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Abstract

Semi-unification is a common generalization of unification and matching. The semi-
unification problem is to decide solvability of finite sets of equations s = ¢ and inequations
§ <, t between first-order terms, with different inequality relations <;, ¢ € I. A solution
consists of a substitution T and residual substitutions T;, ¢ € I, such that , respectively,

To(S) = To(t) and T;(To(g)) = To(l?)

The semi-unification problem has recently been shown to be undecidable [9]. We present a
new subclass of decidable semi-unification problems, properly containing those over monadic
languages. In our ‘quasi-monadic’ problems, function symbols may be of arity > 1, but only

terms with at most one free variable are admitted.

1 Introduction

The semi-unification problem, in its simplest form, is the problem to find out whether, given
two first-order terms s and ¢, there is a substitution 7" such that the refined term T'(s) matches
the refined term 7'(¢). That is, an inequation s < ¢ is to be solved by finding two substitutions
T and R such that R(T'(s)) = T(t), or detecting that no such solution exists.

In this simple form, the problem was introduced by Kapur e.a.[6] and shown to be decidable
in polynomial time. Kapur e.a. were interested in a criterion for nontermination of the Knuth-
Bendix completion algorithm.

In a more general form, the same problem arose in efforts to improve the type inference
algorithm of the programming language ML, independently in work of Henglein[2], Leif§[11, 13],
and Kfoury, Tiuryn, and Urcyczyn[8, 9]. In this case, several inequations s1 <y t1,...,8 <g t
have to be solved simultaneously, with possibly different matching substitutions 71, ..., T}k, one
for each inequation.



A third source of the semi-unification problem was the work of Baaz (see[15]) on Kreisel’s
problem on the length of proofs in Peano Arithmetic (cf. Footnote 3 in the Appendix to
Takeuti[18]). In this context, Pudlak[15] showed that the semi-unification problem for more
than two inequality relations can be reduced to the problem with two inequality relations.

In the second and third case, the point was to find a most general type scheme for a recursive
function, and a most general proof, respectively.

While it was soon realized that solvable instances of the problem always do have most general
solutions [3, 15, 9], the solvability question itself remained open for a while. Contrary to several
conjectures to the opposite, Kfoury e.a.[9] recently showed that the semi-unification problem in
general is undecidable. Subsequently, Dorre and Rounds[1] have shown that the semi-unification
problem for feature structures, where infinite rational terms are admitted in the solutions, is
also undecidable.

For the above-mentioned application on type inference, the undecidability of the semi-
unification problem implies the undecidability of the typability of recursive function definitions
with respect to a ‘polymorphic recursion’ typing scheme [14, 2, 13, 8]. On the other hand, the
‘polymorphic unification” problem of Kannelakis and Mitchell[5], which arose in characterizing
typability of ML-programs, translates to a decidable case of the semi-unification problem, where
a certain acyclicity condition on dependencies between variables holds[10].

For the applications in proof theory, the solvability of the relevant instances is given in
advance, but information on the form of the most general solution is very much needed, as
Kreisel [7] pointed out. Finding parameters of the problem instances that determine properties
of the most general solutions is a relevant issue here.

A few decidable cases of the semi-unification problem have been presented so far: uniform
semi-unification[6, 16], where only one inequality relation occurs, left-linear semi-unification[9, 4]
(see Section 3 below), the above mentioned acyclic semi-unification[10], and semi-unification in
at most two variables[13].

In the present paper we present a new class of decidable semi-unification problems!, including
the semi-unification problem for monadic languages. In our ‘quasi-monadic’ problems, function
symbols may be of arity > 1, but terms may have at most one free variable (though they may
be non-linear). Another solvable class, which extends the semi-unification problem for monadic
languages in a different dimension, is left-linear semi-unification. Presently, the methods to
decide solvability for instances of these two classes are very different, but we hope that a uniform
treatment is possible. (See Section 3 for the relation between left-linear and quasi-monadic
problems.)

From the decidability result of Kapur e.a. it follows that typability for polymorphic linear
recursive functions - which occur only once in their defining term - is decidable. We do not claim
that our decidability result for semi-unification also gives a nice class of polymorphic recursive
function definitions with decidable typability problem. Instead, we view the semi-unification
problem as an important foundational problem. Isolating decidable subproblems therefore is an
effort to understand better the structure of this problem.

lextending a partial result announced in Theorem 2, (19), of [13]



2 The Semi-Unification Problem

Let L be a first-order functional language, with a countably infinite set Var of variables. Let
R = {<;| i € I} be a finite set of binary relation symbols, fixing I = {1,...,k} for the rest of
the paper. A finite set S of equations and inequations in the language L U R is an instance of
the semi-unification problem over L and R. A solution for S is a sequence T' = (Tp,...,T}) of
substitutions such that Ty(s) = Ty(t) for each equation s = ¢ in S, and T;(Tp(s)) = Tp(t) for
each inequation s <; t in S.

If T'=(Tp,...,Ty) is a solution of S, we call its main substitution Ty a semi-unifier of S,
and 711, ..., T} its residual or matching substitutions.
Another solution T' = (Tg, e ,Tk) is more general than T, if there is a substitution U such

that Tp(x) = U(Tp(z)) for each variable = occcurring in S. A most general solution is a solution
that is more general that any other solution. A most general semi-unifier for S is the main
substitution of a most general solution for S.

Lemma 1 (Pudldk[15], Henglein[2], Kfoury e.a.[9]) A solvable instance of the semi-unification
problem has a most general solution.

Example 1 [12] Let S be {z <; y, f(z) <; @}. Then T = (Ty,T}) = ([f(2)/x, £(2)/y], Id)
is a solution of S, since T'(z) = f(z) = T(y) and T(f(z )) f(z) = T(z), but it is not the
most general one. A more general solution, and in fact the most general one, is T = (To7 T) =

([f(z1)/x, f(22)/y], [22/71,21/%]), since
T(x) = Ti(To(x)) = Ti(f(21)) = f(z2) = To(y) = T(y),

T(f(2)) = T(To(f(2))) = Ti(f(2)) = f(21) = To(x) = T(x),
and Ty = [z/z1, 2/ 2] o Ty can be factored through Tj.

2.1 An Algebraic Form of the Semi-Unification Problem

The semi-unification problem can also be stated in an equational language with unary function
variables, rather than using inequality relations. In this formulation, a simple transformation
calculus for semi-unification problems can be given that is very close to, and a generalization of,
the transformations sometimes used to present unification algorithms. (For example, see Snyder
and Gallier[17])

Instead of extending L by the relation symbols of R, we augment L by the set I of unary
function symbols, which act as L-homomorphisms, and are written as right exponents. That is,
for each i and j in I we consider additional compound terms

Ftr, .o tm) = (8.t

and additional compound ‘variables’ z%, (x%)7 etc. A peculiarity will be that we have to consider
2% to be free in ()7, since we want to be able to substitute any term for x% in (x%)7.



Definition 1 Let I* be the set of finite sequences of elements from I, and Var be the denumer-
ably infinite set of variables of L. Let Var*be Var x I*, and L* be the language with function
symbols of L and Var* as its variables. A pair (x,v) will be written as x¥ in the following, and
if v is the empty word €, x¥ will be identified with x. The set of free variables of a term t is

defined via free(x®) = {x} and free(x"") = {x"} U free(z").
Definition 2 For a sequence T = (Ty,...,Ty) of substitutions Tj : Var — L-terms and each

L*-term t, define T(t) inductively by

T(x) =To(z), T(2")=T(T ("), T(f(tr,....tm)) = F(T(t1),..., T(tm))-

Proposition 1 If T = (Ty, ..., ) is a sequence of substitutions, then for each variable z¥ and
L*-terms s and t, we have

i) T(t") = T;(T(t)), for eachi € I.
it) T'(zV) = T(t) implies T(s) = T(s[t/z"]).

Proof: By induction on t, s, and the length of v. O

Definition 3 A solution of a set S of L*-equations is a sequence T' = (Ty, ..., Ty) of substitu-
tions T : Var — L-terms such that T(s) = T'(t) for each equation s =t in S.

The notions of most general solution and semi-unifier extend naturally to sets of L*-equations.

Proposition 2 1. For any instance S of the semi-unification problem there is a set S* of
L*-equations such that S has a (most general) solution if and only if S* has.

2. For any set S* of L*-equations there is an instance S of the semi-unification problem such
that S* has a (most general) solution if and only if S has.

Proof: 1. Let S* be {s' =t | s <; t € S}. Obviously, T solves S if and only if it solves S*. 2.
First, replace S*(x}*,...,2%") by

S*[yl/xa)lv e ayn/xtr}Ln] U {le)l =Y1,.-- ,ZL‘Z” = yn}7 (1)

with fresh variables y1,...,yn.2Then, repeatedly replace an equation z¥* = y, with i € I and
v € I*, v # ¢, by the equations z¥ = z, z' =y, with fresh variable z. Finally, replace z* = y by
an inequation z <; y.

The resulting instance S of the semi-unification problem is solvable if and only if S* is: If

T = (Tp,...,T}) is a solution of S*, modify Ty on the additional variables by putting Ty (y;) :=
T(m?j) and Tp(z) := T(zV), respectively. Note that 7T is a solution of % = y iff T'(2¥!) =

21f, as in Kfoury e.a.[8], an instance of the semi-unification problem must not contain equations between first-
order terms, we replace s =t by z <; s, z <; t, with some fresh variable z (obtaining an instance that is not
left-linear).



T(y) iff T;(T(z¥)) = To(y) iff, for the appropriate z and the modified T', T'(z¥) = Tp(z) and
T:(To(z)) = To(y), iff T is a solution of z¥ = z, z <; y. It follows that T is a solution of S.
Conversely, if T solves S then it solves the above system (1). By Proposition 1, ii), 7" then solves
S*(xit, .., aln). O

n

Note that the unification problem asks for a system S(z1,...,z,) of L-equations whether
the first-order sentence 3zq ...3x,. A S(x1,...,z,) holds in the term algebra for L.

The semi-unification problem asks for a system S*(z1,..., %y, 41,...,0) of LU {i1,... ik}~
equations, whether the second-order condition

Jiq . zk(/\ i; is an L-endomorphism A 3z . acn/\ S*(x1,y ey Ty ity ey ik))
J

holds in the term algebra for L. (If L is finite, “i is an L-endomorphism” is a first-order condition.)
It seems natural to study the semi-unification problem over algebras other than the term algebra,
but we cannot say to what extend this has been done by algebraists. Moreover, we are not aware
of any work in second-order logic “Lpey,,”, i.e. first-order logic over the language L extended
by unary function variables that range over L-endomorphism only, or L-homomorphism, in the
many-sorted case.

2.2 A Transformation Calculus for Semi-Unification Problems

To avoid discussing symmetry of equality, in the following we consider an equation between
terms s and t of L*, written as s = ¢, to be a multiset of two L*-terms. An equation in a system
S is solved in S, if it has the form XV = ¢, where ¥ occurs only once in S and, moreover, if ¢
is a variabel yw, then | v | > | w |. In this case, we call s the solved variable of the equation,
choosing one if both are solved. An occurrence of a variable z¥ in S is maximal, if it is not
inside some 2%, i € I. The mazimal variables of S are those having a maximal occurrence in S.

Proposition 3 The number of solved equations of a system is bounded by the number of its
mazximal variables.

Proof: Each solved equation of S contains at least one solved variable, and hence a maximal
variable with exactly one occurrence in S. O

Transformation Rules

For all L*-terms s, S1,...,8m, t, t1,...,tm, and variables ¥, we use the following rules to
transform systems:

Decomposition of terms
S U {f(sl,...,sm) :f(tl,...,tm)} — SU{Sl =11,...,5m :tm}



Substitution of variables
SU{z" =t} — Sit/z"]U{z" =t},
if 2V ¢ free(t), ¥ =t is not solved in SU {z" =t}, and |w | < |v | if t = y".

Lemma 2 If S| can be transformed into Sy, then the sets of solutions of S1 and Sy are the
same.

Proof: ;By induction on the length of the transformation sequnece. If the last transformation
is a term decomposition, the claim is obvious. If the last transformation is a substitution

SU{z° =t} — S[t/a"] U {a® =t},

then any solution 7' of S U {2V =t} or S[t/z¥]U{z? = t} satisfies T'(a¥) = T'(t), hence T solves
S if and only if it solves S[t/z"], by Proposition 1. O

It is useful to admit further transformation rules, in order to remove trivial equations and
to stop the transformation process in case an unsolvable equation is found:

Simplification Rules

Elimination of trivial equations
Suf{z'=2"}y — S

Function clash
SU{f(s1,.-..,8m) =g(t1,...,tn)} — fail

Extended ‘occurs check’
Su{z¥ =t} — fail, if v € free(t) and t is not a variable.

The occurs check is called extended because a variable z¥ also “occurs” in the variable z*%.
Note that z¥ = f(z"") cannot be solved, since | T'(z") | < | T'(f(z"")) | for any T

Lemma 3 [13] If S is irreducible under the Transformation and Simplification rules, then it
has a most general solution. If S can be reduced to fail, it has no solution.

In order to decide solvability of a system S, we want to transform it into an irreducible one. The
above two lemmata establish partial correctness of this method. However, by the undecidability
result of Kfoury e.a., there can be no reduction strategy which terminates on all instances S.
Clearly, non-termination depends on the Transformation rules only.

Let us recall why the transformations ensure termination in the case of unification, when all
variables have exponent €. In this case, termination obviously follows from three facts:

e Term decompositions decrease the sum of the sizes of the equations in the system, while
they do not decrease the number of solved equations.



e Substitutions of variables increase the number of solved equations®, which is bounded by
the number of variables occurring in the system.

e The number of variables is not increased by the transformations.

In the case of semi-unification, however, the second and third properties no longer hold:

e Substitutions of variables need not increase the number of solved equations, even for
monadic languages:

{z" =y, 2" = f(2)} — {f(z") =y, 2" = f(2)}.

The number of solved equations may even go down:
{y/ =g(2), 27" = 2,2" = f(y)} — {v/ = 9(2), f(y'") = z,2" = f(v)}

e The number of maximal L*-variables may be increased by substitutions of variables:

Thus, substitution transformations do not make a system simpler in an obvious sense. In the
rest of this Section, we will show that any system can be transformed into one with incomparable
dependent variables, where z¥ and y" are incomparable when x # y or none of v and w is a
prefix of the other. In the next section we will impose an additional restriction on such systems
which will imply that substitution sequences must terminate. Finally, we will then show that
decomposition transformations can be allowed without reintroducing nontermination.

Let us first look at substitutions with equations between variables only.

Lemma 4 Fach system can be transformed into one where all equations between variables are
trivial or solved, without increasing the size of the system.

Proof: Assume that the claim is true for all systems whose size is smaller than that of S. Let
¥ = y* € S be an unsolved and nontrivial equation, and S = SyU{z? = y“}. By symmetry,
we can assume that z¥ ¢ free(y").

Case 1: |v| > |w|. By Sou{a¥ =y"} — Sply*/2"] U{z" = y*} we obtain a system S’
which is strictly smaller than S, since z¥ had at least two occurrences. By induction, S’ can be
transformed to a smaller system all of whose equations between variables are solved or trivial.

Case 2: | v | =|w | =:n. By induction on n, all equations between variables of size < n are
solved or trivial. The substitution SoU {z¥ = y*} — Sp[y*/z"] U {z¥ = y*} turns ¥ = y¥

3 An equation z = t is not solved before, but is solved after application of the substitution
SU{z =t} — S[t/z]U{z =t}.

In addition, if z = s € S is solved in S U {z = t}, with z as solved variable, then z # x and z is not free in ¢ and
s, hence (z = s)[t/z] = (z = s[t/z]) is solved in S[t/z] U {z = t}. Note also that no two solved equations may
collapse into one.



into a solved equation, with v as solved variable. Note that all solved variables of size < n
remain unchanged (which is not true for solved variables like V"), and that no new occurrences
of these variables are created. Hence the number of solved equations between variables of size
< n does not go down. Since the number and size of equations remains unchanged, by iteration
we can make all equations between variables of size < n solved or trivial. Clearly, the size of
the system does not grow. O

Except for equations between compound terms, and equations between variables of the same
size, each equation in a system has an asymmetry that we can use to define the dependent
variable of the equation. It will be sufficient to define this notion for equations that could
possibly be used to perform a substitution transformation. In the following, the dot-notation $
is used to indicate that s is a compound term, that is, not in Var*. (A compound variable =",
with nonempty v, is not considered a compound term.)

Definition 4 The dependent variable of an equation z¥ = § in S is ¥, if ¥ ¢ free(s). The
dependent variable of a nontrivial equation z¥ = y™ in S is the variable with larger size, if there
is one; if both variables are of the same size, it is the solved variable (resp. one of the two
solved wvariables) in case the equation is solved in S, and taken from {z¥,y*} by some choice
function, otherwise. No further equation has a dependent variable. Two variables ¥ and y* are
incomparable, if neither x¥ € free(y™ ) nor y* € free(z" ).

Lemma 5 Fach system can be transformed, by the substitution and the occurs check rules only,
to fail or into a system S such that

A(S) each dependent variable of S has only one occurrence that is not inside a compound term.

In particular, the dependent variables of any two equations in S are incomparable.

Proof: By induction on the number n(S) of equations between variables. Suppose the claim
is true for all systems S" with n(S’) < n(S). We may assume that all equations in S between
variables are solved or trivial, which, by the proof of Lemma 4, can be achieved without increasing
n. In particular, we can assume:

®(S) In S, each dependent variable of an equation between variables has only one occurrence
that is not in a compound term.

U(S) S does not contain an equation z¥ = §("").

If ¥(S) does not hold, S can be reduced to fail by the occurs check rule. Let m(S) be the
number of equations ¥ = $, such that z¥ ¢ free($) and x¥ has another occurrence in S that is
not inside a compound term.

Case 1: m(S) = 0. The claim is true by assumption ®(S) on equations between variables.
Case 2: m(S) > 0. Let S be SpU{x" = s}, such that ¥ ¢ free(s) and z¥ has another

occurrence in some left or right variable side of an equation in Sy. Apply the substitution

S= Sou{a® =38} — Spls/z|U{av =5} = 9.



Subcase 2.1: n(S’) < n(S). The claim holds by induction on n.

Subcase 2.2: n(S’) = n(S). In S there must be an equation of the form z*% = ¢ different
from z¥ = s. We will show that m(S") < m(S) and S’ satisfies ®(S’), whence the claim follows
by induction on m.

Each occurrence of some z“ in Sy has turned into a compound term s* in S’. Hence, a
variable side of an equation in S either has not changed or has become a compound term. This
implies, first, that ¥ has only one occurrence in S’ that is not in a compound term, and, second,
that every dependent and every solved variable in S of an equation between variables has at
most one occurrence in S’ that is not inside a compound term.

By n(S") = n(S), ®(S) and ¥(S5), each dependent variable in S’ of an equation of the form
2" =7 is the dependent variable of an equation z* = 7 in S. Hence we obtain m(S’) < m(S).
If U(S”) does not hold, we can reduce S’ to fail.

We have not quite shown that S’ satisfies ®(S’), because the dependent variables of S’ are
dependent variables of S except for two cases only: a) An equation in S between variables of
the same size may be solved in S with two solved variables, but solved in S” with one solved
variable. By our definition of dependent variables, the dependent variable of the equation in
S and S” may be different. However, as this variable is solved in S’, it does not violate ®(S’).
b) An equation between variables may be unsolved in S’, and if the variables are of the same
size, there is freedom in choosing the dependent variable. We let the dependent variable of the
equation in S’ be the same as in S. It then follows that this also does not violate ®(S’). Thus,
using an approprioate choice function in defining dependent variables of S’, ® is inherited from

S to 5. m|

Example 2 Let Sy be {f(z,9(z,y)) <1 f(h(y),2), 9(z,h(x)) <2 g(9(z,2),y)}. Transorming
this according to Proposition 2 gives the following set of L*-equations:

S1={f@",g(z"y") = fF(h(y), 2), 9(z*,h(=)) = g(g(z,2),9)}-
While A(S1) trivially holds, we loose property A when applying decompositions, obtaining
52 = {xl = h(y)7 z = g(x17y1)7 22 = g(Z,x), y= h(xQ)}7

with n(S2) = 0, but m(S2) = 1, as z and 2> are comparable dependent variables. By Case 2 of
the lemma, using [g(x',y') /2], this reduces to

Sz ={a' =h(y), z=g(z",y"), g(@"y"?) = glg(a",y"), ), y = h(z*)},

with n(S3) = n(S2) = 0 and m(Ss) = 0. Thus A(S3) holds, and all dependent variables are
incomparable.

3 Quasi-Monadic Semi-Unification

We have seen that in the case of the extended language L*, termination of transformations is
no longer obvious: substitution of variables may both increase the number of L*-variables and
decrease the number of solved equations in a system.



It is clear that in a monadic language, no substitution can increase the number of (maximal)
variables in a system. However, we want to allow function symbols of arity > 1, as for the
application to type inference at least one binary function symbol is needed. Thus, the next best
restriction is that each term (in fact, ‘each term being substituted’ would be sufficient!) may
have at most one maximal free variable. 4

Before we go further into details, a word of motivation may be helpful. Kfoury e.a.[9] showed
that the left-linear semi-unification problem is decidable. An instance S of the left-linear semi-
unification problem is a system {s; <; ¢; | ¢ € I} of inequations (no equations!) between
first-order terms, where each variable occurs at most once in each s;. Suppose we transform
such a system using a decomposition rule (working with inequations). By left-linearity, it can
never happen that from decomposing s; <; t; we obtain two inequations with the same variable
on its left hand side, such as

x<;s and x <;t. (2)

Any solution T' = (Tp, T;) of these two inequations would satisfy
To(s) = Ti(To(x)) = To(2),

so Ty would be a unifier of s and t. When s or ¢ contain many variables, this might lead to
complicated dependencies between variables and substitutions 7} of any solution of the given
instance. In particular, a unification of terms on the right hand side of <; may substitute a
variable y on the left of some <; by a term with several occurrences of the same variable, thereby
destroying left-linearity. Thus, the key effect of left-linearity is that unifications between terms
on the right hand side of an inequality <; do not occur.

The main observation leading to the solvable class of semi-unification presented below was
that some unifications between terms on the right hand side of inequations can be allowed
without destroying decidability of solvability. We simply must be sure that no such unification
will increase the number of (maximal) variables in the system.

Definition 5 The quasi-monadic semi-unification problem is the semi-unification problem re-
stricted to instances in which each term has at most one free maximal variable.

For example, {x <1 f(z,2), f(z,g(x,0,2)) <2 f(9(0,y,y),y)} is quasi-monadic (when translated
to L*), or {g(2?, f(2?),2%) = ¢(0,y",y")}. Clearly, quasi-monadic problems are closed under
transformations, and these do not increase the number of maximal variables in a system:

Lemma 6 If S can be transformed to So and Sy is quasi-monadic, then Sy is also quasi-
monadic, and
| mazvar(Ss) | < | mazvar(Sy) |.

Proof: By induction on the transformation. It is sufficient to consider S; — S5 to be a
substitution
Su{z? =t} — S[t/x"]U{x? = t}.

4This restriction is so severe that we do not expect our decidability result by itself to have applications in
deciding typability for polymorphic recursive functions.

10



In this case, since Sy is quasi-monadic, we have | maxvar(¢) | < 1, hence for any w,
| maxvar(z"*[t/z"]) | = | maxvar(t¥) | <1 = | maxvar(z"") |.
From this the claim follow easily. O

Although, by the lemma, the number of maximal variables in transforming a system is
bounded, the termination proof for unification still cannot simply be adapted to quasi-monadic
semi-unification: since the number of solved equations (and solved variables) may be reduced
by substitution transformations, we have to find a substitute for counting the number of solved
equations in a system.

Before doing this, we will strengthen Lemma 5 for quasi-monadic systems. The problem is
that a substitution with y* = f(z), say, may turn a solved equation z¥ = s into an unsolved one,
since new occurrences of variables may arise, as in y*?[f(x)/y*] = f(z"). Hence performing a
substitution will give rise to further substitutions in general. With quasi-monadic systems at
least, we do not run into infinite sequences of substitutions:

Lemma 7 Let S be a quasi-monadic system satisfying A(S). Every sequence of substitution
transformations beginning in S finally produces a system S’ that either can be turned to fail by
the occurs check rule or is irreducible under substitutions.

Proof: For each variable z¥, we define the set of exponents of ¥ in S by
exp(x¥,S) ;= {w | " occurs in some compound term of S}.

Note that if 2V = ¢ is a solved equation of S, with ¥ as solved variable, then exp(x’,S) is empty.
We perform an induction on

e(S) == Z{] exp(xz’,S) | | ¥ is a dependent variable of S}.

Case 1: e(S) = 0. Let 2V = s be an equation of S, with 2V as dependent variable. By A(S)
and e(S) = 0, there is only a single occurrence of z¥ in S, which means that z¥ = s is solved
and hence the substitution transformation using [s/z"] (or [#¥/s]) cannot be applied. Thus S is
irreducible under substitution transformations.

Case 2: e(S) > 0. We may assume that WU(S) from the proof of Lemma 5 holds, since
otherwise we can reduce S to fail. Let S’ be obtained from S by performing the substitution

S:=SyU{a? =s} — Syls/z*]U{z" = s} =: 5.

Then 2V ¢ free(s), and ezp(z?,S) # (. If s is a constant term, then clearly exp(z”,S") = () and
e(S") < e(S), using ¥(S) to ensure that no new dependent variables arise. By induction, every
sequence of substitution transformations beginning in S’ is finite. If s is not a constant term, s
contains one maximal variable, y* say, since S is quasi-monadic. We distinguish two cases.
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Case 2 a: There is an equation y* =t € S, with dependent variable y*, such that v < w.
Let (u\w) stand for the suffix of w obtained by removing the prefix u, and (u\w)V = {(u\w)v |
v € V'} for any set V' of words over I. By A(S), z¥ and y* are incomparable, and we obtain:

exp(z¥,S") = 0,
exp(y",S) = ewp(y",S) U (u\w)exp(z",S5),
exp(z",S") = exp(z",S), for all other dependent variables z".

(We may assume that S and S’ have the same dependent variables.) It follows that
i) e(S") <e(S), and 2V = s is solved in S’, but unsolved in S.

Any variable occurrence in S’ that was not in S is obtained from a substitution z*"[s(y*)/z"] =
s(y™"). Since y* =t is an unsolved (and applicable !) equation of S and there are no incompa-
rable dependent variables (in S), no solved equation of S has become an unsolved equation of
S’. This shows that

ii) the number of solved equations in S’ is greater than the number of solved equations in S.

As the number of equations is bounded, we can stay in Case 2 a) finitely often only.

Case 2 b: There is no equation y* =t € S, with dependent variable y*, such that u < w. It
is sufficient to show e(S") < e(S).

Suppose y¥ € free(zV). Then y = x and w < v. For a dependent variable z" with w < r,

r SN = exp(y’",S) U r\(w- EZEp(:L'v,S)), r#uv
ezp(y 75) = { r\(w . exp(a:”,S)), e

For different such r, the r\(w - exp(z?,S)) are pairwise disjoint strict subsets of exp(x?,S),
because the z" are incomparable, by A(S). Hence

Z{| exp(z”,S’) | | #" a dependent variable (of S’), w < r}
< Z{| exp(x”,S) | | #" a dependent variable (of S), w < r}.

As exp(z",S") = exp(z", S) for all remaining dependent variables, we obtain e(S") < e(.9).

Suppose y* ¢ free(zV). Then, using 0 = | ezp(z¥,S’) | and the same disjointness argument
as above, we obtain

| exp(x¥,S") | + Z{| exp(y”,S") | | y" a dependent variable (of S"), w < r}
< |eap(x®,S) |+ > {| exp(y",S) | | ¥ a dependent variable (of S), w < r}.
Again, exp(z",S’) = exp(z", S) for all remaining dependent variables, and e(S") < e(S). O

A good measure for a system irreducible under substitution transformations is how many
solved equations z¥ = t with | v | = n it has, for each n. The number of such equations for small
n is more relevant than that for large n, because a solved equation "% = s can get transformed
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by a substitution with some equation z¥ = t, which for example may arise only after some
decomposition of terms.

Formally, to each system S that is irreducible under substitutions of variables, we associate
a function fg that gives the number fg(n) of variables zV solved in S such that |v|=n. If S
is obtained from Sy by a sequence of transformations, note that fg is bounded by the constant
function s whose value is the number M of maximal variables in Sp, by Lemma 6. Also note
that there are at most M such n where fg(n) > 0. This motivates the following definition:

Definition 6 For s:w — w and M € w, and support(f) :={n € w| f(n) # 0}, define

F(s,M) = {f:w—w]|Vn.f(n)<s(n), | support(f)| < M}, and
f<g &= In(f(n)>gn) AVk <n.f(k)=g(k)).

The function fg generalizes the measure of counting solved equations or variables of S in the
simpler case of unification. We omit the proof of the following observation, which depends
essentially on the bounds s and M.

Lemma 8 The relation < is well-founded on F(s, M), for each s and M.

If a system S is transformed to S’ by term decomposition, then clearly fg = fs. For

substitutions of variables, this need not be true: the two equations for 4* and z* in

will become unsolved when we turn the equation for ¢ into a solved one.

Suppose that S is irreducible under substitutions, a term decomposition is applied, and then
S’ is obtained by transforming the result to another system irreducible under substitutions. We
want to show that with respect to the measure just sketched, the system S’ is to a higher degree
in solved form than S is. Since the maximal variables are bounded, by this we must reach a
system which is irreducible.

Lemma 9 Let S be a system that is irreducible under substitution of variables, and let S’ be
a system obtained from S by decompositions of terms. Let S” be obtained by turning S’ into a
system irreducible under substitution transformations, according to Lemma 7. Then fsr < fg.

Proof: (Idea only; explicitly in the final version) Let 2V = s be an equation of S’ that arose from
the decomposion of an equation between compound terms of S. Suppose z% is the dependent
variable of an equation % =t of S. Since S was substitution-irreducible, w is not a prefix of v.
Hence either x¥ is incomparable with %, or v is a strict prefix of w. Applying [s/z"] repeatedly
to make z¥ = s a solved equation, we increase the number of solved equations with exponents
of length | v |. Even if v is a prefix of w and thus % = t will no longer belong to the solved
equations - in particular, this may happen with several different such w simultaneously, thereby
possibly reducing the number of solved equations - we have a gain according to < in our measure
fs as defined above. O
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Theorem 1 The quasi-monadic semi-unification problem is decidable.

Proof: This follows from the above lemmata, using the well-foundednes of < on F(s, M) with
s(n) = M for all n, and M = | maxvar(S) |, for each instance S. O

Example 3 Here is a (monadic) example that demonstrates Lemma ??. The system
So = {2’ = f(y), ¥’ = 9(2), h(x) = h(f(9(z")))}
is irreducible under substitutions and satisfies A. By decomposition, we obtain
Si={a" = f(y), v’ = 9(2), = = f(9(z"))},
which, according to Lemma 77, can be made irreducible under substitutions, giving
So = {f(9(z") = f(y), ¥/ = g(=2), @ = f(g(z")}.

Again, S is irreducible under substitutions and satisfies A. Note that fg,(0) =0, fs,(1) =1
and hence fg, < fs,. Decomposing Sy gives

Ss={y =g(z"), o/ = g(2), = f(g(")},
which reduces further to
Su={y=9(z"), 9(=") = g(2), © = f(g(z"))},

with fs,(0) =2, fs,(1) = fs,(2) = fs,(3) = 0. By decomposition, we arrive at an irreducible,
hence solvable, system

S5 ={y = g("), 2 =2, 2= f(g(z")}.

Note that f55(0) =2, sz(l) = f55(2) =0, but f55(3) =1, thus fS5 = f54‘
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