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Abstract
We introduce the notion of discrimination as a generalization of
both sorting and partitioning and show that worst-case linear-time
discrimination functions (discriminators) can be defined generi-
cally, by (co-)induction on an expressive language of order deno-
tations. The generic definition yields discriminators that generalize
both distributive sorting and multiset discrimination. The generic
discriminator can be coded compactly using list comprehensions,
with order denotations specified using Generalized Algebraic Data
Types (GADTs). A GADT-free combinator formulation of discrim-
inators is also given.

We give some examples of the uses of discriminators, including
a new most-significant-digit lexicographic sorting algorithm.

Discriminators generalize binary comparison functions: They
operate on n arguments at a time, but do not expose more informa-
tion than the underlying equivalence, respectively ordering relation
on the arguments. We argue that primitive types with equality (such
as references in ML) and ordered types (such as the machine integer
type), should expose their equality, respectively standard ordering
relation, as discriminators: Having only a binary equality test on a
type requires Θ(n2) time to find all the occurrences of an element
in a list of length n, for each element in the list, even if the equal-
ity test takes only constant time. A discriminator accomplishes this
in linear time. Likewise, having only a (constant-time) comparison
function requires Θ(n log n) time to sort a list of n elements. A
discriminator can do this in linear time.

Categories and Subject Descriptors D [1]: 1; F [2]: 2

General Terms Algorithms, Languages, Theory

Keywords discrimination, discriminator, equivalence, functional,
generic, multiset discrimination, order, partitioning, sorting, total
preorder

1. Introduction
Sorting has numerous applications and is one of the most funda-
mental problems in computer science: There is probably no text
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book on algorithms that does not cover sorting in one of its first
chapters.

A related problem is partitioning: Given an equivalence relation,
partition a set of inputs into its equivalence classes. Often sorting
is used as a subsidiary step to partitioning: Given a total preorder1

whose induced equivalence is the desired equivalence relation, sort
the input and then group runs of equivalent elements together.

1.1 Discrimination, sorting, partitioning
In this paper we develop the notion of discrimination as a general-
ization of both sorting and partitioning.

A discriminator (discrimination function) is a function that
takes a list of key-value pairs as input and returns the values in
groups according to their keys: values are grouped together if and
only if they are associated with equivalent keys in the input ac-
cording to some given equivalence relation on keys. It is stable if
the values in each group occur in the same relative order as in the
input.

A sorting discriminator is a discriminator that returns the
groups of values consistent with a given ordering relation on the
keys. For example, the stable sorting discriminator for the standard
order on natural numbers maps [(4, ”foo”), (8, ”bar”), (4, ”baz”)]
to [[”foo”, ”baz”], [”bar”]].

Sorting functions, (sorting) partition functions and (sorting) dis-
criminators can be thought of as variations of each other. They have
slightly different types: The output of a sorting function is a list of
key-value pairs, just like its input. A partition function returns runs
of key-equivalent pairs as explicit lists (groups): it returns a list of
lists of key-value pairs. A discriminator does the same, but drops
the key components and returns only the value components: it re-
turns a list of lists of values.

Even though a discriminator drops the keys in its output, we can
use it to sort. Preprocess the input by associating each pair with its
key: [(4, (4, ”foo”)), (8, (8, ”bar”)), (4, (4, ”baz”))]. Apply the
discriminator, which yields [[(4, ”foo”), (4, ”baz”)], [(8, ”bar”)]]
—this is actually the output of a partitioner—and finally flatten, re-
sulting in [(4, ”foo”), (4, ”baz”), (8, ”bar”)]. Discriminators are
parametrically polymorphic in their value part: Once the keys have
been extracted in the preprocessing stage, only pointers to the orig-
inal key-value pairs need to be passed to the discriminator as value
components in the input; they are not dereferenced during discrim-
ination.

A generic (sorting) discriminator is a function that maps speci-
fications of equivalence relations (total preorders) to discriminators
for the denoted equivalence relations (total preorders). To warrant

1 A total preorder is a binary relation R that is transitive and total, but not
necessarily antisymmetric.
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the use of “generic”2 our domain of specifications is rather expres-
sive. It includes a potentially unlimited number of ordering rela-
tions on all first-order regular recursive types.

What makes discriminators the central notion of this paper is
that they turn out to be the “natural” notion for an inductive defini-
tion, from which the other notions, sorting and partition functions,
can be defined parametrically. This is, loosely put, analogous to dis-
criminators playing the role of an inductively proved lemma from
which sorting and partitioning functions (noninductively) follow as
“theorems”.

1.2 Contributions
Our contributions are:

• An expressive language for denoting total preorders (orders).
• Purely functional generic definitions of comparison functions,

sorting functions and discriminators over order denotations,
• Sorting, partition and discrimination functions that execute in

worst-case linear time without compromising abstraction: only
the ordering relation is observable (no coding into the integers).

• Complete specification of generic discrimination in less than
30 lines of Haskell, employing list comprehension and Gener-
alized Algebraic Data Types (GADTs).

• Illustrations of how algorithms for specific equivalences can be
coded by simply specifying the equivalence relation in question
and applying the generic discriminator to it.

• A discussion of the asymptotic time complexity of sorting since
it seems to be subject to some popular confusion.

• The conclusion that ordered types, in particular primitive types
in programming languages, should make their ordering relation
available by way of a discriminator or sorting function, not only
a comparison function; analogously, but with even more impor-
tance, that types with equality should expose their equality by
an discriminator, not only a binary equality test.

1.3 Overview
After some prerequisites (Section 2) we introduce a language for
denoting total preorders (Section 3). This sets the stage for defin-
ing a number of generic functions on such order denotations, cul-
minating with a generic stable sorting discriminator (Section 4).
We then analyze which order denotations give rise to linear-time
discriminators (Section 5). We demonstrate the use of the generic
discriminator and its variants (Section 6). Finally we exhibit a dis-
criminator combinator library derived from the generic discrimina-
tor (Section 7), discuss various aspects of discrimination, including
the complexity of sorting (Section 8), and offer some conclusions
(Section 9).

Generic discrimination for equivalence denotations is analogous
to discrimination for orders. For reasons of space it is not explicitly
covered here, however.

2. Prerequisites
2.1 Basic mathematical notions
A total preorder (S, R) is a set S together with a binary relation
R ⊆ S×S that is transitive, total3 and thus also reflexive. We call R
an ordering relation with domain S. A total preorder is a total order

2 There is no technical definition of the term “generic”. It is broadly ap-
plied to explicit parametric polymorphism, as in CLU, Ada, Java, C#; or
template programming as in C++; or intensional polymorphism/polytypic
programming as in PolyP. Our use is in the style of the latter.
3 ∀x, y ∈ S : (x, y) ∈ R ∨ (y, x) ∈ R

(without the “pre”) if it is anti-symmetric. What we call orders
henceforth are total preorders: anti-symmetry is not required.

We say (S, R) is an order on S′ if (S, R) is an order and
S ⊆ S′.

An equivalence (S, E) is a set S together with a binary relation
E ⊆ S × S that is reflexive, symmetric and transitive. We call E
an equivalence relation.

Each ordering relation R canonically induces an equivalence
relation: x ≡R y ⇔ R(x, y) ∧R(y, x).

2.2 Haskell notation
To specify concepts and simultaneously provide an implementation
for ready experimentation we use Haskell notation. Specifically,
we frequently employ list abstractions for convenience and, as we
hope, readability.4

Order denotations are formulated using Generalized Algebraic
Data Types (GADTs), as implemented in the Glasgow Haskell
Compiler (Glasgow Haskell), for immediate execution. Just as the
Haskell notation itself they should be thought of as convenient term
representations. As we point out, they can be eliminated, yielding
a combinator implementation in standard Haskell 98.

3. Order denotations
An ordered type is a type denoting a set with a designated order-
ing relation. In this paper our types are restricted to some given
primitive types, plus products, sums and regular recursive types in-
terpreted inductively.

Types often come with implied standard ordering relations:
the standard order on natural numbers, the ordering on character
sets given by their numeric codes, the lexicographic (alphabetic)
ordering on strings over such character sets, and so on.

We quickly discover the need for more than one ordering re-
lation on a given type, however: descending instead of ascending
order; ordering strings by their first 4 characters and ignoring the
case of letters, etc. For this purpose we introduce a typed language
of order denotations; that is, terms that denote ordering relations.
We write Order T for the type of denotations of orders on T.

3.1 Primitive order denotations
We assume that each primitive ordered type comes equipped with
a standard denotation for its ordering relation. Examples are 8-bit
characters under their canonical Latin1-ordering, machine integers
under their standard numeric ordering and the one-element type
with its trivial order. Without loss of generality we restrict ourselves
to ordering relations on finite segments 0 . . . n− 1 here. Unsigned
machine integers can be thought of as products of bytes and un-
bounded integers as lists of bytes. We shall see how to define effi-
cient discriminators for such composed types from their component
types.

-- Char : ascending alphabetic order on 8-bit characters
Char :: Order Char
-- Nat n : standard ascending order on {0, ..., n-1}
Nat :: Int → Order Int
-- Unit : trivial order on ()
Unit :: Order ()

3.2 Order constructors
Given orders on types we can define canonical orders on product
and sum types: Pairs are ordered according to the first component,
with resulting equivalences resolved by ordering according to the
second components; elements of a sum type are ordered such that
left-tagged elements come first, followed by right-tagged elements,

4 Some readers may prefer a combinatory “point-free” notation, though.
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with equally-tagged elements resolved by the given summand or-
ders.

-- Sum r1 r2 : order on tagged values, left elements first,
-- left elements ordered according to r1,
-- right elements according to r2;
Sum :: Order t1 → Order t2 → Order (Either t1 t2)
-- Pair r1 r2 : lexicographic order on pairs,
-- ordered by first components according to r1,
-- equivalent first components ordered

by second components according to r2
Pair :: Order t1 → Order t2 → Order (t1, t2)

Given an ordering relation R2 on the co-domain of a function
f : T1 −→ T2 we can define an ordering relation R1 on the domain
of the function as follows: R1(x, y) ⇐⇒ R2(f(x), f(y)).

-- Map f r : order on t1 induced by mapping t1-elements to
-- t2-elements ordered according to r
Map :: (t1 → t2) → Order t2 → Order t1

3.3 Recursively defined orders
Consider a function that maps order denotations to order denota-
tions on the same type. We introduce a denotation for the order
that is the fixed point of the function when interpreted as operating
on the denoted orders. It can be shown that all order denotations
with free variables denote order-mapping functions, which consti-
tute the morphisms in the category TPreorder of total preorders,
which in turn admits (least) fixed points as inverse limits (Henglein
2008).

-- Fix rf : fixed-point of order constructor rf
Fix :: (Order t → Order t) → Order t

The Haskell type of Fix allows it to be applied to arbitrary com-
putational functions mapping order denotations. We shall restrict
Fix to lambda-abstractions. In other words, Fix is intended to be
used as µ-notation only.

3.4 Inverse and refinement
Useful additional constructions on orders are: the inverse of an
order; and order refinement, where a given order is refined by
ordering its equivalence classes according to a second ordering on
the same type.

-- Inv r: Inverse order of r
-- ((x,y) in Inv r iff (y,x) in r)
Inv :: Order t → Order t
-- Refine r r’: Refine order r by ordering

r-equivalent elements according to r’
Refine :: Order t → Order t → Order t

Other useful denotations could be added, notably for the trivial
and empty ordering relation on each type. The trivial ordering
relates all elements of a type to each other.

3.5 Bag and set orders
Finite bags (multisets) can be defined as equivalence classes of
lists: two lists denote the same bag if one is a permutation of the
other. Each list thus becomes a concrete representative of a bag: the
list [5, 4, 8], understood as a bag representative and for that purpose
sometimes written 〈5, 4, 8〉, is equivalent to [4, 8, 5]. Similarly,
finite sets can be defined by a different equivalence relation: two
lists denote the same set if each element in one occurs in the other.

These definitions presuppose a given notion of equality—an
equivalence relation, really—on the elements of lists. And if the
elements are ordered, we can actually define an ordering relation
on lists understood as bag or set representations:

-- Bag r : order on lists induced by r-sorting elements
-- and then lexicographically ordering the
-- resulting lists, also according to r
Bag :: Order t → Order [t]
-- Set r : order on lists induced by r-sorting elements,
-- eliminating r-duplicates (r-equivalent elements)
-- and then lexicographically ordering
-- the resulting lists, also according to r
Set :: Order t → Order [t]

What makes Bag r an ordering relation on lists “understood as
bags” is that s1 and s2 are related by it if and only if s′1 and s′2 are
also related for any permutation s′1 of s1 and s′2 of s2. Analogous
for Set r.

3.6 Definable orders
Using the order constructors introduced, other useful orders and
order constructors are definable; e.g., standard ascending and de-
scending orders on bytes; lexicographic order on pairs, but with
the second component dominant instead of the first; and sum type
elements ordered with right summand first instead of left.

-- Standard ascending order on [ 0 .. 255 ]
byte :: Order Int
byte = Nat 256
-- Standard descending order on [ 0 .. 255 ]
byteDown :: Order Int
byteDown = Inv byte
-- Lexicographic ordering on pairs,
-- but with second component dominant
pair2 :: Order t1 → Order t2 → Order (t1, t2)
pair2 r1 r2 = Map swap (Pair r2 r1)

where swap :: (t1, t2) → (t2, t1)
swap (x, y) = (y, x)

-- Ordering of tagged values,
-- but with Right elements first
sum2 :: Order t1 → Order t2 → Order (Either t1 t2)
sum2 r1 r2 = Map flip (Sum r2 r1)

where flip :: Either t1 t2 → Either t2 t1
flip (Left x) = Right x
flip (Right y) = Left y

-- Inverse of Sum-ordering
invSum :: Order t1 → Order t2 → Order (Either t1 t2)
invSum r1 r2 = Inv (Sum r1 r2)
-- An equivalent definition of InvSum
invSum’ :: Order t1 → Order t2 → Order (Either t1 t2)
invSum’ r1 r2 = sum2 (Inv r1) (Inv r2)

Note that the same order may have multiple denotations.
We have introduced order denotations for lists where the list

element order is ignored, but, somewhat curiously, not the standard
list ordering, which orders lists lexicographically. The reason for
this is that it is definable using the already introduced constructions:

-- fromList: unfold-part of isomorphism
-- between [t] and Either () (t, [t])
fromList :: [t] → Either () (t, [t])
fromList [] = Left ()
fromList (x : xs) = Right (x, xs)
-- Lexicographic ordering on lists,
-- with elements ordered according to r
list :: Order t → Order [t]
list r = Fix (\p → Map fromList (Sum Unit (Pair r p)))

Note that fromList represents (one half of) the isomorphism
between lists [v] and Either () (v, [v]). Informally, the
function that maps p to
Map fromList (Sum Unit (Pair r p)) extends the lexico-
graphic ordering on lists of size n to lists of length n + 1. The
fixed point thus denotes lexicographic ordering on lists of arbitrary
(finite!) length.
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4. Generic discrimination
In this section we shall develop a series of generic functions on
order denotations: comparison, distributed sorting and finally dis-
crimination. Doing it in these steps is intended to illustrate how the
notion of discriminator arises as a natural abstraction.

4.1 Comparison
Generic sorting can be implemented by first defining a generic
comparison function and then passing that function as an argument
to a comparison-based sorting algorithm.

A comparison function is a function that has the right type, T ×
T → Bool , and that furthermore is transitive and total. Actually,
sorting algorithms parameterized on a comparison function can
be applied to arbitrary functions as long as they have the right
type, whether or not they are comparison functions. In fact, doing
so is not only a mistake that goes undiscovered until run-time, it
also leaks information on which sorting algorithm is used in the
implementation: Any stable sorting algorithm behaves identically
when given a comparison function, but not on all functions of type
T × T → Bool .

If the implicit “trust me”-assertion issued by the programmer
coding the alleged comparison function is deemed insufficient, a
certificate is required that guarantees that the function passed to the
sorting algorithm is a bona-fide comparison function.5

An order denotation can serve as such a certificate: once type
checked (which serves as certificate checking) bona-fide compari-
son functions can be defined generically from order denotations.

The generic comparison function is defined (co-)inductively, by
case analysis on order denotations:

-- Generic definition of comparison function
-- (characteristic function on orders)
lte :: Order t → t → t → Bool

lte Char x y = x ≤ y
lte (Nat n) x y = x ≤ y
lte Unit x y = True
lte (Sum r1 r2) (Left x) (Left y) = lte r1 x y
lte (Sum r1 r2) (Left x) (Right y) = True
lte (Sum r1 r2) (Right x) (Left y) = False
lte (Sum r1 r2) (Right x) (Right y) = lte r2 x y
lte (Pair r1 r2) (x1, x2) (y1, y2) =

lte r1 x1 y1 &&
if lte r1 y1 x1

then lte r2 x2 y2
else True

lte (Fix rf) x y = lte (rf (Fix rf)) x y
lte (Map f r) x y = lte r (f x) (f y)
lte (Bag r) xs ys =

lte (list r) (sort r xs) (sort r ys)
lte (Set r) xs ys =

lte (list r) (usort r xs) (usort r ys)
lte (Refine r r’) x y =

lte r x y &&
if lte r y x then lte r’ x y else True

lte (Inv r) x y = lte r y x

In the definition of the comparison function for bag- and set-
ordered lists we make use of sorting and unique-sorting functions.
A unique-sorting function for ordering relation R returns only one
element from each class of R-equivalent elements in the input.
Sorting and unique-sorting functions are easily defined mutually
recursively with the generic comparison function by employing a
standard comparison-based sorting algorithm sortBy.

5 Alternatively, in principle the sorting algorithm could monitor the alleged
comparison function and exit with an error once it has observed that it is not
transitive or total. Due to ordinarily applicable performance requirements
on sorting this is normally not a viable solution, however.

-- Three-valued comparison function
-- from comparison function lte
comp r x y = if lte r x y

then if lte (Inv r) x y then EQ else LT
else GT

-- Comparison-based sorting
sort :: Order t → [t] → [t]
sort r xs = sortBy (comp r) xs
-- Comparison-based sorting,
-- with elimination of equivalent values
usort :: Order t → [t] → [t]
usort r xs =

map head (groupBy (lte (Inv r)) (sort r xs))

Note that, here, it is the comparison function lte that is prop-
erly generically defined, not the sorting function sort, which is
parametric in its argument.

It is an easy exercise to develop comp into a combinator library
for constructing comparison functions by partially evaluating it on
order denotations. See Section 7 where this is done for discrimina-
tors.

We believe that, in practice, almost all comparison functions
passed to a sorting function such as sortBy can be understood as
being built from these combinators. This means such comparison
functions can also be specified by order denotations and thus by
syntactic certificates that guarantee a bona-fide comparison func-
tion.

4.2 Sorting
Intuitively, a sorting function for order (S, R) is a function f :
S∗ → S∗ that permutes its input such that the resulting output is R-
ordered. This is not a good basis for a generic definition of sorting,
however. Assume we are given sorting functions sort1 and sort2
for r1 :: Order T1 and r2 :: Order T2, and we would like to
define a sorting function for Pair r1 r2 :: Order (T1, T2)
in terms of sort1 and sort2. Given a list of pairs we can only
sort the first components in isolation using sort1 or the second
components by themselves using sort2. This is practically useless,
however: we need sort1 and sort2 to sort pairs of values (k1, k2),
but according to the order on k1, respectively k2. In other words, a
sorting function must be able to sort keys not only by themselves,
but with associated data values,

DEFINITION 4.1. [Sorting function] A (key) sorting function for
order (S, R) is a parametric polymorphic function sort : ∀α.(S ×
α)∗ → (S×α)∗ such that sort permutes its input into a list where
the first components (keys) are R-ordered.

It is stable if R-equivalent elements in the output occur in the
same relative order as in the input. 2

The polymorphic type for the value components associated with
keys captures that the sorting function works with values of any
type and treats them parametrically.

Now we can sort elements whose keys are pairs by first sorting
according to the second components of the keys and then sorting the
result according to the first components, assuming the final sorting
step is stable. This works generically if each ordered primitive
type, including user-defined abstract types, comes equipped with
a stable sorting function. In particular we may use linear-time
distributive sorting algorithms for the primitive types. This results
in the following generalization of distributive sorting to arbitrary
denotable orders over first-order types

-- Generic definition of
-- stable sorting function for order denotation
dsort :: Order k → [(k, v)] → [(k, v)]

dsort r [] = []
dsort r (xs @ [(k, v)])= xs
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dsort Char xs = bsortChar xs
dsort (Nat n) xs = bsortNat n xs
dsort Unit xs = xs
dsort (Sum r1 r2) xs =

[ x1 | (_, x1) ← dsort r1
[ (k1, x1) | x1 @ (Left k1, _) ← xs ] ]

++ [ x2 | (_, x2) ← dsort r2
[ (k2, x2) | x2 @ (Right k2, _) ← xs ] ]

dsort (Pair r1 r2) xs =
[ x | (_, x) ← dsort r1

[ (k1, x) | x @ ((k1, k2), v) ← xs’ ] ]
where xs’ = [ x | (_, x) ← dsort r2

[ (k2, x) | x @ ((k1, k2), v) ← xs ] ]
dsort (Fix rf) xs = dsort (rf (Fix rf)) xs
dsort (Map f r) xs =

[ x | (_, x) ← dsort r [ (f k, x) | x @ (k, v) ← xs ] ]
dsort (Bag r) xs = dsort (Map (sort r) (list r)) xs
dsort (Set r) xs = dsort (Map (usort r) (list r)) xs
dsort (Refine r r’) xs = dsort r (dsort r’ xs)
dsort (Inv r) xs = reverse (dsort r xs)
bsortChar xs =

[ (k, v) | (k, vs) ← blocks, v ← reverse vs ]
where blocks = assocs (accumArray (\vs v → v : vs)

[] (’\000’, ’\255’) xs)
bsortNat n xs =

[ (k, v) | (k, vs) ← blocks, v ← reverse vs ]
where blocks = assocs (accumArray (\vs v → v : vs)

[] (0, n-1) xs)
-- Sorting on keys only
sort :: Order t → [t] → [t]
sort r xs = [ k | (k, _) ← dsort r [ (k, ()) | k ← xs ] ]
-- Unique sorting
usort :: Order t → [t] → [t]
usort r xs = map head (groupBy (lte (Inv r)) (sort r xs))
-- Comparison function: Parametrically defined from dsort
lte :: Order t → t → t → Bool
lte r x y = res

where (_, res) = head (dsort r [(x, True), (y, False)])

bsortChar and bsortNat are sorting functions based on
bucket sorting. These are distributive sorting algorithms not sub-
ject to the information-theoretic lower bound for comparison-based
sorting algorithms: they execute in linear time on fixed-width
RAMs. Our generic definition of dsort bootstraps these basic
distributive sorting algorithms to arbitrary (denotable) orders.

The particular Haskell code given for bsortChar and bsortNat
is not interesting. There are more efficiently engineered implemen-
tations, which are easiest to formulate in C-style notation since
they involve low-level imperative data structures outside the scope
of type systems of current strongly typed programming languages.
Careful engineering of distributed sorting, especially of its space
consumption, is an important, but separate challenge. Attempting
so here would obscure the simple generic structure of sorting and
discrimination, however.

4.3 Discrimination
Observe the repetitive pattern in the Pair-, Sum- and Map-clauses
of dsort, where a key is first extracted from each input element,
the resulting key-element pairs are sorted and the previously ex-
tracted key-components are subsequently discarded. Keys play two
separate roles in sorting: they guide the sorting, but get discarded
as soon as they have done so; and they are part of the data that are
parametrically rearranged during sorting. If we are not interested in
the keys in the output we can discard them instantaneously during
sorting. For example, the code for the Sum-clause then becomes

dsort (Sum r1 r2) xs =
dsort r1 [ (k1, v1) | (Left k1, v1) ← xs ]

++ dsort r2 [ (k2, v2) | (Right k2, v2) ← xs ]

and the type of the function is changed from (T ×α)∗ → (T ×α)∗

to (T × α)∗ → α∗: key-value pairs are input, but only the value-
components are returned, sorted according to their in the output
discarded keys. Recall that using such a function we can still sort
and return the keys in the output: Replace each input element (k, v)
by (k, (k, v)) prior to applying the function, which then simply
throws the keys corresponding to the first occurrence of k away,
but returns the keys corresponding to the second occurrence of k.

In the generic Pair clause of dsort above lexicographic sorting
has been implemented by right-to-left sorting, as embodied in least-
signficant-digit (LSD) first radix sorting. A known disadvantage is
that LSD always inspects the second component of a key, which
may be large, even when its first component is unique within the
input to be sorted. To enable left-to-right lexicographic sorting,
corresponding to most-significant-digit (MSD) first radix sorting,
it is useful to return the result of sorting not as a single list, but
as a list of lists, with each element list, termed a group, explicitly
representing key-equivalent elements.

This finally changes the type from to (T × α)∗ → α∗ to
(T × α)∗ → α∗∗. We call the resulting function a (sorting) dis-
criminator: It sorts its input according to the key components and
returns the result as groups of key-equivalent elements, but without
the keys themselves. They are stable as long as the discriminators
for primitive orderings are so.
-- Generic definition of stable sorting discriminators
disc :: Order k → [(k, v)] → [[v]]

disc r [] = []
disc r [(k, v)] = [[v]]
disc Char xs = discChar xs
disc (Nat n) xs = discNat n xs
disc Unit xs = [[ v | (_, v) ← xs ]]
disc (Sum r1 r2) xs =

disc r1 [ (k1, v1) | (Left k1, v1) ← xs ]
++ disc r2 [ (k2, v2) | (Right k2, v2) ← xs ]
disc (Pair r1 r2) xs =
[ vs | ys ← disc r1 [ (k1,(k2,v)) | ((k1,k2),v) ← xs ],

vs ← disc r2 ys ]
disc (Fix rf) xs = disc (rf (Fix rf)) xs
disc (Map f r) xs = disc r [(f k,v) | (k,v) ← xs]
disc (Bag r) xs = disc (Map (sort r) (list r)) xs
disc (Set r) xs = disc (Map (usort r) (list r)) xs
disc (Refine r1 r2) xs =
[zs | ys ← disc r1 [ (k,(k,v)) | (k,v) ← xs ],

zs ← disc r2 ys ]
disc (Inv r) xs = reverse (disc r xs)
discChar xs = [ reverse vs | vs ← vss, not (null vs) ]
where vss = elems (accumArray (\vs v → v : vs)

[] (’\000’, ’\255’) xs)
discNat n xs = [ reverse vs | vs ← vss, not (null vs) ]
where vss = elems (accumArray (\vs v → v : vs)

[] (0, n-1) xs)

Given a sorting discriminator, both (sorting) partitioning, sort-
ing and unique-sorting functions are easily defined.
-- Sorting partitioner
-- from sorting discriminator
part :: (Order t) → [t] → [[t]]
part r xs = disc r [ (x, x) | x ← xs ]
-- Sorting function
-- from sorting partitioner
sort :: Order t → [t] → [t]
sort r xs = [ y | ys ← part r xs, y ← ys ]
-- Unique-sorting function
-- from sorting partitioner
usort :: Order t → [t] → [t]
usort r xs = [ head ys | ys ← part r xs ]

Likewise, comparison functions can be defined parametrically
from discriminators: a comparison function is essentially just a
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discriminator or sorting function applied to 2 elements instead of
n elements.

-- Boolean comparison function
-- from sorting discriminator
lte :: Order t → t → t → Bool
lte r x y = head (concat (disc r [(x, True), (y, False)]))

Note that we have turned comparison-based sorting on its head
here: in comparison-based sorting it is the comparison function
that is defined generically, and the sorting function is defined
parametrically from it. Here it is the sorting function—actually,
the discriminator—that is defined generically, and the comparison
function is defined parametrically from the discriminator!

5. Complexity
Assume each element of a primitive type has a size function de-
noted |.| that maps each member of the type to a natural number.
The size function can be extended to elements of pair, sum and
recursive types in a natural fashion:

• the size of a pair is the sum of the sizes the elements plus one;
• the size of a sum-tagged value is one plus the size of the

underlying untagged value;
• the size of a value as an element of a recursive type is one plus

its size as the member of the unfolded type;
• the size of a pointer is one, no matter what data it points to.

The details of which constants to use above are not important. What
is critical, however, is that the size function for pairs adds the size
of each component separately. This means that the size function
measures the storage requirements of unboxed and, more generally,
unshared data asymptotically correctly, but not of shared data: A
directed acyclic graph (dag) with n elements may represent a tree
of size Θ(2n). The size function will consequently yield Θ(2n)
even though the dag can be stored in space O(n). This is why
the top-down discrimination embodied in our generic discriminator
gives asymptotically optimal performance only for unshared data.
Dealing with sharing requires bottom-up multiset discrimination
(Paige 1991; Henglein 2003).

Our computational model is a pointer machine with basic op-
erations operating on constant-sized data. In particular, operations
on pairs (construction, projection), tagged values (tagging, pattern
matching on primitive tags) and iso-recursive types (folding, un-
folding) each take constant time if the arguments have a boxed
(pointer) representation.

We say discriminator disc r executes in linear time if, when-
ever applied to [(k1, v1), . . . , (ki, vi), . . . , (kn, vn)] with the vi

represented as pointers, it runs in time O(n +
∑n

i=1
|ki|).

5.1 Nonrecursive orders
The question now is: For which values of r does disc r execute
in linear time? Clearly, the function f must execute in linear time
if the discriminator for Map f r is to do so, too. Interestingly this
is sufficient to guarantee that all Fix-free denotations yield linear-
time discriminators.

PROPOSITION 5.1. Let r be a Fix-free order denotation. If each
primitive order denotation has a linear-time discriminator and
each function occurring in r executes in linear time then disc r
executes in linear time, too.

PROOF By induction on r. The key property is that a linear-time
executable function f used in Map f r can only increase the size
of its output by a constant factor relative to the size of its input. For
Bag and Set denotations we also need the fact that list r yields
a linear-time discriminator. 2

It is important to note that the constant factor in the running time
of disc r generally depends on r.

5.2 Recursive orders
To get a sense of when Fix-denotations yield linear-time discrimi-
nators, we shall investigate a number of situations where this does
not hold.

The most obvious case is Fix \p . p :: Order t: The re-
sultant discriminator does not terminate. Intuitively, this is because
the discriminator does not work on progressively smaller inputs.
Functions in Map f r-denotations may even increase the size of
arguments to subsequent discriminator calls.

We shall thus stipulate that order denotations be contractive.
Informally, a finite approximation of an order denotation consists of
unrolling all occurrences of Fix any finite number of times and then
replacing them with a denotation representing the empty ordering
relation. We say an order denotation r :: Order(T) is contractive
if, for every finite subset S of values of type T, there is a finite
approximation of r denoting an order whose domain includes S.

Consider now the order constructor flipflop

-- Flip-flop ordering on lists,
flipflop :: Order t → Order [t]
flipflop r = Fix (\p → Map (fromList . reverse)

(Sum Unit (Pair r p)))

It orders lists lexicographically, but not by the standard index
order on elements in the list. It first considers the last element
of a list, then the first, then next-to-last, second, next-to-next-
to-last, third, etc. flipflop Char yields a quadratic time dis-
criminator. It should be noted that also the comparison function
comp (flipflop Char) requires quadratic time. The reason for
this is the repeated application of the reverse function.

Let us look at the body of flipflop in more detail:
Map (fromList . reverse) (Sum Unit (Pair r p))
By Proposition 5.1 we know that this yields a linear-time

discriminator as long as p, viewed as a primitive denotation,
has a linear-time discriminator. The recursive order denotation
flipflop gives rise to a recursively defined discriminator, and the
reason for nonlinearity is that the recursive call operates on parts
of the input that have already been processed before the recursive
call, notably by the reverse function.

The key idea to ensuring linear-time performance of recursive
discriminators is the following amortization argument: Make sure
that the input can be (conceptually) split such that the execution of
the body of a discriminator minus its recursive calls can be charged
to one part of the input, and its recursive call(s) to the other part.6

In other words, the nonrecursive computation steps are not al-
lowed to “touch” those parts of the input that are passed to the re-
cursive call(s): They may maintain and rearrange pointers to those
parts, but must not dereference them. How can we ensure that this
is obeyed? We insist that the nonrecursive computation steps be
parametric polymorphic in the parts passed to the recursive call(s)
and stipulate a boxed (pointer) representation for data in parametric
position (Henglein and Jørgensen 1994).

We require now that parametric polymorphic functions f that
are used in order denotations of the form Map f r be linear-time
and affine in data in parametric position. This means that pointers
representing data in polymorphic position may be discarded by f,
but they must not be duplicated; and that the output must be pro-
duced in time linear in the size of the input data without counting
those parts that are in polymorphic position.

6 Charging means that we attribute a constant amount of computation to
constant amounts of the original input. If all computation steps can be
accounted for in this fashion we have proven linear-time complexity.
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Since discrimination for Bag r and Set r denotations is imple-
mented by mapping the sorting, respectively unique-sorting func-
tion for r over the argument, r must not contain occurrences of a
Fix-bound order variable.

We now have a recipe for constructing order denotations on
recursive types that yield linear-time discriminators:

• Let U = µt.T be a contractive recursive type with f : U →
T [U/t] the unfold-part of the isomorphism between U and
T [U/t].7

• Find an order denotation r of polymorphic type
∀ t. Order t -> Order T where all functions “mapped”
in r are linear-time and affine, and occurrences of the form
Bag r1 and Set r2 in r do not contain p.

• Form the recursive order denotation
Fix \p. Map f (r[U] p) :: Order U

The notation r[U], which is not legal Haskell syntax, denotes the
explicit instantiation of r at type U. Note that the isomorphism f
has the property that it runs in time O(|v| − |f(v)|) for all values
v.

This leads to our main complexity theorem:

THEOREM 5.2. Let r be a denotation such that all occurrences of
Fix are of the form above, primitive discriminators run in linear
time, and all mapped functions are linear-time and affine.

Then disc r executes in time O(|xs|) when applied to xs.

PROOF (Idea) By induction on order denotations with free order
denotation variables, each of type Order(t), with t a type variable.
2

Each recursive type has a standard order as long as each primi-
tive type occurring in it is equipped with one: the product type is or-
dered by Pair, the sum type by Sum and a recursive type U = µt.T
by Fix \p. Map f R where R is the standard order of T under the
assumption that p is the standard order of t, and f is the unfold-
function of U .

As a corollary of Theorem 5.2 we immediately get that all such
standard orders yield a linear-time sorting discriminator.

It can be observed that disc r executes in linear time if and
only if comp r, the pairwise comparison function for r, does so.
In this sense sorting discriminators are a proper generalization of
comparison functions: They execute within the same computational
resource bounds, but decide the ordering relation on n arguments
at a time instead of just 2.

It should be noted here that classical comparison-based sorting
algorithms such as Mergesort only yield quadratic time worst-case
bounds where the corresponding discriminators for the same order
guarantee linear time. (See Section 9 for more on this.)

6. Applications
We present some applications of discrimination, including its vari-
ations as sorting and partitioning functions, which are intended to
illustrate the expressive power of order denotations and the asymp-
totic efficiency of generic discrimination, sorting and partitioning.

6.1 Word occurrences
Consider a text. After tokenization we obtain a list of string-integer
pairs, where each pair (w, i) denotes that string w occurs at position
i in the input text. We are interested in partitioning the indexes
such that each equivalence class represents all the occurrences of

7 Contractive means that U is not just a list of µ-binders followed by a type
variable.

the same word in the text. This is accomplished by the following
function:

-- occs : Occurrences of identical words in text
occs :: [(String, Int)] → [[Int]]
occs = disc (list Char)

Each group of indexes returned points to the same word in
the original text. The order of the index lists returned reflects the
lexicographic (alphabetic) order of the words thus indexed. Since
all our discriminators are stable if the primitive discriminators are,
the indexes of each word are returned in ascending order as long as
the input itself is provided in index-ascending order.

If we wish to find occurrences modulo the case of the letters,
so the occcurences of “Dog”, “dog” and “DOG” are put into the
same equivalence class we simply change the order denotation
correspondingly:

-- occsCaseIns : As occs, only case insensitive
occsCaseIns :: [(String, Int)] → [[Int]]
occsCaseIns = disc (list (Map toUpper Char))

We could also use toLower instead of toUpper, which illus-
trates that the same order may have multiple denotations.

6.2 Anagram classes
A classical problem treated by Bentley in his programming pearls
series (Bentley 1983) is anagram classes: Given a list of words
from a dictionary find their anagram classes; that is find all words
that are permutations of each other and do this for all the words
in the dictionary. This is tantamount to treating words as bags of
characters, and we thus arrive at the following solution:

-- anagram classes
anagrams :: [String] → [[String]]
anagrams = part (Bag Char)

Note that the result is returned such that, within each anagram
class the words found are alphabetically sorted.

This is bound to be the shortest solution to Bentley’s problem
yet, and it even improves his solution asymptotically. (His Unix
shell-programming solution uses comparison-based sorting.)

If we want to find anagram classes modulo the case of letters
we use a modified order denotation, analogous to the way we have
done in the word occurrence problem:

-- anagram classes, case insensitive
anagramsCaseIns :: [String] → [[String]]
anagramsCaseIns = part (Bag (Map toUpper Char))

Anagram equivalence is bag equivalence for character lists.
If we want to find equivalent bags for lists where the elements
themselves are sets (also represented as lists, but intended as set
representations), which in turn contain bytes, the corresponding
ordering relation can be defined as follows:

-- ordering relation on lists (as bags)
-- of lists (as sets) of bytes
bsbOrder :: Order [[Int]]
bsbOrder = Bag (Set byte)

Discrimination, partitioning and sorting is then simply defined
by applying disc, part and sort, respectively, to bsbOrder.

6.3 Lexicographic sorting
Let us assume we want to sort strings—lists of characters. Sorting
in ascending alphabetic, descending alphabetic and ascending, but
case insensitive order can be solved as follows:

-- lexicographic sorting functions
lexUp = sort (list Char)
lexDown = sort (list (Inv Char))
lexUpCaseIns = sort (list (Map toUpper Char))
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Each of these lexicographic sorting functions operates left-to-
right and inspects only the characters in the minimum distinguish-
ing prefix of the input; that is, for each input string the minimum
prefix required to distinguish the string from all other input strings.
(If a string occurs twice, all characters are inspected.) It has the
known weakness (Mehlhorn 1984), however, that there are usu-
ally many calls to the Char-discriminator with only few arguments.
The Char-discriminator returns its input by traversing an array, the
bucket table, of some fixed size m, which is independent of the
number n of arguments passed to it. So traversal time is O(n+m),
which means m dominates for small values of n.

If the output does not need to be alphabetically sorted traversal
time can be made independent of the array size by employing
basic multiset discrimination (Cai and Paige 1995, Section 2.2).
This motivated Paige and Tarjan to break lexicographic sorting
into two phases: In the first phase they identify equal elements,
but do not return them in sorted order; instead they build a trie-
like data structure. In the second phase they traverse the nodes in
this structure in a single sweep and make sure that the children of
each node are eventually listed in sorted order, arriving at a proper
trie representation of the lexicographically sorted output (Paige and
Tarjan 1987, Section 2). Even though building an intermediate data
structure such as a trie may at first appear too expensive to be useful
in practice, a similar two-phase approach is taken in what is claimed
to be the fastest string sorting algorithm for large data sets (Sinha
and Zobel 2003).

Another solution is possible, however, which does not require
building a trie for the entire input. Consider the code for discrimi-
nation of pairs:

disc (Pair r1 r2) xs =
[ vs | ys ← disc r1 [(k1,(k2,v)) | ((k1,k2),v) ← xs],

vs ← disc r2 ys ]

We can see that disc r2 is called for each group ys output
by the first discrimination step. If r2 is Char, the repeated calls
of disc r2 are calls to the bucket sorting based discriminator
discChar. The problem is that each such call may fill the array
serving as the bucket table with only few elements before retriev-
ing them by sequential iteration through the entire array. The idea
now is to combine all calls to disc r2 into a single call by ap-
plying it to the concatenation of all the groups ys. To be able to
distinguish from which original group an element comes, each ele-
ment is tagged with a unique group number before being passed to
disc r2. The output of that call is concatenated and discriminated
on the group number they received. This, quite magically, produces
the same groups vs as in the code above.

Formally, this can be specified as follows:

disc (Pair r1 r2) xs =
disc (Nat (length yss)) (concat (disc r2 zss))
where yss = disc r1 [ (k1, (k2, v)) |

((k1, k2), v) ← xs ]
zss = [ (k2, (i, v)) |

(i, ys) ← zip [0..] yss, (k2, v) ← ys ]

The correctness of this code exploits the fact that disc is stable.
It works for all order denotations. Restricted to the standard lexico-
graphic ordering on strings it is the key idea in Forward Radixsort
(Andersson and Nilsson 1994, 1998). It can also be thought of as a
local application of least-significant-digit (LSD) sorting, expressed
in terms of discriminators.

Going from processing one group at a time to processing all of
them in one go is questionable from a practical perspective: it is tan-
tamount to going from depth-first processing of groups to breadth-
first processing, which has bad locality and low parallelizability. It
brings back some of the disadvantages least-significant-digit first
radix sorting has vis a vis most-significant-digit. To wit, when us-

ing basic multiset discrimination (Cai and Paige 1995), which does
not incur the penalty of traversal of empty buckets, breadth-first
group processing has been observed to have noticeably worse prac-
tical performance than depth-first processing (Ambus 2004, Sec-
tion 2.4).

We conjecture that concatenating not all groups ys returned
by disc r1 in the defining clause for disc (Pair r1 r2), but
just as many as is necessary to fill the bucket table to “pay” for its
traversal will lead to a good algorithm that retains the advantages of
MSD radix sorting without suffering the cost of near-empty bucket
table traversals.

6.4 Type isomorphism
The type isomorphsm problem with an associative type constructor
is the problem of partitioning a set of simple types with an associa-
tive type constructor × (product) and with other, free type constru-
tors such as → (function type), 0 (Natural numbers).

Even though sorting is not required for the problem we can
specify an equivalence relation by providing a total preorder in-
ducing the desired equivalence on the type terms. (A direct specifi-
cation of equivalence relations is possible, but omitted here.)

The problem can be solved as follows. We define a data type for
type expressions:

-- data type for representing type expressions
data TypeExp = TCons String [TypeExp]

| Prod TypeExp TypeExp

Here the Prod constructor represents the product type construc-
tor; it is singled out from the other type constructors since it is to
be treated as an associative constructor.

In the first phase type expressions are normalized such that
products occurring in a type are turned into an n-ary product type
constructor applied to a list of types, none of which is such a prod-
uct type. This corresponds to exploiting the associativity property
of ×. We can use the following data type for representing the re-
sulting type expressions:

-- type expressions with n-ary product type constructor
data TypeExp2 = TCons2 String [TypeExp2]

| Prod2 [TypeExp2]

The normalization function trans can be defined as follows:

-- transforming Prod-subtrees into Prod2-lists
trans (Prod t1 t2) = Prod2 (traverse (Prod t1 t2) [])
trans (TCons c ts) = TCons2 c (map trans ts)
traverse (Prod t1 t2) rem = traverse t1 (traverse t2 rem)
traverse (TCons c ts) rem = TCons2 c (map trans ts) : rem

Having normalized type expressions, the desired equivalence
relation is induced by the following total preorder:

prod2 :: Order TypeExp2
prod2 = Fix (\p → Map unTypeExp2

(Sum (Pair (list Char) (list p)) (list p)))
where unTypeExp2 (TCons2 v cts) = Left (v, cts)

unTypeExp2 (Prod2 cts) = Right cts

The function unTypeExp2 is half of the isomorphism between
TypeExp2 and Either (String, [TypeExp2]) [TypeExp2],
which is required due to Haskell’s iso-recursive approach to recur-
sive types. Eliding it temporarily, the order prod2 can be defined
recursively as

prod2 = Sum (Pair String (list prod2)) (list prod2)

where String = list Char is the standard order on strings.
Reading prod2 in terms of the equivalence induced, it says that
two type expressions are equivalent if and only if they have the
same type constructor and their arguments are pairwise equivalent:
it is structural equality on TypeExp2.
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It is easy to see that normalization executes in linear time on
unshared type expressions, and by Theorem 5.2 the second phase
also operates in linear time. It should be noted that the above is the
entire code of the solution.

A harder variant of this problem is type isomorphism where the
product constructor is associative and commutative. Normalization
handles associativity as before, and commutativity can be captured
by the following order denotation:

prod3 :: Order TypeExp2
prod3 = Fix (\p → Map unTypeExp2

(Sum (Pair (list Char) (list p)) (Bag p)))
where unTypeExp2 (TCons2 v cts) = Left (v, cts)

unTypeExp2 (Prod2 cts) = Right cts

The only change to prod2 is the use of Bag p instead of list p.
Now part prod3 is a solution to the problem. prod3 does not
satisfy the requirements of Theorem 5.2, however, and indeed
part prod3 does not run in linear time: it takes exponential time!

It has been shown that this problem can be solved in linear
time over tree (unboxed) representations of type expressions (Jha
et al. 2008) by applying bottom-up multiset discrimination for trees
with weak sorting (Paige 1991). For pairs of types this has also
been proved separately (Zibin et al. 2003), where basic multiset
discrimination techniques due to Cai and Paige (1991, 1995) have
been rediscovered.

Bottom-up multiset discrimination can handle shared acyclic
data in linear time. A generic implementation framework for it
remains to be developed, however.

7. Combinator library
Since the generic discriminator is defined by (co-)induction over
order denotations, order denotations can easily be eliminated by
partial evaluation, which results in a combinator library for discrim-
inators. This can be thought of as an exercise in polytypic program-
ming (Jeuring and Jansson 1996; Hinze 2000), extended from type
denotations (one per type) to order denotations (many per type).

-- Discriminator combinators derived from generic definition
-- NB: For simplicity without shortcut clauses
-- for singleton argument lists
type Disc k v = [(k, v)] → [[v]]

discChar :: Disc Char v
discChar xs = [ vs | vs ← vss, not (null vs) ]
where vss = elems (accumArray (\vs v → v : vs)

[] (’\000’, ’\255’) xs)
discNat :: Int → Disc Int v
discNat n xs = [ vs | vs ← vss, not (null vs) ]
where vss = elems (accumArray (\vs v → v : vs)

[] (0, n-1) xs)
discUnit :: Disc () v
discUnit xs = [[ v | (_, v) ← xs ]]
discSum :: Disc k1 v → Disc k2 v → Disc (Either k1 k2) v
discSum d1 d2 xs =

d1 [ (k1, v1) | (Left k1, v1) ← xs ]
++ d2 [ (k2, v2) | (Right k2, v2) ← xs ]
discPair :: Disc k1 (k2, v) → Disc k2 v → Disc (k1, k2) v
discPair d1 d2 xs =
[ vs | ys ← d1 [ (k1, (k2, v)) | ((k1, k2), v) ← xs ],

vs ← d2 ys ]
discFix :: (Disc k v → Disc k v) → Disc k v
discFix df = df (discFix df)
discMap :: (k1 → k2) → Disc k2 v → Disc k1 v
discMap f d xs = d [ (f k, v) | (k, v) ← xs ]
discList :: Disc k ([k], v) → Disc [k] v
discList d =
discMap fromList (discSum discUnit

(discPair d (discList d)))
where fromList :: [t] → Either () (t, [t])

fromList [] = Left ()
fromList (x : xs) = Right (x, xs)

discBag :: (forall v. Disc k v) → Disc [k] v
discBag d xs = discMap (sort d) (discList d) xs
discSet :: (forall v. Disc k v) → Disc [k] v
discSet d xs = discMap (usort d) (discList d) xs
discRefine :: Disc k (k, v) → Disc k v → Disc k v
discRefine d1 d2 xs =
[ zs | ys ← d1 [ (k, (k, v)) | (k, v) ← xs ],

zs ← d2 ys ]
discInv :: Disc k v → Disc k v
discInv d xs = reverse (d xs)

-- Ordered partitioning from discriminator
part :: Disc t t → [t] → [[t]]
part d xs = d [ (x, x) | x ← xs ]
-- Sorting from ordered partitioning
sort :: Disc t t → [t] → [t]
sort d xs = [ y | ys ← part d xs, y ← ys ]
-- Unique sorting from ordered partitioning
usort :: Disc t t → [t] → [t]
usort d xs = [ head ys | ys ← part d xs ]
-- Boolean comparison function
-- from sorting discriminator
lte :: Disc t Bool → t → t → Bool
lte d x y = head (concat (d [(x, True), (y, False)]))

The advantage of the discriminator combinator library vis a vis
the generic discriminator is that it does away with denotations alto-
gether and lets programmers compose discriminators combinatori-
ally. Also, this incurs no run-time overhead for denotation process-
ing.

The disadvantage is that reasoning about orders and exploiting
properties of order denotations is no longer realistically possible.
As we have seen, different denotations may denote the same order.
For practical reasons one denotation may be preferable over an-
other; e.g., invSum may be preferable to invSum’ (see Section 3.6)
since it may yield a slightly better performing discriminator. With
explicit denotations it is possible for a user to define a function
normalize: Order t -> Order t that transforms denotations
into an equivalent, for that user presumably better denotation before
passing it as an argument to the generic discriminator. Having ex-
plicit order denotations thus enables denotation optimization, anal-
ogous to query optimization, by way of reasoning with and compu-
tationally manipulating order denotations prior to instantiating the
generic discriminator.

8. Discussion
8.1 Complexity of sorting
The (time) complexity of sorting seems to be subject to some de-
gree of confusion, possibly because different models of computa-
tion (fixed-word width RAM, RAMs with variable word-width and
various word-level operations, cell-probe model, pointer model(s),
etc.) and different models of what is counted (only number of
comparisons in terms of number of elements in input, number
of all operations in terms of number of elements, time complex-
ity in terms of size of input) are used, but in each case with the
same familiar looking meta-variables (n) and (asymptotic) formu-
lae (O(n log n)).

The quest for fast integer sorting in the last 15 years (see
Fredman and Willard (1993); Andersson et al. (1998); Han and
Thorup (2002) for hallmark results) has sought to perform sorting
as (asymptotically) fast as possible as a function of the number of
elements in the input on RAMs with variable word size and word-
level parallelism.

Our model of computation is a random-access machine with
fixed word width, say 32 or 64 bits, corresponding to a conventional

99



Table 1. Comparison-based sorting algorithms for complex data

Sort Time complexity

Quicksort (Hoare 1961) Θ(N2)
Mergesort (Knuth 1998, Sec. 5.2.4) Θ(N2)
Heapsort (Williams 1964) Θ(N2)
Selection sort (Knuth 1998, Sec. 5.2.3) Θ(N3)
Insertion sort (Knuth 1998, Sec. 5.2.1) Θ(N2)
Bubble sort (Knuth 1998, Sec. 5.2.2) Θ(N2)
Bitonic sort (Batcher 1968) Θ(N log2 N)
Shell sort (Shell 1959) Θ(N log2 N)
Odd-even mergesort (Batcher 1968) Θ(N log2 N)
AKS sorting network (Ajtai et al. 1983) Θ(N log N)

sequential computer. (Indeed we only require pointer operations
– the random access is not required for our complexity results to
hold.) In this setting the only meaningful measure of the input is
its size in terms of total number of words (or bits) occupied, not
the number of elements. If each possible element in an input has
constant size, say 32 bits, then input size translates into number of
elements, of course. But we want sorting to also work efficiently on
inputs with variable-sized elements.

An apparently not widely known fact about comparison-based
sorting algorithms—I have not seen it stated before—is that they
do not generally run in time O(N log N), where N is the size of
the input, for inputs with variable-sized elements on fixed-width
RAMs. It is known that they require Θ(n log n) applications of the
comparison test, but n is the number of elements in the input, not
its size, N .

THEOREM 8.1. Let (A,≤) be a total preorder and assume that
testing whether v ≤ w has time complexity Θ(|v| + |w|). Then
comparison-based sorting algorithms have the time complexities
given in Table 1.

PROOF (Proof sketch) The lower bounds for the data-sensitive
algorithms (Quicksort, . . . , Bubble sort) follow from analyzing the
situation where the input consists of one element of size Θ(n),
with n remaining inputs of size O(1). The upper bounds follow
from analyzing how often each element can be an argument in a
comparison operation.

Lower and upper bounds for the data-insensitive algorithms
(sorting networks) follow from information on their depths and
sizes as sorting networks; in particular, the depth provides an upper
bound on how many times any given input element is used in a
comparison by the algorithm. 2

Note that Mergesort and Heapsort run in quadratic time since
they run the risk of repeatedly, up to Θ(n) times, using the same
large input element in comparisons, whereas the design of efficient
data-insensitive sorting algorithms prevents this. In one important
case they run in time Θ(N log N), however: lexicographic order-
ing. In this case the comparison function does need not to inves-
tigate all bits in its arguments, only their minimal discriminating
prefix.

8.2 Use of explicit fixed point operator
We have used an explicit fixed point operator for recursively de-
fined orders instead of using infinitary terms denoted by recursion
equations, as advocated by Hinze (Hinze 2000). So instead of writ-
ing

list r = Fix \p → Map fromList (Sum Unit (Pair r p))

we could define recursively

list r = Map fromList (Sum Unit (Pair r (list r)))

The use of the explicit fixed-point operator instead of implicit
recursion plays a number of roles here. In general, it allows dis-
tinguishing between a denotation before and after its unrolling.
Of particular importance is that type variables and order deno-
tation variables are interpreted differently from their unrolling in
the complexity-theoretic analysis: The parts of an input that “cor-
respond” to a type variable must be treated parametrically—by
pointer operations, disallowing their copying—to ensure linear-
time performance of the resulting discriminator code.

Finally, even though not pursued here since we only deal with
finite unshared data and thus no cyclic data structures, there may be
multiple fixed points. Equivalence relations form a complete lattice
that admits both greatest and least fixed points of monotonic func-
tions. Extending list r as an equivalence denotation to cyclic fi-
nite lists we can get distinct fixed points: One where nonidentical,
but isomorphic graphs with cycles are considered equivalent (great-
est fixed point) and another where they are not (least fixed point).

8.3 Associative reshuffling
The code for discrimination of products contains what looks to
be a reshuffling of the input: ((k1, k2), v) is transformed into
(k1, (k2, v)) before being passed to the first subdiscriminator.

disc (Pair r1 r2) xs =
[vs | ys ← disc r1 [ (k1,(k2,v)) | ((k1,k2),v) ← xs],

vs ← disc r2 ys ]

This seems wasteful at first sight. It is an important and in essence
unavoidable step, however. It is tantamount to the algorithm mov-
ing to the left child of each key pair node and retaining the nec-
essary continuation information. To get a sense of this, let us con-
sider reshuffling in the context of nested products. Consider, for
example, Pair (Pair (Pair r1 r2) r3) r4), with r1, r2,
r3, r4 being primitive order denotations such as Char. The ef-
fect of discrimination is that each input ((((k1, k2), k3), k4), v) is
initially transformed into (k1, (k2, (k3, (k4, v)))) and then the four
primitive discrimators, corresponding to k1, k2, k3, k4, are applied
in order: The reshuffling ensures that the inputs are lined up in the
right order for this.

We may be tempted to perform the reshuffling step lazily, by
calling an adapted version discL of the discriminator:

disc (Pair r1 r2) xs =
[ vs | ys ← discL r1 xs,

vs ← disc r2 ys ]

But how to define discL then? In particular, what to do when its
argument is, in turn, a product denotation? Introduce discLL? At
this point we may be tempted to provide an access or extractor
function as an extra argument to a discriminator, as has been done
by Ambus (2004). This leads to the following definition of disc2
for product orders:

disc2 (Pair r1 r2) f xs =
[ vs | ys ← disc2 r1 (fst . f) xs,

vs ← disc2 r2 (snd . f) ys ]

Note that disc2 takes an access function as an additional argument.
The result of disc2 includes the keys passed to it, and thus the two
calls of disc2 select the first, respectively second component of the
key pairs in the input. Since disc2 is passed an access function f
to start with the selector functions fst and snd must be composed
with f.

In the end this can be extended to a generic definition of disc2,
which actually sorts its input. It has one critical disadvantage,
however: It has, ultimately even asymptotically, inferior perfor-
mance! The reason for this is that each access to a part of the
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input is by navigating to that part from a root node in the origi-
nal input. The cost of this is thus proportional to the path length
from the root to that part. Consider an input element of the form
(((...((k1, k2), k3), ...), kn), v), with k1, . . . , kn primitive keys.
Accessing all n primitive keys by separate accesses, each from the
root (the whole value), requires a total of Θ(n2) steps!

It is possible to delay or recode the reshuffling step, but it cannot
really be avoided.

9. Conclusions
Multiset discrimination has previously been introduced and de-
veloped as an algorithmic tool set for efficiently partitioning and
preprocessing data according to certain equivalence relations on
strings and trees (Paige and Tarjan 1987; Paige 1994; Cai and Paige
1995; Paige and Yang 1997).

We have shown how to analyze multiset discrimination into its
functional core components, identifying the notion of discriminator
as the core abstraction, and how to compose them generically for
a rich class of orders and equivalence relations. In particular, we
show that discriminators cannot only be used to partition data, but
also to sort them in linear time.

An important aspect of discriminators is that they preserve ab-
straction: They provide observation of the order (or equivalence
relation), but nothing else. This is important when defining an or-
dered abstract type that should retain as much implementation free-
dom as possible while providing efficient access to its ordering rela-
tion. Discriminators do this, in contrast to ranking functions, which
map elements to a standard total order such as the integers. The
interesting point is that discriminators are principally superior to
comparison functions and equality tests: they preserve abstraction,
but provide asymptotically improved performance; and to ranking
and hash functions functions: they match their algorithmic perfor-
mance, but without compromising data abstraction.

We show that type isomorphism for simple types with an as-
sociative type constructor can be solved by specifying structural
type equality after transforming the input. Type isomorphism with
an associative-commutative type constructor (Zibin et al. 2003; Jha
et al. 2008) can be expressed, but requires the more complicated
bottom-up multiset discrimination to achieve linear-time perfor-
mance, which is not pursued here. The lexicographic string sort-
ing algorithm of Paige and Tarjan (1987, Section 2) is improved by
demonstrating that no clever constant-time array initialization or
two-phase processing with explicit trie construction is necessary.

Our work shows that linear-time distributive sorting algorithms,
usually restricted to finite domains (bucket sorting) or sequences
over such domains (radix sorting) can be bootstrapped to a rich
class of orders on arbitrary first-order types, using a single, straight-
forward generic definition of discrimination. This circumvents the
information-theoretic bottleneck of comparison-based sorting algo-
rithms. For types such as ML references that wish to make only an
equivalence relation available (setoids) without an ordering relation
the argument for discriminators is even more compelling: Discrimi-
nators can partition n elements in time O(n). Using a constant-time
equality test as only operation to access the equivalence, however,
this requires Ω(n2) time.

A generic software framework for bulk data processing, such
as partitioning and sorting, built on discriminators avoids the al-
gorithmic bottleneck of building it on binary equality/equivalence
tests and comparison functions and simultaneously retains their ad-
vantages: discriminators are purely functional and disclose only the
equivalence relation, respectively order, in question. We conclude
that both standard orders and equality relations on types should
be exposed as discriminators, not only as binary comparison and
equality test functions, as is commonly the case.

It is noteworthy that discriminators behave purely functionally
and their type can be described as an ML-polymorphic parametric
type, but an efficient implementation (not demonstrated here, but
crucial in practice) of base type discriminators requires highly im-
perative code that is not typable in an ML-style typing discipline.
This may partially explain why discrimination has not previously
been discovered in the “natural” course of purely functional pro-
gramming practice.

9.1 Future work
It is quite easy to see how the definition of generic discrimina-
tion can be changed so as to produce in a single pass key-sorted
tries instead of just permuted lists of its inputs. This generalizes the
trie construction of Paige and Tarjan’s lexicographic sorting algo-
rithm (Paige and Tarjan 1987, Section 2) in two respects: it does
so for arbitrary orders, not only for the standard lexicographic or-
der on strings, and it does so in a single pass instead of requiring
two. Of particular interest in this connection are Hinze’s generic
definitions of operations on generalized tries (Hinze 2000): Dis-
criminators can construct tries in a batch-oriented fashion, and his
operations can manipulate them in a one-key-value-pair at a time
fashion. There are some differences: Hinze treats nested datatypes,
not only regular recursive types, but he has no separate orders or
any equivalences on those. In particular, his tries are not key-sorted
(the edges out of a node are unsorted). It appears that the treat-
ment of nonnested datatypes can be transferred to discriminators,
and the order denotation approach can be transferred to the trie
construction operations. We can envisage a generic data structure
and algorithm framework where distributive sorting (discrimina-
tion) and search structures (tries) supplant comparison-based sort-
ing and comparison-based data structures (search trees), obtaining
improved asymptotic time complexities without surrendering data
encapsulation. We conjecture that competitive memory utilization
and attaining data locality will be serious challenges for the dis-
tributive techniques. With the advent of space efficient radix-based
sorting (Franceschini et al. 2007), however, we believe that the
generic distributive sorting framework presented here can be de-
veloped into a framework that has a good chance of outcompeting
even highly space efficient in-place comparison-based sorting al-
gorithms in most, if not all, use scenarios of in-memory sorting.

Hinze8 has observed that the generic discriminator employs a
list monad and that producing a trie is a specific instance of re-
placing the list monad with another monad, the trie monad. This
raises the question of how “general” the functionality of discrimi-
nation can be formulated and whether it is possible to characterize
discrimination by some sort of natural universal property. It also
raises the possibility of deforestation-like optimizations: How to
avoid building the output lists of a discriminator once we know how
they will be destructed in the context of a discriminator application.

Linear-time discrimination for equivalence relations (that is,
without sorting) can be extended to shared data for acyclic data
structures; discrimination of cyclic data is known to require en-
tirely different algorithmic techniques at the cost of a logarithmic
factor (Henglein 2003). Capturing this in a generic programming
framework would expand applicability of discrimination to graph
isomorphism problems such as deciding bisimilarity, reducing state
graphs in model checkers, and the like.

The present functional specification of discrimination has been
formulated for clarity, and—most emphatically—not for perfor-
mance beyond enabling some basic asymptotic reasoning.9 Even

8 Personal communication at IFIP TC2.8 Working Group meeting, Park
City, Utah, June 15-22, 2008.
9 which would make concrete performance measurements and comparisons
not only useless, but outright misguided
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though it appears to perform competitively out-of-the-box with
good sorting algorithms in terms of time performance, it appears
clear that its memory requirements need to—and can—be man-
aged explicitly in a practical implementation. In particular, efficient
in-place implementations that do away with the need for dynamic
memory management, reduce the memory footprint and improve
data locality should provide substantial benefits in comparison to
leaving memory management to a general-purpose heap manager.

Join queries and their efficient processing play a central role
in database query processing. Discrimination can be used as an
alternative to sorting or hashing for their implementation. It may,
together with standard data operations such as filtering and selec-
tion, provide an interesting generic framework for database pro-
gramming.

Expressive programming frameworks in languages such as
C++, C#, Haskell, Java, OCaml, Python, Scheme, Standard ML,
Visual Basic should be developed and evaluated empirically for
usability and performance.
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