such
that for each subgraph eGk there exists a right hand node nk in the �nal (rightmost)
size change graph, where the sequence of values of n1; n2; : : : is unbounded and
greater than K .

Then it follows for any M 2 N that there exists k 2 N such that there is a path
�� ! � � � �� ! nk in eG"

k , the graph in M " (cs) corresponding to eGk , which has at least
M " labels.

Pr oof. by induction on M : For M = 0, the lemma is trivially true.
For M > 0, chooseK greater than the upper bound on the origin nodes such

that it satis�es Lemma 5.6.7. That lemma then states that for in�nitely many kj

there exist predecessorspk j of nk j where the sequenceof values of pk1 ; pk2 ; : : : is

unbounded. If in�nitely many arcs pk j

�� ! nk j in M " (cs) are labeled � = " , the
induction hypothesisprovesthe desiredproperty.

Otherwise, we proceed as follows: For each kj where the arc is labeled "= , we
change eGk j by removing the �nal size change graph. This way, we get a new
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sequence eG1; eG2; : : : where some of the subgraphs are shorter than the original
ones. Further, Lemma 5.6.7 ensuresthat for each subgraph, either the �nal size
changegraph in M " (cs) contains an arc labeled" , or there existsa right hand node
nk , where the sequenceof valuesof n1; n2; : : : is unbounded and greater than K .

This procedure is applied repeatedly, and there are two possibilities: Either we
stop after �nitely many iterations when in�nitely many of the subgraphsend with
a sizechangegraph that has a corresponding " -labeled arc in M " (cs). Otherwise,
the processcontinuesinde�nitely , and as each subgraph, as well as G, is �nite, this
producesan in�nite sequenceof subgraphswhere each �nal sizechangegraph has
a corresponding " -labeled arc in M " (cs) (becausethe value of node nk j is greater
than K , preventing it from being an origin node). An example of this processfor
subgraphscomposedof three size change graphs G1; G2; G3 whosecorresponding
graphsin M " (cs) haveno " -arcsand somewhich do have" -arcs,commonly denoted
Ĝ, is shown in Figure 6 (the sizechangegraphs that are removed in each step are
marked with boxes). Finally, the induction hypothesisprovesthe desiredproperty.

Lemma 5.6.11. Given a state transition sequence � , assumefor any M 0 that

there exists a subgraph in M " (cs) that has a path � !
"

� � � � ! with at least M 0 "
labels. Then for any M there exists a parameter x and a subgraph in M " (cs) with

a path x � !
"

� � � � ! x � !
"

� � � � ! x � !
"

� � � � ! x that passesthrough x at least M

times. Furthermore, each subpath x � !
"

� � � � ! x of this path has at least one "
label.

Pr oof. Let N be the number of parameters in p. A path with at least N "

labels will contain at least one path x � !
"

� � � � ! x for someparameter x, and it
follows that choosing a path with at least M N " labels will contain the desired
path.

De�nition 5.6.12. (Size-change graph composition) Given two size-change
graphs G�

1 = (var (f ); var(g); E1) and G�
2 = (var (g); var (h); E2), we de�ne their

composition by G�
1; G�

2 = (var (f ); var (h); E ), where x i
� 0

� ! zk 2 E i� (x i
� 1� ! yj ) 2

E1 and (yj
� 2� ! zk ) 2 E2, and

� 0 =

8
>><

>>:

" ; if � 1 = " _ � 2 = "
"= ; if � 1 = "= ^ � 2 = "=
#; if � 1 = # _ � 2 = #
#= ; if � 1 = #= ^ � 2 = #=

:

For G1 =

"
G"

1

G#
1

#

and G2 =

"
G"

2

G#
2

#

we de�ne G1; G2 =

"
G"

1; G"
2

G#
1; G#

2

#

.

De�nition 5.6.13. For a well-formed nonempty call sequencecs = c1 : : : cn , we
de�ne the size-changegraph for cs, denoted by Gcs, as Gc1 ; : : : ; Gcn .

It is straightforward to show that composition is associative. Furthermore, the arcs
in the composition arean approximation of the threads in the composedsize-change
graphs:
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eG1 = Ĝ G1 G2

eG2 = Ĝ G3 G1 G1

eG3 = Ĝ G2 G3 G1 G2

eG4 = Ĝ G1 G1 G3 G2 G2

eG5 = Ĝ G3 G2 G2 G3 G1 G3

eG6 = Ĝ G2 G1 G1 G3 G2 G3 G2

...

step 1
� � !

Ĝ G1

Ĝ G3 G1 G1

Ĝ G2 G3 G1

Ĝ G1 G1 G3 G2

Ĝ G3 G2 G2 G3 G1 G3

Ĝ G2 G1 G1 G3 G2 G3

...

step 2
� � !

Ĝ G1

Ĝ G3 G1 G1

Ĝ G2 G3 G1

Ĝ G1 G1 G3 G2

Ĝ G3 G2 G2 G3 G1

Ĝ G2 G1 G1 G3 G2

...

step 3
� � !

Ĝ
Ĝ G3 G1

Ĝ G2 G3

Ĝ G1 G1 G3 G2

Ĝ G3 G2 G2 G3

Ĝ G2 G1 G1 G3 G2

...

step 4
� � !

Ĝ
Ĝ G3 G1

Ĝ G2

Ĝ G1 G1 G3 G2

Ĝ G3 G2 G2

Ĝ G2 G1 G1 G3 G2

...

step 5
� � !

Ĝ
Ĝ G3 G1

Ĝ
Ĝ G1 G1 G3

Ĝ G3 G2

Ĝ G2 G1 G1 G3

...

step 6
� � !

Ĝ
Ĝ G3 G1

Ĝ
Ĝ G1 G1

Ĝ G3 G2

Ĝ G2 G1 G1

...

step 7
� � !

Ĝ
Ĝ G3

Ĝ
Ĝ G1

Ĝ G3 G2

Ĝ G2 G1

...

step 8
� � !

Ĝ
Ĝ G3

Ĝ
Ĝ

Ĝ G3 G2

Ĝ G2

...

step 9
� � !

Ĝ
Ĝ G3

Ĝ
Ĝ

Ĝ G3

Ĝ
...

step 10
� � ! � � �

Fig. 6. Generating a sequencewith in�nitely many subgraphs ending in a Ĝ graph. In each step
we remove the same last, non-Ĝ size-change graph from in�nitely many subgraphs.
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Lemma 5.6.14. (Composition soundness) G1; : : : ; Gn has an arc x �� ! u i�
there is a thread x � ! � � � � ! u all the way along multipath M = G1; : : : ; Gn . Fur-
thermore, � = " or � = # i� there is a thread with at least one " or # label,
respectively.

Pr oof. by induction on n, using the de�nition of composition.

6. QUASITERMINATION ANALYSIS

Now that we have de�ned the size-changegraphs that expressparameter changes
along a call sequence,we can reasonabout the termination properties of all possi-
ble call sequencesduring evaluation. We start by de�ning someproperties of the
program parameters that describe quasitermination, originally proposedby Holst
[1991], in which the program might not terminate, but the parameters will only
take on a bounded set of valuesduring any program run.

6.1 Quasiterminationde�nitions

De�nition 6.1.1. (Bounded Varia tion) For any state transition sequence�
the function bounded(� ) = f x j (x; V ) 2 V(� ) ^ jV j < 1g de�nes the set of
parametersof boundedvariation of that transition sequence.A parameter x is said
to be of bounded variation, written B V (x), i� x 2 bounded(� ) for all � .

Considering De�nition 3.4.1 we get the following

Lemma 6.1.2. (Quasitermina tion) Program p is quasiterminating i� all pro-
gram parameters are of bounded variation.

6.2 Quasiterminationdetection

We now employ a division � : Varname ! f S;?g for dividing the parameters
into de�nitely of bounded variation (S) or as yet undecided (?). A division that
ensurestermination is then constructed in the following way: First we classify all
parameters as � 0(x) = ?. Then we iterativ ely apply the bounded anchoring step,
which changesa number of ?-classi�cations into S-classi�cations. When no more
?-classi�cations can be changed,we are done.

Before considering bounded anchoring, we �rst give a de�nition of the set S of
size-change graphs and their composition along well-formed call sequences,and a
de�nition of an equivalenceclass for parameters that are mutually dependent on
each other.

De�nition 6.2.1. (Summarizing path effects) S = f Gcs j cs is well-formedg

Note that we now summarizee�ects, lumping together di�er ent call sequencesthat
have the same size-changee�ect!

De�nition 6.2.2. (Binding-time equiv alence classes) We write x � y if
there exists G 2 S with an edgex � ! y in G" and a G0 2 S with an edgey � ! x
in G0", and de�ne the equivalenceclass[x] = f y j x � yg.

De�nition 6.2.3. (Bounded Anchoring) Let there be given a division � q :
Varname ! f S;?g and an equivalenceclass[y0] for which � q(y) = ? for all y 2 [y0].
We de�ne � q+1 by checking the following two conditions for all y 2 [y0]:
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(1) For all G" 2 S which has an arc x ! y, � q(x) = S or [x] = [y0].

(2) For all G : f ! f 2 S where G = G; G and G" has an arc y
"

� ! y, G# has an

arc z
#

� ! z, and � q(z) = S.

If both the conditions are true for all y 2 [y0] then � q+1 (x) =
�

S; if x 2 [y0]
� q(x); otherwise

;

otherwise, � q+1 = � q.

In the secondcondition above, we say that y is anchored in z (for G).

Theorem 6.2.4. (Correctness of Bounded Anchoring) If p quasitermi-
nates for � q, then p quasiterminates for � q+1 .

Pr oof. Assumep is quasiterminating for � q, and supposep is not quasitermi-
nating for � q+1 , i.e. for some f ( i ) with � q+1 (f ( i ) ) = S and some (in�nite state
transition sequence)� we have f ( i ) =2 bounded(� ). Thus we can �nd an ascending
sequenceof values u1; u2; : : : such that uk = (~vj k ) i (the i th component of the kth
element of a subsequenceof ~v0; ~v1; : : :) where � = (f 0; ~v0)

c1� ! (f 1; ~v1)
c2� ! � � � and

f = f j 1 = f j 2 = � � � = f j k = � � �. Obviously, as p is quasiterminating for � q and
f ( i ) =2 bounded(� ), we have � q(f ( i ) ) 6= S, i.e. f ( i ) 2 [y0] in the bounded anchoring
step from � q to � q+1 .

Choose a �nite M 2 N such that M > jf v 2 V j (x; V ) 2 V(� ) ^ � q(x) = Sgj,
that is, greater than any valueever assignedto a boundedparameter; this is possible
becausep is quasiterminating for � q.

The rest of the proof is almost identical to that of the central theorem of the
graph-basedapproach to termination detection presented by Lee et al. [2001, The-
orem 4]:

De�ne a 2-set to be a 2-element set f t; t0g of positive integers. Without loss of
generality, t < t0. Let m > M and a sequenceof sizechangegraphs G1; : : : ; Gm be
given, and de�ne for each G 2 S

PG = f (t; t0) j G = Gt ; Gt +1 ; : : : ; Gt 0� 1g

The set f PG j G 2 Sg is a family of classes:they are mutually disjoint, every 2-set
f t; t0g; t; t0 � m belongsto exactly one of them, and it is �nite, sinceS is �nite.

By the Finite Ramsey's Theorem [Ramsey 1930] given in Appendix A, we can
compute an m such that there exists a set T of M + 1 indexessuch that all 2-sets
f t; t0g with t; t0 2 T are in the sameclassPG � . Thus we have

G� = Gt 1 ; : : : ; Gt 3 � 1 = (Gt 1 ; : : : ; Gt 2 � 1); (Gt 2 ; : : : ; Gt 3 � 1) = G� ; G�

and

G� = Gt 1 ; : : : ; Gt M +1 � 1 = (Gt 1 ; : : : ; Gt 2 � 1); : : : ; (Gt M ; : : : ; Gt M +1 � 1) = G� ; : : : ; G� :

As the sequenceu1; u2; : : : is unbounded,we can combine Lemmas5.6.10and 5.6.11
to �nd a path x � ! + x with at least m " labels. As m > M and all x =2 [y0] with
x � ! y for somey 2 [y0] are bounded (by the �rst criterion of boundedanchoring),
we have x 2 [y0]. Dividing this path into m sectionsx � ! + x � � � x � ! + x such that
each section has at least one " label, and composing all the size changegraphs in
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section k into Gk , we get the sequenceof m sizechangegraphs required above:

G0
1; : : :; G0

k1 � 1; � � � ; G0
km � 1

; : : :; G0
km � 1 = G1; : : : ; Gm

As each section G0"
k i

; : : : ; G0"
k i +1 � 1 has a thread with at least one " label, by

Lemma 5.6.14G�" hasan arc with an " label, soby the secondcriterion of bounded

anchoring, G�# has an arc z
#

� ! z, where � q(z) = S. Thus by Lemma 5.6.14 each

section G#
k i

; : : : ; G#
k i +1 � 1 has an S-thread with at least one # label z � !

#
� � � � ! z.

By Lemma 5.6.6, this implies that � has a thread z � !
#

� � � � ! z with at least M
# labels. But this contradicts � q(z) = S becauseM was chosento be larger than
any static value, and we concludethat p is quasiterminating for � q+1 .

7. PARTIAL EVALUATION TERMINATION ANALYSIS

7.1 Syntaxand semantics

Each expressionof a program that is to be partially evaluated is annotated as
static or dynamic, so we de�ne the domains of annotated expressions,de�nitions
and programs:

AProgram 3 p ::= d1 : : : dn

ADef 3 d ::= f x � 1
1 : : : x � n

n = ef

AExpression 3 e ::= kS j x i j lift eS
1 j if � e�

1 then e� 0

2 else e� 0

3

j b� e�
1 : : : e�

n j c : f � eS
1 : : : eS

m eD
m +1 : : : eD

n

� 2 f S;Dg

The lift construction is inserted around static expressionsthat are used in a dy-
namic context, sothat the static value computed at specialization time is lifted into
the residual program.

We now extend the meaning of � to represent a binding-time division � :
AExpression [ Varname [ CallSite ! f S;D ; ?g, which returns the binding time
of its argument.

For simplicit y, we consideronly monovariant binding-time divisions, that is, each
function parameter has the same binding time at all call sites18, and wlog. we
assumethat all the static function parameters appear before the dynamic. The
annotation f � in function calls indicateswhether the call shouldbeunfolded (� = S)
at specialization time, or residualized(� = D), i.e. be a specialization point.

In the following we assumegiven the following domains:

v 2 PEValue = Value [ Expression
' 2 Memo = (FunName� Value� ) ! FunName
� 2 ResProg = P(Def )

and a sizerelation � 2 Value� Value which makesValue well-founded.

18 Traditionally , partial evaluation has employed monovariant binding-time divisions to avoid the
risk of code explosion in the residual program. Christensen et al. [2000] have shown that poly-
variant binding-time divisions can be viable and desirable in some cases.
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P E : AExpr ession ! PEV alue � ! Memo ! ResProg
! (PEV alue � Memo � ResProg) [ f? ; errorg

P E = P Ee (�x (��: f f1 7! �v 1 : : : vm : P Ee � [[e f1 ]](v1 ; : : : ; vm ); : : : ;
fn 7! �v 1 : : : vk : P Ee � [[e fn ]](v1 ; : : : ; vk )g))

P Ee � [[kS ]]~v ' 0 � 0 = (value k; ' 0 ; � 0 )

P Ee � [[x i ]]~v ' 0 � 0 = (vi ; ' 0 ; � 0 )

P Ee � [[lift eS
1 ]]~v ' 0 � 0 = (lift v0

1 ; ' 1 ; � 1 )
where (v0

i ; ' i ; � i ) = P Ee � [[ei ]]~v ' i � 1 � i � 1

P Ee � [[if S eS
1 then e2 else e3 ]]~v ' 0 � 0 = (if v0

1 then v0
2 else v0

3 ; ' 3 ; � 3 )
where (v0

i ; ' i ; � i ) = P Ee � [[ei ]]~v ' i � 1 � i � 1

P Ee � [[if D eD
1 then eD

2 else eD
3 ]]~v ' 0 � 0 = (if v0

1 then v0
2 else v0

3 ; ' 3 ; � 3 )

where (v0
i ; ' i ; � i ) = P Ee � [[ei ]]~v ' i � 1 � i � 1

P Ee � [[bS eS
1 : : : eS

n ]]~v ' 0 � 0 = (apply b v0
1 : : : v0

n ; ' n ; � n )
where (v0

i ; ' i ; � i ) = P Ee � [[ei ]]~v ' i � 1 � i � 1

P Ee � [[bD eD
1 : : : eD

n ]]~v ' 0 � 0 = (b v0
1 : : : v0

n ; ' n ; � n )

where (v0
i ; ' i ; � i ) = P Ee � [[ei ]]~v ' i � 1 � i � 1

P Ee � [[f S e1 : : : en ]]~v ' 0 � 0 = � f v0
1 : : : v0

n ' n � n

where (v0
i ; ' i ; � i ) = P Ee � [[ei ]]~v ' i � 1 � i � 1

P Ee � [[f D eS
1 : : : eS

m eD
m +1 : : : eD

n ]]~v ' 0 � 0 = (f 0 v0
m +1 : : : v0

n ; ' 0; � 0)

where (v0
i ; ' i ; � i ) = P Ee � [[ei ]]~v ' i � 1 � i � 1

(f 0; ' 00) = if (f ; v0
1 : : : v0

m ) 2 dom ' n

then (' n (f ; v0
1 : : : v0

m ); ' n )
else (g; ' n + f (f ; v0

1 : : : v0
m ) 7! gg)

g =2 rg ' n

(e; ' 0; � 00) = if (f ; v0
1 : : : v0

m ) 2 dom ' n then ( ; ' 00; � n )
else � f v0

1 : : : v0
m x1 : : : xn � m ' 00 � n

� 0 = if (f ; v0
1 : : : v0

m ) 2 dom ' n then � 00

else � 00[ f g x1 : : : xn � m = eg

Fig. 7. Partial evaluation semantics. Use of `if ' are strict in the �rst argument, and all other
functions on the righ t-hand side (lift ; (�; �; �); apply ; etc.) are strict, returning ? or error if any of
their arguments are ? or error

In addition to the functions used in Figure 5, we now also make useof function
lift : Value ! Constant which converts a constant value into the corresponding
expression.

Partial evaluation of program p to static input ~v is de�ned by PE[[ f1 S ~x]]~vfgfg ,
where operator PE is de�ned in Figure 7; piecesof residual program syntax are
underlined. Note that if all parts of an expressione are annotated asstatic, and all
function calls in e are calls to totally static functions, PE performs normal, strict
evaluation, so the lemmas from the preceding chapters apply to the static part
of partial evaluation. The following lemma, easily proved by complete induction
on the recursion depth, states that the PE operator only ever adds entries to the
memoization function ' :

Lemma 7.1.1. If f? ; errorg 63PE[[e]]~v'� = (v0; ' 0; � 0) then dom ' � dom ' 0.
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De�nition 7.1.2. (Par tial Evalua tion St ate Transitions) Given a bind-
ing-time division � ,

(1) A state transition (f ;~v) c� ! (g; ~u) is a pair of states connected by a call
c : g e1 : : : en in the body ef of f , such that ~u = (u1; : : : ; um ) and
PE[[ei ]]~v' i � 1� i � 1 = (ui ; ' i ; � i ) for some(' 0; � 0).

(2) A state transition sequence is a (�nite or in�nite) sequence� = (f 0; ~v0)
c1� !

(f 1; ~v1) ! � � � ; where (f i ; ~vi )
ci +1� � ! (f i +1 ; ~vi +1 ) is a state transition for each i =

0; 1; : : :, and for any i 6= j with (f i ; ~vi ) = (f j ; ~vj ), � (ci ) = S or � (cj ) = S.

Note that memoization is modeled by disallowing transition sequenceswhere
the same specialization point is encountered twice for the same tuple of values,
cf. Point 2.

De�nition 7.1.3. (S-threads) Given a binding-time division � , an S-thread is
a thread where � (x) = S for all nodesx in the thread.

7.2 Terminationde�nitions

De�nition 7.2.1. (Termina tion of par tial evalua tion) Given a binding-
time division � ,

|W e say that partial evaluation terminates for a function f wrt. static input ~v =
v1 : : : vm i�

PE[[f x1 : : : xm xm +1 : : : xn ]](v1; : : : ; vm ; x1; : : : ; xn � m )fgfg 6= ? :

|W e say that partial evaluation terminates for program p = d1 : : : dn i� partial
evaluation terminates for f1 for all ~v 2 Value� , whered1 � ( f1 x1 : : : xn = ef1 ).

As there are no iteration constructs in the language,and all basefunctions termi-
nate, nontermination can only arise through recursive function calls. Furthermore,
every dynamic call which is unfolded causesa new entry to be made in the memo-
ization table:

Lemma 7.2.2. (Nontermina tion is caused by function calls) If
PE[[e]]~v '� = ? , then there exists a call c : f e1 : : : en in e and ' 0; : : : ; ' n ;
� 0; : : : ; � n ; ~v0; ' 00; � 00 with dom ' � dom ' 00 such that PE[[f e1 : : : en ]]~v' 0� 0 =
PE[[ef ]]~v0' 00� 00= ? , and ? 6= PE[[ei ]]~v ' i � 1� i � 1 = (v0

i ; ' i ; � i ) for all i = 1; : : : ; n.
Furthermore, if � (c) = D then (f ; v0

1 : : : v0
m ) =2 dom ' and (f ; v0

1 : : : v0
m ) 2 dom ' 00.

Pr oof. by structural induction on e, consideringFigure 7; we note that e 6� k
and e 6� x i .

Casee � lift eS
1 . Directly by the induction hypothesis.

Casee � if e1 then e2 else e3. By Lemma 7.1.1we have dom ' = dom ' 0 �
dom ' 1 � dom ' 2 � dom ' 3, so if PE[[e1]]~v'� = ? we simply apply the induction
hypothesisto e1; elseif PE[[e2]]~v' 1� 1 = ? we apply the induction hypothesisto e2,
elsePE[[e3]]~v' 2� 2 = ? and we apply the induction hypothesis to e3.

Casee � b e1 : : : en . Analogous to the if case.
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Case e � f S e1 : : : en . The �rst part is analogous to the if case. Then, if
PE[[ei ]]~v' i � 1� i � 1 6= ? for all i = 1; : : : ; n, this is the required call and ' 00= ' n .

Case e � f D e1 : : : en . The �rst part is analogous to the if case. Then, if
PE[[ei ]]~v' i � 1� i � 1 6= ? for all i = 1; : : : ; n, this is the required call. Further, we
�nd that (f ; v0

1 : : : v0
m ) =2 dom ' n � dom ' , becauseotherwise PE[[e]]~v '� 6= ? .

This in turn implies that PE[[f e1 : : : en ]]~v '� = � f v0
1 : : : v0

m x1 : : : xn � m ' 00 � n =
PE[[ef ]](v0

1; : : : ; v0
m ; x1; : : : ; xn � m )' 00� n with (f ; v0

1 : : : v0
m ) 2 ' 00.

Lemma 7.2.3. If PE[[f 0 x1 : : : xm xm +1 : : : xn ]](~v0; x1; : : : ; xn � m )' 0� 0 = ? then

there exists an in�nite state transition sequence � = (f 0; ~v0)
c1� ! (f 1; ~v1)

c2� ! � � �.

Pr oof. Using Lemma 7.2.2 we �nd ' 1 = ' 00 and a call c1 : f 1 e1 : : : en in the
body of f 0 for which

PE[[f 1 e1 : : : en ]](~v0; x1; : : : ; xn � m )' 0� 0

= PE[[ef 1 ]](v0
1; : : : ; v0

n ; x1; : : : ; xn � m )' 1� 1 = ?

and ? 6= PE[[ei ]](~v0; x1; : : : ; xn � m )' i � 1� i � 1 = (v0
i ; ' i ; � i ). Now letting ~v1 =

(v0
1; : : : ; v0

n ), we �nd that (f 0; ~v0)
c1� ! (f 1; ~v1) is a state transition, and dom ' 0 �

dom ' 1.
Continuing in this fashion with ef 1 we �nd in�nite sequences

(f 0; ~v0)
c1� ! (f 1; ~v1)

c2� ! � � �
ci� ! (f i ; ~vi )

ci +1� ! � � �

dom ' 0 � dom ' 1 � � � � � dom ' i � � � �

Now supposefor somei < j that (f i ; ~vi ) = (f j ; ~vj ) and � (ci ) = D . As (f j ; ~vj ) =
(f i ; ~vi ) 2 dom ' i � dom ' j � 1, we cannot have � (cj ) = D , due to the way the

transition (f j � 1; ~vj � 1)
cj

� ! (f j ; ~vj ) was constructed using Lemma 7.2.2. Thus the
sequenceis a state transition sequence,cf. De�nition 7.1.2.

De�nition 7.2.4. (PEQ-termina tion) Program p is said to be PEQ-
terminating (partial evaluation quasi-terminating) for a binding-time division �
i� for all parametersx we have � (x) = S ) B V (x).

Lemma 7.2.5. (PEQ-termina tion implies termina tion of par tial eval-
uation) Given a binding-time division � , if all function calls of program p are
marked D, and p PEQ-terminates for � , partial evaluation of p also terminates.

Pr oof. Assumep is PEQ-terminating for a given binding-time division � . Let
a function f and static input ~s = s1 : : : sm be given, and let N be the upper bound
on the sizeof poly, i.e. N =

P
( f x 1 ::: x m = ef )2 p

Q m
i =1 jVi j, where (x i ; Vi ) 2 V(� ); we

note that N is �nite becausep is PEQ-terminating. De�ning hypothesis

H (n) = for all e;� and ' for which jdom ' j = N � n;
? 6= PE[[e]](s1; : : : ; sm ; xm +1 ; : : : ; xn )'� = (e0; ' 0; � 0)

and jdom ' 0j � jdom ' j;

we prove the lemma by complete induction on n, noting that as all function calls
are marked D, the �rst branch of function call interpretation is never used.
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Case n = 0. This is proved by structural induction on e. The only casewhich
is not immediately obvious is the recursive call to PE[[ef ]](v0

1 : : : v0
m )' 00� n in the

function call interpretation, but this call will never be reached. This is due to the
fact that when n = 0, (f ; v0

1 : : : v0
n ) 2 dom ' n

Casen > 0. Again, this is proved by structural induction on e. In this casewe
�nd that jdom ' 00j > jdom ' j in the recursive call to PE[[ef ]](v0

1 : : : v0
m )' 00� n , so

the induction hypothesiscan be applied.

7.3 A termination-ensuringbinding-timeanalysis

Recall that the binding-time division � : Varname ! f S;D ; ?g classi�esparameters
as de�nitely static (S), de�nitely dynamic (D) or undecided (?). A binding-time
division that ensurestermination is then constructed in the following way: First
we classify as � 0(x) = D any parameter x that requires the valuesof the dynamic
input to be known. Any remaining parameter y is classi�ed � 0(y) = ?. Then we
iterativ ely apply the bounded anchoring step (cf. De�nition 6.2.3), which changes
a number of ?-classi�cations into S-classi�cations. When no more ?-classi�cations
can be changedby bounded anchoring, we changeany remaining classi�cation into
D .

7.4 Dynamicparametersand congruency

It is well-known that for partial evaluation de�ned in Figure 7 to work, the binding-
time division � must be congruent, that is, e1 of if S -expressionsand arguments
e1; : : : ; en of calls to basic functions bS must be S-classi�ed expressions,etc. The
details of how to achieve congruency can be found elsewhere[Jones et al. 1993;
Glenstrup 1999], here the important point to note is that whenever a parameter is
classi�ed D , congruencymay causeother parameters to be classi�ed D too.

It is obvious from De�nition 7.2.4 that if the �nal change of the binding-time
division mentioned at the start of Section 7.3 only changes? to D , it will make
no di�erence to the termination of partial evaluation of p, and it is also obvious
that partial evaluation of p terminates for � 0. In this casewe concludefrom Theo-
rem 6.2.4 that partial evaluation will terminate for the �nal binding-time division.

If, however, the �nal changeresults in the needto changeS-classi�ed parameters
into D due to congruency, resulting in a binding-time division � , we must restart
the entire processwith a new binding time division

� 0(x) =
�

D ; if � (x) = D
?; otherwise

:

As this new � 0 has strictly more parametersclassi�ed D than the original one, this
processrestart cannot go on forever, and we will end up with a congruent binding
time division � for which partial evaluation terminates.

Note also that although the bounded anchoring processis restarted, we do not
needto re-perform the costly computation of S.

7.5 Specializationpoint insertion

Lemma 7.2.5ensurestermination of partial evaluation, but only if all function calls
are residualized. In many casesit is desirable to perform some function calls at
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specialization time, e.g. the lk xxx functions in Figure 2.
To analyze the need for specialization points, conceptually we augment each

function of the subject program p by adding a call depth parameter, called dp.
At every function call this parameter is incremented by 1 if the call is to another
function in the samestrongly-connectedcomponent of the program call graph, and
reset to 0 otherwise. Thus dp re
ects the call depth within the strongly-connected
component. It is intuitiv ely clear that if dp of all functions f are analyzedto be of
bounded static variation, i.e. � (dp) = S, specialization will terminate.

However, we can go further and compute minimized setsof specialization points
which will guarantee that specialization will terminate. To this end, we extend the
size-change graphs to include a set � of call sites, so that G0

c = (G"
c ; G#

c ; f cg) is
the new size-change graph for call site c. Composition of two size-change graphs
(G"

1; G#
1; � 1) and (G"

2; G#
2; � 2) is as before, with the resulting call site set � being

� 1 [ � 2. We denote the set of call-site extended size-changegraphs for program p
by S0 = f G0

cs j cs is well-formedg, and de�ne function calls(G" ; G#; �) = �.
To ensuretermination we must now require for any idempotent G0 2 S0 in which

dp is unanchored that there existsat least onespecialization point in the set of calls
� corresponding to G0:

Theorem 7.5.1. (Specializa tion point inser tion correctness) Given an
augmented program p and a binding-time division � , if p PEQ-terminates for � ,
and for all G 2 S0 where G = G; G and � (dp) 6= S there exists a c 2 calls(G) for
which � (c) = D , then partial evaluation of p terminates.

Pr oof. Assume p PEQ-terminates for � , but partial evaluation of p does not
terminate, i.e. there exist function f and ~v 2 Value� such that

PE[[f x1 : : : xm xm +1 : : : xn ]](v1; : : : ; vm ; x1; : : : ; xn � m )fgfg = ?

By Lemma 7.2.3 there exists an in�nite state transition sequence� = (f ;~v)
c1� !

(f 1; ~v1)
c2� ! � � �

ci� ! � � �. We let S00 = f G00
i j i = 1; : : :g where G00

i =�
G"

ci
; G#

ci
; f (ci ; ~vi )g

�
with the samede�nition of composition as before. Note that

S00 is �nite becausep PEQ-terminates, yielding only a �nite number of di�eren t
values~vi .

By a construction similar to that of the proof of Theorem 6.2.4, we can �nd
a G00� with G00� = G00�; G00� for which a part of M " (cs) can be expressedas
(G"

t 1
; : : : ; G"

t 2 � 1); (G"
t 2

; : : : ; G"
t 3 � 1), where G00

t i
; : : : ; G00

t i � 1 = G00�. Note that as �
is in�nite, the set of valuesof dp is unbounded, so � (dp) 6= S.

We now �nd that � (c) = S for all (c;~v) 2 calls(G00�); otherwise, as c� ! (f ; ~v)
occurs twice, � would violate the last requirement of a partial evaluation state
transition sequence(cf. De�nition 7.1.2).

8. IMPLEMENTATION AND EXPERIMENTS

A protot ype of the bounded anchoring and specialization point analysis has been
implemented in Scheme as an extension of the partial evaluator PGG [Thiemann
1999]. The implementation handles let expressionsin the obvious way, and all
higher-order and unknown functions (e.g., eval and apply ) are conservatively size-
approximated as returning valuesgreater than all of their inputs.
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Gswap

x1 x1

y1 y1

x2 x2

y2 y2

...
...

xn xn

yn yn

Grotate

x1 x1

y1 y1

...
...

xn xn

yn yn

Fig. 8. Size change graphs which yield a transitiv e clo-
sure containing n2n graphs

8.1 Complexity

The analysishasbeenshown by Leeet al. [2001] to be intrinsically pspace complete,
and the worst-caserunning time for PEQ-termination detection is exponential in
the maximum arit y of the functions of p. For instance, the size-change graphs of
the program

f x1 y1 : : : xn yn = if : : : then
f y1 x1 x2 y2 x3 y3 : : : xn yn

else
f xn yn x1 y1 x2 y2 : : : xn � 1 yn � 1,

shown in Figure 8, force the analyzer to compute a set S with n2n size change
graphs: The dependencyedgesof each pair (x i ; yi ) can be \rotated" up to n times
by composing a number of copiesof Grotate , and the edgesof each of the n pairs
can be either \straigh t" or \swapped" by appropriate compositions of Gswap . This
is con�rmed by the implementation.

However, if the arit y is assumedbounded, which is reasonablefor typical pro-
grams, it can be shown that the implementation runs in worst-casecubic time in
the sizeof p [Glenstrup 1999].

Due to the additional gathering of sets of call sites, potentially yielding O(2n )
di�eren t call site sets, insertion of specialization points requires worst-caseexpo-
nential time in the size n of p. We have reduced this problem by applying the

following heuristic: We say that G0
1 � G0

2 when for every edgex �� ! x 2 G#
1 there

is an edgex � 0

� ! x 2 G#
2 with � v � 0, and for every edgey �� ! y 2 G"

2 there is an

edgey � 0

� ! y 2 G"
1 with � v � 0, and � 1 � � 2. In other words, G0

1 has \w eaker"
(or identical) anchors than G0

2. During the computing of S0 we then discard any
G0

2 2 S0 if there exists a G0
1 2 S0 for which G0

1 � G0
2. Applying this heuristical

optimization, the running times are reducedfor typical programs.

8.2 Experiments

We have collected a suite of more than 50 small exampleprograms, including sev-
eral from the work of Lindenstrauss and Sagiv [1997]. The example programs are
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all �rst order, so functions like fold and mapuse �xed functions for folding and
mapping. Wherever it is vital for termination we have written natural numbers in
unary notation, i.e. as list lengths, as the builtin integer type is not a well-founded
domain. Furthermore, as we lose all size information for functions returning two
values pointed to by a cons cell, we have slightly rewritten sorting functions. For
instance, in mergesort merge (split xs) is changed into splitmerge xs [] [] ,
where splitmerge splits xs into two lists using accumulating parametersand calls
mergeon them.

The programs and their analysis results are given in detail in Appendix C. In
the majorit y of the examplesno parametersare overconservatively generalized,the
main exceptionbeing the list sorting functions. For thesefunctions, the analyzesare
not su�cien tly accurate for detecting that the length of the list does not change
when it is sorted. In the following we will discuss just a couple of the example
programs: An interpreter and a pattern matcher.

8.2.1 Simple �rst-or der Schemeinterpreter. This program, a Scheme imple-
mentation of the interpreter in Figure 2, is shown in Figure 9. As it stands it
employs dynamic scoping, but removing the four lines labeled `DYNAMICSCOPING'
changesit to employ static, lexical scoping. Function calls in the evalexp func-
tion are numbered for easyreference. The results of the termination analysis and
specialization-point insertion analysis are shown in Figure 10 for the interpreter
using static scoping,and Figure 11 for the interpreter using dynamic scoping. The
results con�rm that the analysis correctly generalizesthe nameslist when using
dynamic scoping, but keepsit static under static, lexical scoping. Furthermore,
the minimal number specialization points necessaryfor termination of specializa-
tion are computed. Note that as namescan be unbounded for dynamic scoping,a
specialization point is neededin the variable? function, which causesits return
value to becomedynamic. In this program it has no further e�ect, but in general
such binding-time changesof return values must be propagated and the analyses
reiterated.

8.2.2 Simple pattern matcher. The simple pattern matcher shown in Figure 12
takesa pattern and a string and returns a list of positions in the string where the
pattern matches. For static pattern and dynamic string, the analyzer correctly
determines that n should be generalized,and that we must insert specialization
points into the recursive calls to domatch, cf. Figure 13. However, if it is the string
which is static, no parametersneedto be generalized,and no specialization points
are necessary.

9. RELATED WORK

The standard strategy for approaching termination in current implementations
of partial evaluators is to insert memoization points at all dynamic condition-
als [Bondorf and Danvy 1991]. This is basedon the fact that if specialization then
fails to terminate, there would also be a combination of inputs that would cause
nontermination for normal evaluation. However, this strategy does not prevent
nontermination when specializing an interpreter with dynamic scoping (cf. Sec-
tion 8.2.1) where in�nitely many residual functions would be generated. Neither

A CM Transactions on Programming Languages and Systems, Vol. 27, No. 6, November 2005.



Termination Analysisand Specialization-Point Insertion in Partial Evaluation � 149

(define (run data program)
(evalexp (lookup-body 'main program)

(lookup-paramnames 'main program)
data program))

(define (function? funname program)
(and (pair? program) (or (eq? funname (caadar program))

(function? funname (cdr program)))))
(define (lookup-paramnames funname program)

(if (eq? funname (caadar program)) (cdadar program)
(lookup-paramnames funname (cdr program))))

(define (lookup-body funname program)
(if (eq? funname (caadar program)) (caddar program)

(lookup-body funname (cdr program))))
(define (variable? varname names)

(and (pair? names)
(or (eq? varname (car names)) (variable? varname (cdr names)))))

(define (lookup-value varname names values)
(if (eq? varname (car names)) (car values)

(lookup-value varname (cdr names) (cdr values))))
(define (evalexp exp names values program)

(cond
((list? exp)
(case (car exp)

((QUOTE) (cadr exp))
((LET LET*)
(let* ((value

(evalexp (car (cdaadr exp)) names values program))) ; 1
(evalexp (caddr exp) ; 2

(cons (caaadr exp) names)
(cons value values)
program)))

((IF)
(if (evalexp (cadr exp) names values program) ; 3

(evalexp (caddr exp) names values program) ; 4
(evalexp (cadddr exp) names values program))) ; 5

(else
(if (function? (car exp) program) ; 6

(evalexp (lookup-body (car exp) program) ; 7, 8
(append ; DYNAMICSCOPING
(lookup-paramnames (car exp) program) ; 9
names) ; DYNAMICSCOPING

(append ; DYNAMICSCOPING
(argvals (cdr exp) names values program) ; 10
values) ; DYNAMICSCOPING

program)
;; else it must be a base function
(apply (eval (car exp) (scheme-report-environment 5))

(argvals (cdr exp) names values program)))))) ; 11
((variable? exp names) ; 12
(lookup-value exp names values)) ; 13

(else exp))) ;; it must be a constant
(define (argvals exps names values program)

(if (null? exps) '()
(cons (evalexp (car exps) names values program)

(argvals (cdr exps) names values program))))

Fig. 9. Interpreter for �rst order Scheme programs
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Parameter binding times:
(D = dynamic, B = static & bounded, S = static & possibly unbounded)
argvals: exps : B names : B values : D program : B
evalexp: exp : B names : B values : D program : B
lookup-value: varname : B names : B values : D
variable?: varname : B names : B
lookup-body: funname : B program : B
lookup-paramnames: funname : B program : B
function?: funname : B program : B
run: data : D program : B

Specialization points:
Call 7 in evalexp to evalexp

Fig. 10. Analysis results for the interpreter using static, lexical scoping

Parameter binding times:
(D = dynamic, B = static & bounded, S = static & possibly unbounded)
argvals: exps : B names : S values : D program : B
evalexp: exp : B names : S values : D program : B
lookup-value: varname : B names : S values : D
variable?: varname : B names : S
lookup-body: funname : B program : B
lookup-paramnames: funname : B program : B
function?: funname : B program : B
run: data : D program : B

Specialization points:
Call 1 in variable? to variable?
Call 1 in lookup-value to lookup-value
Call 7 in evalexp to evalexp

Fig. 11. Analysis results for the interpreter using dynamic scoping

(define (strmatch patstr str)
(domatch (string->list patstr) (string->list str) 0))

(define (domatch patcs cs n)
(if (pair? cs)

(if (prefix patcs cs) ; 1
(cons n (domatch patcs (cdr cs) (+ n 1))) ; 2
(domatch patcs (cdr cs) (+ n 1))) ; 3

(if (equal? patcs cs) (cons n '()) '())))

(define (prefix precs cs)
(or (null? precs) (and (pair? cs) (and (equal? (car precs) (car cs))

(prefix (cdr precs) (cdr cs))))))

Fig. 12. A simple pattern matcher that returns a list of match positions
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For static pattern and dynamic string:

Parameter binding times:
(D = dynamic, B = static & bounded, S = static & possibly unbounded)
prefix: precs : B cs : D
domatch: patcs : B cs : D n : S
strmatch: patstr : B str : D

Specialization points:
Call 3 in domatch to domatch
Call 2 in domatch to domatch

For dynamic pattern and static string:

Parameter binding times:
(D = dynamic, B = static & bounded, S = static & possibly unbounded)
prefix: precs : D cs : B
domatch: patcs : D cs : B n : B
strmatch: patstr : D str : B

Specialization points:

Fig. 13. Analysis results for the pattern matcher

does the strategy prevent nontermination when specializing an interpreter to a
subject program containing an in�nite loop with no conditionals.

Another approach is poor man's generalization [Holst 1988; Bondorf and
J�rgensen 1993], in which all parameters that are not controlling the specializa-
tion (i.e., are tested in an if construct) are generalized. This would lead to overly
conservative results for the interpreter, where both the list of names,ns, and the
program, pg, would be generalized,resulting in no specialization at all!

The concept of quasitermination was �rst consideredby Holst [1991] which also
included a technique for generalizingparametersinvolved in an in-situ (i.e., from a
parameter to itself ) increasing loop not anchored in an in-situ decreasingloop for
a static parameter of bounded variation. Andersen and Holst [1996] presented an
analysiswhich includes the higher-order case.The �rst-order part of their analysis
is very similar to ours: they also employ a size dependency analysis prior to an
anchoring algorithm, and their transitiv e transition closure operation corresponds
to our computation of S.

The main di�erences are that we clearly separatethe modalities by conceptually
using both G# and G" , and state their safety conditions, which are substantially
di�eren t in nature. Our distinction between"= and #= enableslessconservative size
estimatesfor nestedcalls like

f x y d = if d > 0 then f (max x y) y (d - 1) else x
max u v = if u > v then u else v

In their analysis, assuming d is dynamic, this would give rise to an increasing

transition x
"

� ! x and thus a generalizationof x, whereaswe just record an equality
transition, leading to no generalization.

Furthermore we include an algorithm for inserting a set of necessaryspecializa-
tion points, an essential ingredient in making specialization of quasi-terminating

A CM Transactions on Programming Languages and Systems, Vol. 27, No. 6, November 2005.



152 � A. Glenstrupand N. Jones

programs terminate. This in turn requires that we handle caseswhere an `S' pa-
rameter usedas anchor becomesdynamic due to an inserted specialization point.

The present work is an extension of previous work [Glenstrup and Jones1996;
Glenstrup 1999], the main di�erence being the correctnessproofs, and the size-
change graph framework which allows less conservative annotations due to the
condition that only increasing loops in idempotent size-change graphs need to be
anchored.

Das' [1998] work concernsmainly termination analysis for partial evaluation of
real-world C programs,and is thusnot directly comparablewith our work. However,
it is reasonableto assumethat those techniques could be transferred to binding-
time analysesfor functional programs. The main di�erences between the essence
of Das' and our approach is that

|Das dealsdirectly with control dependencies,whereaswe emphasizethe relation-
ships between increasing and decreasingparameters. In fact, it turns out that
to avoid too conservative binding-time divisions due to dynamic conditionals, he
adds analysessimilar to anchoring the call depth parameter to detect grounded
loops and grounded 
ow cycles, which seemsto indicate that this is the key
property to consider in termination analysis for partial evaluation.

|Applying The Trick, for instance transforming a program with static parameter
s and dynamic parameter d which is known to have a value between1 and 10:

s = d into
ss = 10;
while (ss != d) ss = ss � 1;
s = ss;

one has explicitly intro duced a dynamic control dependency (from ss != d) to
an `S' parameter (ss). This will causeDas' control dependencyapproach to con-
servatively generalizethe parameter, cancelingthe e�ect that was intended with
The Trick. His solution is to require the user to explicitly annotate occurrences
of The Trick in the code. Although this is a viable approach, we prefer good
heuristics that can handle The Trick automatically in typical cases.

|Das only suppliesa conditional termination guarantee: the resulting binding-time
division may lead to static-in�nite computations, whereaswe detect parameters
that are truly bounded, and supply a set of specialization points to avoid static-
in�nite computations. As partial evaluation is over-strict, possibly performing
computations not intended by the programmer, we believe that a full termination
guarantee should be given.

|Additionally , the part of Das' work handling functional programs makes use of
a weaker form of bounded anchoring, and will thus handle lexicographic order-
ing conservatively. In fact, his condition for detecting an unsafe, i.e. possibly
unbounded, parameter v is [Das 1998, Algorithm 3, p. 162]

If v gets a value from an unbounded parameter
or (there exists an increasing loop v ! � � � ! v and

there exists no sibling parameter w which decreasesalong all loops
w ! � � � ! w)

then v must be generalizedto ensuretermination
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This also prevents it from handling the interpreter example,becausethere exists
an increasingloop eval ns ! � � � ! eval ns, but eval e cannot beusedasan anchor
in Das' condition, becauseit does not decreasealong the loop for interpreting
function calls (eval e is reset to somefunction body which is possibly larger).

|Ho wever, in Das' approach, only one graph is usedfor both G" and G# because
only tail-recursive programs are handled. Thus, both edgeslabeled " and # exist
in the samegraph, and context-free languagereachabilit y allows increasingedges

"
� � ! to \cancel out" decreasingedges

#
� � ! in caseswhereit is safe. This enables

a more preciseanalysise.g.of functions that return several valuespackagedwith
a conscell which is later taken apart. There doesnot seemsto be anything that
in principle prevents an extensionof this cancelinge�ect to our analyses.

9.1 Pessimisticvs. optimistic binding-timeanalysis

One aspect that makes our approach stand out is that we start by assuming all
parameters to be \unsafe," i.e. marked `?', and we only promote to `S' when we
have a guarantee (an anchor) that x 2 bounded(� ). This can be termed a `safe'
or `pessimistic' approach. Other approaches [Andersen and Holst 1996; Das and
Reps 1996; Das 1998] are `optimistic' in the sensethat they start by marking
all parameters `S', and then re-classify as dynamic parameters which seemto be
unbounded. We do not expect there to be any di�erence in power, i.e. that the
safe approach generalizesparameters too conservatively19, but this has not been
formally shown. One advantage of our safeapproach is that one can \bail out" of
the promotion processhalf way and still obtain a correct, albeit more conservative,
result.

9.2 Proving termination by lexicographicordering

Proving termination of programshasalsobeendoneby �nding a tuple of parameters
that can be shown always to decreasein somelexicographic ordering [Nielson and
Nielson1996], which must somehow be supplied by hand or by other analyses[Giesl
1995; Brauburger 1997]. The method presented in this paper includes detection of
termination by lexicographicordering, and this relieson the useof di�eren t anchors
in di�eren t loops to allow lesssigni�can t parameters in the lexicographic order to
be reset to a greater value.

We can show that bounded anchoring is in fact strictly stronger than the lexico-
graphic ordering approach. Consider the following

Example 9.2.1. (No lexicographic ordering)

f dp (a 1, b1) (a 2, b2) (a 3, b3) = ...
if ... then f a (dp+1) (b 1-1, a1-1) (a 2-1, b2-1) (b 3-1, a3-1)

else f b (dp+1) (b 1-1, a1-1) (b 2-1, a2-1) (a 3-1, b3-1)

In this example, we have tupled the parameters to highlight that parameter inter-
actions only occur betweenai and bi .

19 Das [1998, Example 12] claims to have found an example which is treated di�eren tly by the two
approaches, but our analysis does in fact give the same result as his.
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Fig. 14. Idemp otent size change graph for Example 9.2.1

dp " dp

a1 # a1

b1 # b1

a2 # a2

b2 # b2

a3 # a3

b3 # b3

It canbeshown by boundedanchoring that specialization of f with all parameters
static terminates (i.e. that dp is marked `S'):

(1) All a's and b's are bounded (there are no increasingoperations).

(2) The only G 2 S for which G; G = G is shown in Figure 14 (where all as and
bs have beenleft out of G" ) and it can clearly be seenthat dp is anchored and
thus bounded.

On the other hand, there exists no tuple of parameters from f a1; a2; a3; b1; b2;
b3g such that they decreasefor all loops f � ! f in somelexicographic ordering: no
single parameter is guaranteed never to increase,and thus no \most signi�can t"
parameter exists for a lexicographic ordering.

Although this exampleshows that boundedanchoring is in sometheoretical sense
stronger than techniques based on lexicographic ordering, it is doubtful whether
this makesa di�erence for natural programs. What can be said is that the present
approach is very operational and automatic: there is no needfor a human to discover
under what ordering termination should be proved.

9.3 Other work on size-changetermination

The size-change termination principle was �rst used for detecting termination of
normal evaluation [Lee et al. 2001] which only requires size-changegraphs involv-
ing decreasingdependencies.The contribution of the present work is the addition
of increasingdependenciesnecessaryfor termination analysis in partial evaluation,
including the corresponding safety condition; expressingand proving correct the
bounded anchoring principle in the size-change graph framework; and the use of
analysis results for specialization-point insertion. In work made available to the
authors recently [Lee 2002a; Lee 2002b], similar formulations and proofs are given.
While Leehandlesunfolding of static function calls (\lo cal termination" of a reduc-
tion system) and dynamic function calls (\global termination" of a specializerstate
transition system) separately, the present work includesmemoization directly in an
operational de�nition of partial evaluation (cf. Figure 7). In Lee'sPhD Thesis [Lee
2002b], higher-order constructs are also handled.
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10. CONCLUSION

The problem of termination of generatedprograms and program generatorsmust
be solved before fully automatic and reliable program generation for a broad range
of applications becomesa reality. Achieving this goal is also necessary, if we hope
ever to elevate softwareengineeringfrom its current state (a highly-developedhand-
iwork) into a successfulbranch of engineering,capable of solving a wide range of
new problems by systematic, well-automated and well-founded methods.

In this paper we have presented a binding-time and specialization-point insertion
analysis for programs written in a �rst-order functional language. The analysis
computesa binding-time division and a set of specialization points which we have
proved ensuretermination of the specialization phase.

Algorithms implementing the binding-time analysisobtain a worst-casecomplex-
it y of O(p3) for programsof boundedarit y, wherep is the program size. Computing
a set of specialization points has exponential worst-casetime, but can be reduced
for typical programs using heuristical optimizations.

Experiments with a protot ype implementation haveshown that the analyseswork
well on several small exampleprograms,and especially interpreters arehandledwell.
Due to a rather crude size approximation, we are unable to prove termination of
some of the example programs, mainly sorting algorithms that perform a lot of
deconstructing and constructing operations.

This paper contributes towards making o�-line partial evaluators automatic and
useful tools, even for userswho know little about specializer termination problems.
But this is not all|the techniquespresented herecan also improve both the degree
and speed of on-line specialization by annotating parameters that are guaranteed
to be of bounded variation and thus do not needto be checked for homeomorphic
embeddings, and do not need to be generalized. Another important contribution
is, we hope, a better understanding of the problems occurring in the attempt to
ensuretermination of partial evaluation.

10.1 Directionsfor future work

10.1.1 Specialization-point insertion. The standard way of selectingspecializa-
tion points is to chooseall dynamic conditionals, unfolding all the original functions.
This doesnot prevent static-in�nite computations, nor doesit prevent unbounded
parameters during specialization. While our strategy guarantees termination, it
would be interesting to compare it with the standard strategy for real-world pro-
grams.

As the algorithm for �nding a small setof specialization points necessaryfor guar-
anteeing termination has exponential worst-casecomplexity, this problem should
be addressedin depth in future research.

10.1.2 More precise size dependencies. The present algorithm is based on a
rather crude approximation of the program values, using only " and # arrows,
and is overly conservative in many cases,e.g. cdr (cons x y) which could be
considered as f"= (y)g, but is approximated to f" (x); " (y)g. Das and Reps have
addressedthis problem, usingcontext-free languagereachabilit y [Das1998; Dasand
Reps1996], and an extension similar to this certainly seemsnecessaryfor treating
any real-world examples. It could perhaps also be basedon Hugheset.al's [1996]
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and Pareto's [2000] sizedtypes.

10.1.3 Other data domains. An obvious extensionnecessaryfor the analysesto
be useful in practice is to handle integersand other data domains. This could be re-
alized in a fairly straightforward manner by adding a domain analysis to �nd some
bounds on the values that each parameter can be assignedduring evaluation. Ex-
tending the termination analysisto copewith pointers or imperativeconstructs that
can intro ducecyclic data structures and aliasingwould require someadvancedanal-
ysis [Fradet and Le M�etayer 1997; Ghiya and Hendren 1996] to infer the \shapes"
of the data structures (e.g. a list constructed using pointers), before they could be
usedas anchors.

10.1.4 General topics. Wehavedescribedrecent progresstowards taming rather
intricate problems in the context of partial evaluation. While the large lines are
becomingmuch clearer, there is still much to do to bring theseideasto the level of
practical, day-to-day usability. Therefore we concludewith a long list of goalsand
challenges.

Termination analysis.
|Dev elop a termination analysis for a realistic programming language, e.g., C,

Java or C#.
|Dev elop termination-guaranteeing BTAs for

|a functional language(e.g., Scheme).
|an imperative language(e.g., C).
|more widely usedprogramming languages(e.g., Java, C#).

|Dev elop a still stricter BTA to identify programs whosespecializedversionswill
always terminate.

|Find ways to combine termination analysis with
| abstract interpretation
| other static analyses.For example, the size-changeanalysis dependscritically

on the fact that data is well-founded (e.g., natural numbers or lists), but the
more common integer type is not well-founded.

One approach is to apply abstract interpretation to the type of integers to rec-
ognize non-negative parameters, and somehow combine this information with
size-changeanalysis.

Partial evaluation.
|P erform e�cien t, reliable, predictable specialization of realistic programming lan-

guages,e.g., C, Java and C#.

Static program analyses.
|Devise an analysis for overlap detection, to discover when a function can be

called repeatedly with the samearguments. Memoization can make such a pro-
gram run faster, often yielding superlinear speedups, but should not be used
indiscriminately due to time and spaceoverhead.

|Devise a way automatically to estimate or bound a program's running time, as
a function of its input sizeor value.

A CM Transactions on Programming Languages and Systems, Vol. 27, No. 6, November 2005.



Termination Analysisand Specialization-Point Insertion in Partial Evaluation � 157

E# = E#
e ( �x (��: f f1 7! � � 1 : : : � m : E#

e � [[e f1 ]] (� 1 ; : : : ; � m ); : : : ;
fn 7! � � 1 : : : � k : E

#
e � [[e fn ]] (� 1 ; : : : ; � k )g)) ~� #

id

~� #
id = (f#= (x1 )g; : : : ; f#= (xn )g)

E#
e � [[k]] ~� = fg

E
#
e � [[x i ]] ~� = � i

E#
e � [[if e1 then e2 else e3 ]] ~� = E#

e � [[e2 ]] ~� u # E#
e � [[e3 ]] ~�

E
#
e � [[cons e1 e2 ]] ~� = fg

E#
e � [[car e1 ]] ~� = f# (x) j � (x) 2 E#

e � [[e1 ]] ~� g

E
#
e � [[b e1 : : : en ]] ~� = E

#
b b (E

#
e � [[e1 ]] ~�) : : : (E

#
e � [[en ]] ~�)

E
#
e � [[f e1 : : : en ]] ~� = � f (E

#
e � [[e1 ]] ~�) : : : (E

#
e � [[en ]] ~�)

where � 1 u # � 2 = f#= (f x ) j #= (f x ) 2 � 1 ^ #(f x ) 2 � 2g [
f#= (f x ) j #= (f x ) 2 � 2 ^ #(f x ) 2 � 1g [ (� 1 \ � 2)

Fig. 15. Operator approximating decreasing size information for the value of an expression

APPENDIX

A. FINITE RAMSEY'STHEOREM

Theorem A.1. (Finite Ramsey's theorem) There exists a computablefunc-
tion R(e;r; k) such that for all positive integers e;r; k and each �nite set M the
following holds: if jM j � R(e;r; k), and each e-member subsetof M is marked by
one of r colors, then there is a subsetH of M such that jH j = k, and all e-member
subsetsof H are marked by the samecolor.

B. APPROXIMATION OPERATORS

Figures 15 and 16 show the approximation operators used in the implementation
for the experiments. The E# operator is a straightforward abstract interpretation
of the program, while the E" is more subtle becauseit must distinguish between
bounded and unbounded size increasesfor in�nitely many environments ~v.

A call to the helper operator E"
e � [[e]] g F X � ~� returns a triple (� 0; X 0; � 0) such

that

� 0 is the sizedependencyset for e

X 0 is the set of free variables encountered in if -tests during recursive descent
and unfolding of e to any call to g

� 0 is "̀ ' if there is an increasing operation (i.e., a cons) during recursive
descent and unfolding of e to any call to g, elseit is "̀= .'

The arguments F , X and � are accumulating parameters,where

F is the set of namesof functions \on the call stack"

X is the set of free variables encountered in if -tests

� is "̀ ' if an increasingoperation (i.e., a cons) has beenencountered, elseit
is "̀= '

If an increasingoperation is encountered betweenone call to a function f and a
(possibly indirect) recursive call to itself, we say it has \recursiv e increase." This is
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E" [[e]] = � ;
where (� ; X ; � ) = E"

e ( �x (��: f f1 7! �g F X � 1 : : : � m : E"
e � [[e f1 ]] g F X (� 1 ; : : : ; � m ); : : : ;

fn 7! �g F X � 1 : : : � k : E
"
e � [[e fn ]] g F X (� 1 ; : : : ; � k )g))

� fg fg "= ~� "
id

~� "
id = (f"= (x1 )g; : : : ; f"= (xn )g)

E"
e � [[k]] g F X � ~� = (fg ; fg ; "= )

E
"
e � [[x i ]] g F X � ~� = (� i ; fg ; "= )

E
"
e � [[if e1 then e2 else e3 ]]

g F X � ~� = (� 0
2 t " � 0

3 ; X 1 [ X 2 [ X 3 ; � 1 t " � 2 t " � 3 );
where (� 0

1 ; X 1 ; � 1 ) = E"
e � [[e1 ]] g F X � ~�

(� 0
i ; X i ; � i ) = E

"
e � [[ei ]] g F (X 0 [ X ) � ~� ; i > 1

X 0 = f x j � (x) 2 � i ^ x i 2 fv e1g

E"
e � [[cons e1 e2 ]] g F X � ~� = (f" (f x ) j � (f x ) 2 � 0

1 [ � 0
2g; X 1 [ X 2 ; � 1 t " � 2 )

where (� 0
i ; X i ; � i ) = E

"
e � [[ei ]] g F X " ~�

E
"
e � [[car e1 ]] g F X � ~� = E

"
e � [[e1 ]] g F X � ~�

E
"
e � [[f e1 : : : en ]] g F X � ~� = (� 0; X 0 [ X 1 [ � � � [ X n ; � 0 t " � 1 t " � � � t " � n )
where (� 0

i ; X i ; � i ) = E
"
e � [[ei ]] g F X � ~� (analyze arguments)

(� 00; X 00; � 00) = � f g (F [ f f g) X � (� 0
1 ; : : : ; � 0

n ) (analyze function call)

(X 0; � 0) = if f = g then (X ; � ) else (X 00; � 00) (return recursive increase info)

(� f ; X f ; � f ) = � f f fg fg "= (f"= (x1 )g; : : : ; f"= (xn )g) (compute recursive increase in-
formation for f )

� 0 = if f 2 F ^ (� f = " _ 9x : " (x) 2 � f ) ( if f is recursive and has
then � 00[ f" (x) j � (x) 2 � i ^ x i 2 X f g recursive increase, then add
else � 00 free variables from if -tests)

where � 1 t " � 2 = f" (f x ) j " (f x ) 2 � 1 [ � 2g [
f"= (f x ) j "= (f x ) 2 � 1 [ � 2 ^ " (f x ) =2 � 1 [ � 2g

� 1 t " � 2 = if � 1 = " _ � 2 = " then " else "=

Fig. 16. Operator for approximating increasing size information for the value of an expression. `� '
is a symbol distinct from all function names.

true of the following functions which return the list length in a unary represention:

length1 xs = if xs = nil then nil else cons 1 (length1 (cdr xs))
length2 xs l = if xs = nil then l else length2 (cdr xs) (cons 1 l)

A safeapproximation must include " (xs) for these functions, but a na•�ve abstract
interpretation would not detect this, becausexs is only used in the if -tests.

E"
e of Figure 16 is safebecausein the caseof a function call f e1 : : : en , all free

variables of if -tests in recursive f -loops are conservatively added to the returned
dependencyset if f has recursive increase.

The remaining casesof E"
e are straightforward; note that the free variablesof the

if -test are added to the accumulating parameter X in the recursive calls for e2 and
e3, and that the accumulating parameter � is changedto " in the recursive call for
e1 and e2 for the cons case.
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~v; ~� ` k ,! k : fg ~v; ~� ` x i ,! vi : � i

~v; ~� ` e1 ,! true : � 0
1 ~v; ~� ` e2 ,! v0

2 : � 0
2

~v; ~� ` if e1 then e2 else e3 ,! v0
2 : � 0

2

~v; ~� ` e1 ,! false : � 0
1 ~v; ~� ` e3 ,! v0

3 : � 0
3

~v; ~� ` if e1 then e2 else e3 ,! v0
3 : � 0

3

~v; ~� ` e1 ,! v0
1 : � 0

1 ~v; ~� ` e2 ,! v0
2 : � 0

2

~v; ~� ` cons e1 e2 ,! (v0
1 :v0

2 ) : fg

~v; ~� ` e1 ,! (v0
1 :v0

2) : � 0 #� 0 = f# (x) j � (x) 2 � 0g
~v; ~� ` car e1 ,! v0

1 : #� 0

~v; ~� ` e1 ,! (v0
1 :v0

2 ) : � 0 #� 0 = f# (x) j � (x) 2 � 0g
~v; ~� ` cdr e1 ,! v0

2 : #� 0

~v; ~� ` ei ,! v0
i : � 0

i ; i = 1; : : : ; n
(v0

1 ; : : : ; v0
n ); (� 0

1 ; : : : ; � 0
n ) ` ef ,! vf : � f

~v; ~� ` f e1 : : : en ,! vf : � f

Fig. 17. Inference system connecting evaluation and decreasing size approximation

B.1 Safety proofs

B.1.1 Safety of decreasing approximation. The inferencesystem shown in Fig-
ure 17 is used to derive a judgment ~v; ~� ` e ,! v : � which informally states that
if evaluating e using ~v for the free variables terminates, it yields v, and also that
under dependencyenvironment ~� , � decribeswhat e is decreasinglydependent on.

The following lemma states formally the connection to evaluation:

Lemma B.1.1. For all e;~v; ~� , if E [[e]] ~v = v0 =2 f error; ?g , then ~v; ~� ` e ,! v : �
is well-de�ned and v0 = v

Pr oof. By �xp oint induction: let

P(� ) = for all e;~v; ~� ; if Ee � [[e]] ~v = v0 =2 f error; ?g ;
then ~v; ~� ` e ,! v : � is well-de�ned and v0 = v

be the property we want to prove, and let

F � = f f1 7! �v 1 : : : vm : Ee � [[ef1 ]](v1; : : : ; vm ); : : : ;
fn 7! �v 1 : : : vk : Ee � [[efn ]](v1; : : : ; vk )g

We now show

1: P(? ). This is shown by structural induction over e.
2: P(� ) ) P(F � ). AssumeP(� ) and let e;~v be givensuch that Ee (F � ) [[e]] ~v =

v =2 f error; ?g . If Ee � [[e]] ~v = v0 =2 f error; ?g then v = v0 because� v F � , and we
are done.

Otherwise, Ee � [[e]] ~v = ? and we perform structural induction over e using the
hypothesis

H (e) = if Ee � [[e]]~v = ? and Ee (F � )[[e]]~v = v0 =2 f error; ?g ;
then ~v; ~� ` e ,! v : � is well-de�ned and v0 = v

Casee � k and e � x i . Not applicable, becauseEe � [[e]] ~v = ?
Casee � if e1 then e2 else e3. Assume wlog. Ee (F � ) [[e1]] ~v = true and

Ee (F � ) [[e2]] ~v = v0. If Ee � [[e2]] ~v = v00 =2 f error; ?g then v0 = v00 because
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� v F � , and we apply P(� ). If, on the other hand, Ee � [[e2]] ~v = v00= ? , we ap-
ply the induction hypothesisH (e2). Either way, we �nd that ~v; ~� ` e2 ,! v0

2 : � 2 is
well-de�ned and v0 = v0

2. Applying the samereasoningto e1 and using the inference
rule for if we �nd that ~v; ~� ` if e1 then e2 else e3 ,! v0

2 : � 2 is well-de�ned
and v0 = v0

2.
Casee � car e1 and e � cdr e1. Applying the samereasoningasin the if case

we �nd that ~v; ~� ` e1 ,! (v0
1:v0

2) : � is well-de�ned and Ee (F � ) [[e1]] ~v = v0 =
(v0

1:v0
2) (v0 must be a conscell becauseEe (F � ) [[e]] ~v 6= ? ). The inferencerule for

car / cdr then shows this case.
Casee � cons e1 e2. Analogous to the precedingcase.
Casee � f e1 : : : en . By the samereasoningas the if casewe �nd that ~v; ~� `

ei ,! v0
i : � i is well-de�ned and Ee (F � ) [[ei ]] ~v = v0

i for i = 1; : : : ; n. We have
(F � ) f v0

1 : : : v0
n = Ee � [[ef ]](v0

1; : : : ; v0
n ) = v0 =2 f error; ?g which by applying P(� )

implies that (v0
1; : : : ; v0

n ); ~� f ` ef ,! vf : � f is well-de�ned and v0 = vf .
3: (8i : P(� i )) ) P

�
u i � i

�
for ascending chains � 1 v � 2 v � � �. Given ~v and e,

assumeEe
�
u i � i

�
[[ei ]] ~v = v0 =2 f error; ?g . Then there must exist a � i such that

Ee � i [[ei ]] ~v = v0 =2 f error; ?g , which by P(� i ) provesthe desiredproperty.

We extend the partial order v to labels, dependencies,dependency sets and
dependencyenvironments by

#= v #
"= v "

� 1(x) v � 2(x) , � 1 v � 2

� 1 v � 2 , 8(� 1(x)) 2 � 19(� 2(x)) 2 � 2 : � 1(x) v � 2(x)
~� 1 v ~� 2 , 8i : � 1i v � 2i

De�nition B.1.2. Given ~u 2 Value� , we say that

|� ~u-describesv i� (#(x j ) 2 � ) v < uj ) ^ (#= (x j ) 2 � ) v � uj )

| ~� ~u-describes~v i� � i ~u-describesvi for all i .

Cor ollar y B.1.3. If � 0 v � and � ~u-describes v then � 0 also ~u-describes v.
Further, if � ~u-describes v, then � u # � 00(cf. Figure 15) also ~u-describes v for any
� 00.

Now that we have made the connection to normal evaluation, the following key
lemma shows the required safety relation:

Lemma B.1.4. Let ~u be given. Now for all e;~v; ~� , if E [[e]] ~v terminates without
errors and ~� ~u-describes ~v, then ~v; ~� ` e ,! v : � is well-de�ned, 8~� 0 v ~� :
E#

e � [[e]] ~� 0 v � , and � ~u-describes v.

Pr oof. Let ~u; e;~v; ~� ; ~� 0 be givensuch that ~� ~u-describes~v, ~� 0 v ~� and assume
E [[e]] ~v = v =2 f error; ?g . By Lemma B.1.1 we know that ~v; ~� ` e ,! v : � is well-
de�ned, soweproceedby induction over the height of the inferencetree, considering
the syntax of e:

Casee � k. Trivial.
Casee � x i . Immediate by Corollary B.1.3.
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~v; ~� ` k ,! k : fg ~v; ~� ` x i ,! vi : � i

~v; ~� ` e1 ,! true : � 0
1 ~v; ~� ` e2 ,! v0

2 : � 0
2

~v; ~� ` if e1 then e2 else e3 ,! v0
2 : � 0

2

~v; ~� ` e1 ,! false : � 0
1 ~v; ~� ` e3 ,! v0

3 : � 0
3

~v; ~� ` if e1 then e2 else e3 ,! v0
3 : � 0

3

~v; ~� ` e1 ,! v0
1 : � 0

1 ~v; ~� ` e2 ,! v0
2 : � 0

2

~v; ~� ` cons e1 e2 ,! (v0
1 :v0

2 ) : f" (x) j � (x) 2 � 0
1 [ � 0

2g
~v; ~� ` e1 ,! (v0

1 :v0
2 ) : � 0

~v; ~� ` car e1 ,! v0
1 : � 0

~v; ~� ` e1 ,! (v0
1 :v0

2) : � 0

~v; ~� ` cdr e1 ,! v0
2 : � 0

~v; ~� ` ei ,! v0
i : � 0

i ; i = 1; : : : ; n
(v0

1 ; : : : ; v0
n ); (� 0

1 ; : : : ; � 0
n ) ` ef ,! vf : � f

~v; ~� ` f e1 : : : en ,! vf : � f

Fig. 18. Inference system connecting evaluation and increasing size approximation

Casee � if e1 then e2 else e3. Straightforward by induction and Corol-
lary B.1.3.

Casee � cons e1 e2. Trivial, becauseE
#
b cons � 1� 2 = fg .

Casee � car e1 and e � cdr e1. By induction we know that � 1 =

E#
e � [[e1]]~� 0 v � 0 and that � 0 ~u-describes (v0

1:v0
2). Now if #(x) 2 E#

e � [[e]]~� 0 =
f# (x) j � (x) 2 � 1g then � (x) 2 E#

e � [[e1]]~� v � 0, so � 0(x) 2 � 0, which by the infer-
encerule implies that #(x) 2 #� 0 = �, proving that E#

e � [[e]] ~� 0 v �. Further, if
#(x i ) 2 � = #� then � (x i ) 2 � 0, that is, (v0

1:v0
2) � ui , which implies that v0

1 < ui

and v0
2 < ui , so � does indeed ~u-describe v.

Casee � f e1 : : : en . By induction we know that � 00
i = E#

e � [[ei ]]~� 0 v � 0
i and

E#
e � [[ef ]]~� 00v � f for ~� 00= (� 00

1 ; : : : ; � 00
n ), so E#

e � [[e]]~� 0 = E#
e � [[ef ]]~� 00v � f =

�. Further, by induction we know that � = � f ~u-describesvf = v.

By letting ~u = ~v and ~� 0 = ~� = ~� #
id in Lemma B.1.4 we �nd that E# [[e]] =

E#
e � [[e]] ~� = � 0 where � 0 ~v-describesv because� 0 v � which implies

Cor ollar y B.1.5. E# is safe.

B.1.2 Safety of increasing approximation. The inferencesystem shown in Fig-
ure 18 is used to derive a judgment ~v; ~� ` e ,! v : � which informally states that
if evaluating e using ~v for the free variables terminates, it yields v, and also that
under dependencyenvironment ~� , � decribeswhat e is increasingly dependent on.
The inferencesystemis similar to that of Figure 17, and asonly the approximations
are di�eren t, Lemma B.1.1 applies.

De�nition B.1.6. Given �U = ~u1; ~u2; : : : 2 (Valuen )! , �V = ~v1; ~v2; : : : 2
(Valuem )! and W = w1; w2; : : : 2 Value! , we say that

|� �U-describesW i� for all X � f 1; : : : ; ng
P

i 2 X jf uj i gj =
P

i 2 X jf j j wj > uj i gj = 1 ) 9i 2 X : " (x i ) 2 � andP
i 2 X jf uj i gj = jf wj gj = 1 ) 9i 2 X : 9� : � (x i ) 2 � :

| ~� �U-describes �V i� � i �U-describesVi = v1i ; v2i ; : : : for all i 2 f 1; : : : ; mg.

Cor ollar y B.1.7. If � 0 w � and � �U-describes W then � 0 also �U-describes
W . Further, if � �U-describes W , then � t " � 00 (cf. Figure 16) also �U-describes
W for any � 00.
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Lemma B.1.8. Let �U be given. Now for all e; �V ; ~� , if for all j E [[e]] ~vj termi-
nates without errors and ~� �U-describes �V , then ~vj ; ~� ` e ,! wj : � is well-de�ned,
8~� 0 w ~� : E"

e � [[e]] ~� 0 w � , and � �U-describes W .

Pr oof. We let h denotethe maximum height of the inferencetreesand consider
two cases:

Caseh < 1 . We proceedby induction over the maximum height of the inference
trees for j = 1; 2; : : :. In each caseE"

e � [[e]] ~� 0 w � is obvious, sowe show just that
� �U-describesW .

Base casee � k. We �nd wj = k, so jf j j wj > uj i gj < 1 and jf wj gj < 1 ,
which makesthe implications vacuously true.

Base casee � x i . We �nd wj = vj i , and by the premiseweseethat E"
e � [[e]] ~� 0 =

� 0
i w � i �U-describesVi = W .
Inductive casee � if e1 then e2 else e3. For given X , suppose wlog. that

~vj � ; ~� ` e1 ,! true for an in�nite subsequencej 1; j 2; : : : and
P

i 2 X jf uj � i gj =P
i 2 X jf j � j wj � > uj � i gj = 1 . Then the induction hypothesis can be applied

to e2. Similar reasoningapplies if
P

i 2 X jf uj � i gj = jf wj � gj
Inductive casee � cons e1 e2. For given X , if

P
i 2 X jf uj i gj = 1 and

(
P

i 2 X jf j j wj > uj i gj = 1 or jf wj gj = 1 ), then we can assumewlog. that
jf w0

1j gj = 1 , where (w0
1j :w0

2j ) = wj , and apply the induction hypothesisto e1. We
then �nd 9i 2 X : " (x i ) 2 � as required.

Inductive casese � car e1 and e � cdr e1. For given X , if
P

i 2 X jf uj i gj = 1
and (

P
i 2 X jf j j wj > uj i gj = 1 or jf wj gj = 1 ), then the same is the casefor

wj :w0
2 and w0

1:wj , so the induction hypothesiscan be applied.
Inductive casee � f e1 : : : en . Applying the induction hypothesis to e1; : : : ; en

we �nd that (� 0
1; : : : ; � 0

n ) = ~� 0 �U-describes �V 0 = (v0
11; : : : ; v0

1n ); (v0
21; : : : ; v0

2n ); : : :
and � 00

i = E"
e � [[ei ]] ~� w � 0

i , so we can apply the induction hypothesis to ef ,
�nding that E"

e � [[f e1 : : : en ]] ~� 0 = E"
e � [[ef ]] ~� 00w � f and � f �U-describesW .

Caseh = 1 . For given X , if we can �nd an in�nite subsequencej 1; j 2; : : : for
which

P
i 2 X jf uj � i gj =

P
i 2 X jf j � j wj � > uj � i gj = 1 or

P
i 2 X jf uj � i gj = jf wj � gj =

1 and the maximum height of the inferencetrees for this subsequenceis h� < 1 ,
we proceedas for h < 1 .

Otherwise, the number of function call inferencestepsoccurring in an inference
tree must be unbounded, and thus there must be a function f which loops an
unbounded number of times. Further, as jf wj gj = 1 , this loop must involve a
recursive increase, and as each inference tree is of �nite height, the loop must
include at least one if -expressionin which a free variable of the condition depends
on x i for somei 2 X , so " (x i ) 2 E"

e � [[e]]~�.

C. DETAILED ANALYSISRESULTS

ELECTRONICAPPENDIX

The electronic appendix for this article can be accessedin the ACM Digital Library
by visiting the following URL:
http://www.acm.org/pubs /cit ati ons/ jou rnal s/ t opla s/2 005-27- 6/p 101- glen str up.p s.
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