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Abstract

A subtyping 7 < 7' is entailed by a set of subtyping
congraints C, written C' |= 7 < 7/, if every valuation
(mapping of type variables to ground types) that satisfies C
also satisfies < 7.

W& study the compl exity of subtype entailment for smple
types over lattices of base types. WWe show that:

e deciding C' = 7 < 7' iscoNP-complete.

¢ decidingC' = a < g for consistent, atomicC' and «, 3
atomic can be donein linear time.

The structural lower (coNP-hardness) and upper (mem-
bership in coNP) bounds as well as the optimal algorithm
for atomic entailment are new. The coNP-hardness result
indicatesthat entailment is strictly harder than satifiability,
which is known to be in PTIME for lattices of base types.
The proof of coNP-completeness gives an improved algo-
rithmfor deciding entailment and putsa precise complexity-
theoretic marker on theintuitive“ exponential explosion” in
the algorithm.

Central to our results is a novel characterization of
C = a < g for atomic, consistent C. This is the basis
for correctness of the linear-time algorithm as well as a
complete axiomatization of C = a < g for atomic C' by
extending the usual proof rulesfor subtypeinference. It also
incor porates the fundamental insight for understanding the
structural complexity boundsin the general case.

1. Introduction

1.1. Subtype entailment: Relevance and related

wor k

Subtypingisafundamental conceptinthetheory of typed
programming languages. Its basic principles are typically

studied in extensions of the simply typed lambda calculus.
Following this line of research, the present paper studies
a problem in the standard system of structural subtyping
defined by Mitchell [15, 16] and subsequently studied ex-
tensively by many others (see references bel ow.)

In structural subtyping aposet P of basetypesislifted to
an order (subtype) relation on structured types. Thisisdone
viaa subtypelogic - p which defines derivable judgements
of theform C +p 7 < 7/, where C is afinite set of subtype
constraints between type expressions and 7, ' are possibly
structured types. The ssimply typed lambda calculus is then
extended with arule of subsumption, which allowsany term
having type = under the subtype assumptions C' to have any
supertype 7' of 7, i.e, any type 7’ suchthat C p 7 < 7'.
Thepresence of subtype assumptions C'intypingsof lambda
termsis necessitated by the desire to have principal typings,
see (9, 16].

However, in contrast to, eg., the simply typed lambda
calculus and ML, subtyping systems typically suffer from
the problem that the size of principal typings may get in-
tractably large for natural programs of even moderate size,
which makes typing information difficult to read and may
seriously slow down type inference in polymorphic frame-
works. The problem is now widely recognized and has
generated a substantial amount of work that aims at sim-
plifying typings generated by subtype inference algorithms
(see eg., [9, 5, 12, 21, 6, 11, 18, 24, 20, 1, 7].) Recently,
a number of researchers have independently suggested that
the problem should be attacked by introducing stronger sys-
tems, based on more powerful, model-theoretic notions of
entailment (=) rather than syntactic proof relations such as
Fp. Such worksinclude [18, 24, 7, 1, 8]. Therationaleis
that amore powerful subsumption rule allows more typings
to be considered equivalent in the system, and hence more
succinct representations of principal typings can be found.
Simplification algorithms exploiting thisideatypically have
to decide a predicate of the form C |=p « < § in order
to verify that a simplification step is sound. However, even
though several such algorithmshave been suggested (seeref-



erences above), no study has so far addressed the problem
of the inherent computational complexity of subtype en-
tailment (see, however, work on set-constraint entailment,
such as [8, 4].) Indeed no nontrivial complexity results —
neither lower bounds nor interesting upper bounds — have
been given for subtype entailment. The present paper aims
at filling this gap for simple types over lattices.

Whereas the complexity of subtype entailment islargely
unstudied, the complexity of subtype satisfiability is rather
well-understood by now (see [22, 23, 2, 3]). In particular,
Tiuryn [22] has shown that the satisfiability problem for
simpletypest is PSPACE-hard in general butin PTIME if P
isalattice (see also [2, 3, 19] for various generalizations.)
Since the entailment predicate C' =p 7 < 7' (does every
vauation satisfying C' aso satisfy 7 < 7/'?) isat least as
hard to decide as satisfiability in any non-trivial poset?, the
problem is certainly PSPACE-hard in general, and a naive
algorithm will give only a NEXPTIME upper bound.® For
two reasons, however, it is of particular interest to know the
complexity of entailment over lattices of basetypes. Firstly,
it is not clear that the problem is harder or just as easy
as satisfiability; in particular, it is a prima facie possibility
that it might be in PTIME. # Secondly, virtually all recent
proposalsfor model-theoretic subtyping systemsuselattices
as models. Thus the lower bounds for subtype satisfiability
are inapplicable. Hence, we restrict ourselvesin this paper
to consideration of predicates of the form C =;, a <
where L isalattice.

In addition to the references given above, related work
on entailment problems in various set constraint theories
should be mentioned; recent papersinclude[8, 4].

1.2. Main results

The main results of this paper are as follows:

1. We prove a characterization theorem for entailment
with atomic types (type variables and type constants)
over lattices, leading to a complete axiomatization of
atomic entailment and a linear time algorithm for de-
ciding C =1, a < 8 where C' is consistent.

1The satisfiability problem is: given a constraint set C of inequalities
between simple types, determine whether there exists avaluation assigning
ground typesto variables in C' which makes all inequalitiesin C truein the
ground ordering?

?|.e. if the poset P is not the singleton set, then there are two distinct
eementsband b’ in P suchthat b £ p b’ andtheproblen C |=p b < V' is
then eguivalent to the nonsatisfiability, the complement of the satisfiability
problem, for C.

3The problem C |=p a < B can be reduced to a problem with only
atomic subtype assumptions (i.e., with no constructed types) modulo an
exponential expansion of the size of C.

4Note that whereas logical systems with negation sign typically have
entaillment problems of equal complexity to that of the unsatisfiability
problem (by standard reduction of the former to the latter via negation),
the situation is different in the rather weak logics of subtyping under study
here.

2. We provethat the general entailment problemfor struc-
tural subtyping for ssmpletypesis coNP-complete over
any non-trivial lattice. The result shows in which
precise sense the intuitive “exponential” explosion in-
curred by a naive reduction of the general case to the
atomic caseisinherent. The resulting coNP-algorithm
exploits the characterization given for atomic entail-
ment. It contains ideas that could be useful for engi-
neering algorithms to decide entailment. The coNP-
hardness result indicates that entailment is harder than
satisfiability for subtype inequalities.

3. Theentailment problem is coNP-completein asystem
with only asingle binary covariant type constructor. It
isalso coNP-complete for simple typeswith additional
type constructors, including the contravariant function
type constructor. This shows that the presence or ab-
sence of contravariance has no impact on the complex-
ity of the problem.

The paper is structured as follows. In Section 2 we
review basic results on subtyping. These are primarily used
to establish the central characterization of entailment for
atomic types (Theorem 3.2); this is done in Section 3. In
Section 4 we generalize the characterization to entailment
for smple types. Thisis used in our proof that entailment
isin coNPin Section 4.1 and in the coNP-hardness proof of
entailment in Section 4.2.

2. Preliminaries

Fix alattice (L, <) of base types. We assume a denu-
merable set V of type variables. The set of type expressions
over L, denoted by T, (V), isranged over by 7, defined by

T Alrxt' |1 =7

A == alb

where a rangesover V and b ranges over the constantsin L.
Constants from L and variables are referred to collectively
as atoms and are ranged over by A. If 7 € T (V) and no
variable occursin 7, then 7 is called a ground type. The set
of ground types over L is denoted 7,. A congtraint set C
isafinite set of formal inequalities of theform = < 7' with
7,7 € T, (V). C iscaled atomic if al inequalitiesin C
havetheform A < A'. Welet Var(C) and Cnst(C') denote,
respectively, the set of type variablesappearing in C' and the
set of constants appearingin C.

The subtype logic I, is used in the definition of entail-
ment below, and it is given in Figure 1. The subtype logic
defines provable judgements of the form C +, 7 < 7/,
meaning that the inequality 7 < 7' is a provable conse-
guence of the subtype assumptionsin constraint set C'.

The following definition explains the main concepts we
shall be interested in.



[const] C F, b<¥', providedb <; V'
[ref] Chr, <
(hyp] CUu{r<r} bk, 7<7
trang C F,r<r Ok, <t
Ct, <"
prod CF, <7 Ch,n<7
Cht,mnxm <71 *T)
[arrow] C F, 7 <71 CF, n<m

Chr,m—o>n<1 o

Figure 1. Subtype logic

DerINITION 2.1 (Vauation, satisfaction, entailment) A sub-
gtitution S isafunction mappingtypevariablesin V' to types
in Ty, (V), and it is lifted homomorphically to types in the
standard way, and it is extended to constraint sets by setting
S(C)={S(r) < S(") |r <1 eC}.

A ground substitution p : V — Ty, is caled avaluation.

We say that avaluation p satisfies an inequality = < 7/,
writtenp =1, 7 < 7', ifandonly if § 1, p(7) < p(7'). If
C isafinite set of inequalities, then we say that p satisfies
C, written p =, C,ifandonly if p =1, 7 < 7 for dl
T <7 € C. Wesay that C entails =+ < 7/, written
C =, 7 <7, ifand only if we have

VpZV—)TL.p|:LCZ>p‘:LTSTI
O

DerINITION 2.2 (Closure, consistency) We say that a con-
straint set C' is closed if

en<7TeCadr <melCimplyr, <meC
e 1 x1y <71 %71y € CimpliesT; <7/ € Cand

e o1 <71 —»71heCimpliest] <7, <71h€
C.

The closure of C, denoted ¢i(C), is the least closed set
containing C.

We say that a set of inequalitiesis consistent, if and only
if wehaveb <, b whenever b < v’ € cl(C). O

Note that, in case C' is atomic, we have C' consistent if and
only if
Vo,b' e L.CFLb<b =b<,V

In the remainder of this section we give some basic lem-
mas many of which are standard.

LEMMA 2.3 (Substitution Lemma)
LUCkFL <7 thenS(C)Fr S(r) < S(r").
S

2 IfCEL <7 thenS(C) =L S(1) < S(7)

PROOF Asfor 1, see[16]. Asfor 2, assumeC =, 7 < 7'
and suppose that p =, S(C),i.e,po S =, C, hence (by
assumption) po S =, T < 7,ie, p EL S(r) < S(7). O

DEFINITION 2.4 (Matching types, matching substitution,
structural set) Two types are matchingif they have the same
shape; in more detail, 7 and 7' match if they are both atoms
(possibly distinct) or else 7 = 7 % 7o, 7' = 7{ * 15 (OF
T=m — T2, T = 1] — 75) With 7 matching r{ and 7
matching 3.

A set C of inequalities is matching if it holds for al
7 < 7' € C that T matches '.

A matching substitution for C' is a substitution S such
that S(C) is matching.

If there exists a matching substitution for C, then we
say that C' is structural; in that case thereis a most general
matching substitution for C' (see [16] for details), denoted
M, with the property that, whenever R isamatching sub-
stitution for C, then there exists a substitution V' such that
R = V o M¢; here the equality is restricted to hold on
variablesthat occur in C. m|

LEMMA 2.5 (Match Lemma)
1. If Cisatomic,andC 5 7 < 7', then 7 and 7" match.

2. Assumethat C isstructural. ThenC' =5, 7 < 7' if and
onlylf MC(C) ‘:L MO(T) < M(;(T’).

PROOF Asfor 1, see [16]. Asfor 2, the implication (=)
follows from the Substitution Lemma. To see the impli-
cation (<), assume M (C) =L Mo(r) < Me(r') and
suppose that p =5, C. Then it follows from the Match
Lemmathat p(C) is matching, so there exists a substitution
V suchthat p = V o M¢, and so we have by p =, C
that V =, M (C), and hence (by the assumption) we have
V L Mo(r) < Mco(r'),ie, VoM = 7 < 7, ie,
pELT<T. O

If C issatisfiable, then C' must be structural, since if some
p satisfies C, then ) -, p(C) and hence, by thefirst part of
the Match Lemma, p(C') must be matching.

LEMMA 2.6 (Decomposition Lemma)

1. If Cisatomic,thenC 7 x 2 < 7 % 74 if and only
ifCF,{n<t,n<n}l,adC t, 1 - 7 <
71 = ryifandonlyif C Fy, {1 < 71,72 <75}



2. CELnxn <1 xrifandonlyif C =, {n <
1,72 <nh,and C = 7 = 1 < 1 = 7y ifand
onlyif C =p {rf <7, 72 <73}

PROOF As for the first part, see [16]. As for the second
part, the implications from right to left are obvious. As
for the other implications, if C 1 7 *x 2 < 7 * 75,
and p |Fr C, then 0 Fp p(m1) * p(12) < p(11) * p(73),
and hence (since () is atomic) the first part of the lemma
shows that 0 k1. {p(n1) < p(r}),p(m2) < plrd)}, ie,
p Er {n < 7,7 < 75}. Thesecond claim follows by the
same reasoning. |

Noticethat the decomposition property does not hold for -,
with non-atomic constraint sets.
For atomic constraint set C' over L, define the sets

tela) =
le(a) =

Let the operations Vv and A denotetheleast upper bound and
the greatest lower bound in L.

{beLNnCnst(C) | C Fr o < b}
{beLnCnst(C)|CFyb<al

LEMMA 2.7 (Satisfiability)

1. Let C beatomic. If C isstructural and consistent, then

(@) Thevaluation pp = {a = A tc(@)}aevar(o)
isasolutionto C'

(b) Thevaluation py = {a = V lo(@)}aevar(o)
isa solutionto C

2. Ageneral congtraint set is satisfiableif and only if itis
structural and consistent.

PROOF See [14, 22] for the first part; the second part is
provenin[22]. |

3. Atomic entailment

In this section, we consider the predicate C' =1, « < 8
with C atomic, i.e, every inequality in C' has the form
A < A'. Weaim at acompl ete axiomatization of entailment
with atomic constraint sets. Notethat, in case C isstructural,
the entailment problem C |=;, 7 < 7' can be reduced, in
linear time, totheproblem C’ =, o < 3, wherea and 3 are
fresh variables and with C’ the atomic decomposition (by
LemmaZ2.6) of theresult of applying amatching substitution
totheset C U {a = 7,8 = 7'}. ® For the purposes of the
following development it is therefore sufficient to consider
just entailments of theform C =1, a < .

SHere 71 = 7 is a shorthand for the two inequalities 71 < 7o and
T2 < T2

We begin with a technical lemma. Given atomic con-
straint set C', we can regard C' U L asadigraph: thereisan
edgefrom A to A’ for every inequality A < A'inC,and L
defines a digraph by stipulating that there is an edge from b
to b’ whenever b <, b'.

LEMMA 3.1 Assume C atomic, let b € L, and let a and 3
be two distinct variables. Assume that

(i) b&lc(B) and
(i) Ctra<p
Then La(B) =lcp/a)(B)

PROOF (Sketch) By Lemma2.3 we have(sincea # (3) that
Chkpb <pimpliesClb/a] ki, b < g, forany b’ € L,
which shows that () Cleps/a)(6)-

To provetheinclusion |cpp/41(8) Clc(8), we use that,
whenever b' €lc(p/01 (8), there must exist a path Py in
C[b/a] U L (regarded as a digraph) witnessing this fact.
Theinclusion then follows from the property

(%) Forany b’ € L and any path P, in C[b/a] U L wit-
nessing b’ €lcpp/q (B) thereisapath P in C U L
witnessing b’ €lc(0).

The property () is proven by induction on the length of
a path Py in C[b/a] U L of shortest length witnessing
b" €lcpal(B). Theinduction proof involves a case anal-
ysis over the form of the path P,, which is tedious but not
difficult, and we leave out further details. |

We can now prove the main result of this section:

THEOREM 3.2 Let C' be atomic, structural and consistent,
a and g distinct variablesin C. ThenC =1, a < gifand
only if one of the following conditions holds:

(i) Ckpa<gor
(i) A\ tole) <p V dc(B)

PROOF (=). AssumeC =, a < pandC ¥/, a < fWe
must then show

N\ tete) <1\ Le(8) (1)
We proceed by contradiction, assuming
N tela) £ \/ La(8) )

Since C' |, a < 3, we have by substitutivity of =,
(Lemma2.3) and o # (3 that

CIN\ te(@)/a]l = \ te(e) < 8 3)



Let Ct = C[A 1c(a)/a]. By the Satisfiability Lemma
(Lemma2.7) we know, since C' is consistent, that the map

{a= A\ te(@)})

can be extended to a satisfying valuation for C'. It follows
that C' is consistent. Then, by the Satisfiability Lemma
again, we get that the valuation

{yr \/ *LCT(’V)}eraI’(CT)
satisfies C*. By (3) we then have

N te(@) <0\ Lei(8) (4)

If C =1 A 1Tc(a) < B, then the Satisfiability Lemma
entails A tc (o) <1, V le (B) via the satisfying map
{v » V lc (7)}76\/&(0), contradicting (2). We must
therefore conclude that C' I/, A 1c (a) < 5. Hence,
N\ Tc (@) €lc (B). This together with the assumption
C /1, a < 3 dlows usto apply Lemma 3.1, which shows
that |o(5) =Jo1(A), and so by (4) we have

A tela) < \/ Le(B) (5)
But (5) contradicts (2), thereby proving (1) and hence the
implication (=).

(«<). If (i) isthe case, the result follows immediately,
andif (i7) isthecase, theresult followsbecauseweevidently
have

Ckra< \tel@adC L \/ le(B) <8
O
Theorem 3.2 shows that we get a sound and complete

axiomatization of the relation =, on atomic constraint sets
by adding the following rulesto .

ChtrL A<b; CFL A< CFL b1 <A ChHpby<A
Clkp A<bi ALb Crrbivpby <A
Chr b <by b £1 by
Crrr <1

The theorem aso shows that the predicate C' |=;, a < 3,
where C' isatomic, can be decided very efficiently:

COROLLARY 3.3 Assuming Vp,Ar and < are constant-
time operations, given consistent constraint set C' of sizen
(number of symbolsin C) it can be decided in linear time
whether C' =1, a < 5.

PROOF Notethat C, viewed as a directed graph, has O(n)
vertices and O(n) edges. Criterion (i) can be decided in
time O(n) by computing the set of of nodes reachable from
a in C. Asfor criterion (i7), both A 1c (@) and \/ Lo (6)
can be computed in time O(n), again by computing the set
of nodesreachablefrom « in C' and by computing the set of
nodes reachable from 5 along thereverseedgesin C. O

4. Entailment with simple types

We have seen in the previous section that entailment has
complexity of the same order as the provability relation I,
when restricted to atomic constraint sets. It turns out, how-
ever, that this situation changes when constructed types are
allowed in congtraint sets. Here, the provability relation
is still decidable in PTIME (we can reduce the problem to
closure of aconstraint graph, involving essentially transitive
closure), whereas we show below that the entailment prob-
lem becomes coNP-completein the presence of compound
types.

Asin [13, 17, 18] we consider a type 7 as a function
from strings (called addresses) in {f, s, d,r}* (A denotes
the empty string) to labelsin £ = VU L U {—,*}. Here
f,s,d,r denote, respectively, first component and second
component of a pair and domain and range of a function
type. For instance, b[p] (resp. «[p]) is defined and equal
to b (resp. «) if and only if p = A, 7[fp] is defined if and
only if 7 = 7 % 75 and 7y [p] is defined; the value of 7[fp] is
then the variable, constant or type constructor which can be
reached by traversing r; alongthe path described recursively
by p, and weidentify + with the partial function Ap.7[p] with
domain dom(r). The parity of an address p, denoted 7p, is
0 if the number of d’sin p iseven and 1 otherwise.

4.1. Upper bounds

The problem of deciding C' =, a < 3 with a genera
constraint set C' isreducibleto the atomic case in a straight
forward way: expand C' by amost general matching substi-
tution (if C' is not structural, the entailment holds trivialy),
and decompose the resulting set, using Lemma 2.6, into a
set of atomic constraints. This process may result in an
exponential expansion of the set.

In this section, we show that general entailment can be
reduced to the atomic case without expanding the entire
constraint set, since we can show that we need in fact only
expand the variables o and 5. The reduction is accom-
plished by considering p-entailment (precisely defined be-
low), which captures entailment relations that must hold
between corresponding leaf variables, at address p, in the
expansions of o and .

By exploiting characterizations of p-entailment we then
proceed to show that the entailment problem isin coNP.

Wefirst observethat theentailment relation =, restricted
to atomic constraint setsiscompletely determined by atomic
valuations, i.e., valuations mapping variablesto constantsin
L (rather thantreesin T},). When C' isan atomic constraint
set we can define atomic entailment (written C' =5 7 < ')
by requiring only that any atomic valuation, which satisfies
all inequalitiesin C, also satisfies T < 7.



LEMMA 4.1 If C isatomic, then C =4, a < gif and only if
C =% a<p.

PROOF To see the implication (=), if C = a < g and
p =9 C,thenp =1 C, hencep =L a < 3, hence(since p
maps every variableto an atom) p =4 o < 3.

To see the implication (<), let p be a valuation in T7,
and define the valuation p° in L to be the modification of p
such that p*(a) = p(a) if p(a) isan atom and p’(a) = b
otherwise. One can show by simple case analysis that, if
p =1 C with C atomic, then p* =% C for any fixed con-
stantb € L. Now supposethat C' =4t o < Bwith C atomic,
but C' £, o < 8; then we can derive a contradiction in all
cases using the observation above. For instance, if p |=;, C
but p(«) €1, p(B) because p(a) isnot an atom and p(3) is
an atom b, then we choose a constant &’ such that b’ £, b;
we have p |=4* C, hence p (a) = b’ <1, p"(8) = b,
which is a contradiction. The remaining possibilities for
p(a) £, p(B) are handled similarly and are left to the
reader. |

A maximal addressin atype r isan addressp € dom(r)
such that r[p] is aleaf (i.e, p is not proper prefix of any
addressin dom(7)). We say that p isamaximal address for
a in C if p isamaximal adressin M¢(«) (note that, by
Lemma 2.5, any such addressis in the domain of p(«) for
any valuation p satisfying C'.)

DEFINITION 4.2 (p-entailment) If pisamaximal addressfor
a and 8 in C, then we say that C' p-entailsa < 3, written
C =5 a < 8, if and only if p(a)[p] <np p(8)[p] for every
valuation p satisfying p |=., C and p(a)[p], p(B)[p] € L.
Here <, is <, and <; itsreverse. O

LEMMA 43 C =1 a < gifandonlyif C =} a < g for
every maximal addressp for e and 5 in C.

PROOF By theMatch Lemma, wehaveC =1, a < gif and
only if Mc(C) =1, Mc(a) < Mc(B); by the Decomposi-
tion Lemma, thisis equivalent to C’ |=,, C"" where C' and
C"" arethe atomic decompositions of, respectively, M (C)
and M¢(a) < Mqc(8). By Lemma4.1 it then follows that
wehaveC =, a < gifandonlyif p =1, a < 3 for every
valuation p mapping every variable v to a type matching
Me(y) and with p =, C. It follows that the predicate
C =1 a < jis completely determined by valuations p
such that p(a)[p] and p(B)[p] are atoms for every maximal
address p for a and 8 in C. From this the lemma follows
easily. |

If avariable Sa does not get expanded by M¢ (i.e., A is
maximal addressfor « in C), then we say that « is atomic
inC. Let C* denotethe set of atomic inequalitiesin ¢l(C).

LEMMA 4.4 Suppose that o and § are atomicin C, and C
isstructural and consistent. Then C' =, a < g if and only
if C* =4t a < .

PROOF For the implication from right to left, we note that,
by Lemma 4.1 it is sufficient to prove that C¢ |=;, a <
B implies C =1 « < @, which clearly holds. For the
implication from left to right, let

C={r<7 ed()|rorr isaomic}

By the decomposition property for =, (Lemma2.6), C' is
equivalentto C, and soitissufficient to provetheimplication

c

=ra<f=>CEra<sp (6)
where Cy = (C)*. To provethisimplication, assume

Co I#L a<p (7)

Then, by Theorem 3.2 (which applies since Cy isan atomic
constraint set), we have

A teo (@) 20\ Loy (8) 8

Let
p={a— \te, (@).8~\ Lo (8)}

We will show that
p(Co) isconsistent (9)

To prove (9) we proceed asfollows. Wehave Cy t/, a < 3
by (7), and moreover A t¢, () €lc, (B) (since other-
wise we must have Cy =% A te, (@) < 3 leading to
a contradiction with (8) via the satisfying valuation p,, of
Lemma2.7), and hence we have by Lemma 3.1

V deo (8) =\ 4o (8) (10)

with ¢ = Co[A 1o, (a)/a]. It then follows from
Lemma 2.7 that p can be extended to a satisfying valua-
tion for Cy, and hence p(Cy) is consistent.

Thefinal step isto show that

~

p(C) isconsistent (D)

This can be proven from (9) by an argument similar to the
one employed by Tiurynin [22] to provethat any consistent
constraint set (over a lattice of base types) is satisfiable.
Since the main ideas can be found in [22] we leave out
details here, but we note that the main point in the argument
(inour case) isto provethat, since C' is consistent and « and
g areatomicin C, wehaveb < b' € cl(p(C)) if and only
if b < b € cl(p(Cy)); the argument proceeds by induction
in the length of a shortest chain of inequalities witnessing
b<b € c(p(C)) and exploitsthe closure propertiesof C.

By (11) and the equivalence of consistency and satis-
fiability shown in [22], p can be extended to a satisfying



valuation  for C; by (8) we have p(a) £ p(B) which
shows C' =, a < 3, thereby proving (6). |

For any address p, we define special type expressions
caled p-templates; the idea of a p-template is that it is a
most general type having p initsdomain. For instance, with
p = fsf,thetype(a; * (a2 x a3)) * oy isap-template, and
withp = ff f,thetype ((a;1 *xas) * a3) * as iSap-template.
More precisely, the sets ©,, of p-templates are minimal sets
of types satisfying

¢ No variable occurstwicein any typein ©, for al p

e O, is, in each context of discussion, an infinite set of
fresh variables

e Oy ={b0,xas|0,€0,}
e Oy ={ay*0,|0,€0,}
e O4y=1{6, >, |0,€0,}
¢ O, ={as—0,|0,€0,}

LEMMA 45 Let a <, B be the inequality « < 8 and let
a <; (3 betheinequality 8 < «. Let C be a structural
constraint set, and suppose that

(1) pisamaximal addressfor aand 3 in C

(i) 6, and 95 are two distinct p-templates which have no
variablesin common with each other and no variables
in common with C

(ii) ap = 05 [pl and B, = 6;[p]
(iv) Cp=CU{a=62,3=6}
ThenC Y} a < gifandonlyif (Cy)* EY ap <xp Bp-
PROOF We first show that we have
CELa<Biff CyErap<n By (12

To see the implication from left to right in (12), we note
that by Lemma 4.3 we have C, =1 a, <;, S, if and
only if C, |:§' ap <zp Bp for every maximal address p’
for a, and g, in Cp. But, since p is maximal for o and 3
in C, it is easy to see that A is the only maximal address
for o, and 3, in C)p, and hence it is sufficient to show that
C =" a < BimpliesC, =} a, <. B, Thisimplication
is straight-forward and details are lft for the reader. To see
theimplication from right to left, supposethat p |=,, C with
p(a), p(B) € L; thenitiseasy to seethat p can be extended
to a valuation p’ satisfying C,, and with p'(a,) = p(@)[p]
and p'(Bp) = p(B)[p]. Then p'(ay) <xp p'(Bp) follows
from the assumption of the right hand side of (12), and this
provesthe implication.

Since p isamaximal addressfor « and 3 in C, weclearly
have oy, and (3, atomic in C)p, and therefore Lemma 4.4
shows that we have

Cp =L ap <xp By iff (Cp)° ‘:%t ap <xp By (13)
Composing (12) and (13) provesthe lemma. O

Asiswell known ([16], [22]), testing whether aconstraint
set C is structural is reducible to the problem of unifying
the set (regarding inequalitiesin C' as equalities under uni-
fication.) It follows that we can test in time O(n) whether
C is dtructural, where n is the number of symbolsin C.
Moreover, in case C' is structural, we have M (a) match-
ing Ec(a), where E¢ isthe most general unifier for C, for
any a € Var(C) (see, .., [16, 22]); it follows that, for any
variable . in Var(C'), any maximal address p for o in C
satisfiesthat |p| isO(n), where |p| isthe number of symbols
inp.

We can now show:

THEOREM 4.6 Let p be a maximal address for « and 3 in
C. Then the predicate C' =} a < 3 is decidablein time
O(n?) wheren isthe number of symbolsin C.

PROOF Recall from[22] that consistency of C isequivalent
to satisfiability of C, given that C is structural. To decide
C =7 a < 3, wefirst decide in linear time whether C
is structural. Moreover, we can decide consistency of C
in time O(n®) by computing cl(C'), which can be done by
dynamic transitive closure of a graph representation of C.
We can therefore assume from now on that C' is structural,
consistent and hence satisfiable (otherwise the entailment
trivialy holds.)

Now fix p to be the given maximal address for « and 3
inC. By Lemma4.5, it is sufficient to decide the predicate

(Co)" 1 o < By (14)

with (Cp)® and ay, 3, defined asin Lemma4.5. Computing
(Cp)* can be done by computing ¢I(C,) which in turn can
bedoneintime O(n?), since|p| isO(n) and hencethe size
of each of #; and of 95 isO(n). Once we have computed
(Cp)*, we know by Corollary 3.3 that the entailment (14)
can be decided in time linear in the size of (C,)?, whichis
O(n?). O

In turn, Theorem 4.6 leads to
THEOREM 4.7 Thepredicate C =/, a < isin coNP.

PROOF It is sufficient to show that the predicate C' [~
a < B isin NP. By Lemma 4.3 this non-entailment holds
if and only if we can find a maximal address p for « and 3
in C' suchthat C' [~ a < 8. The NP-algorithm for decid-
ing non-entailment therefore starts by non-deterministically



guessing a maximal address for o and 3 in C, which will
serve as a succinct witness for the non-entailment.

Since the length of any maximal addressfor o and 3 in
C' islinearly bounded by the size of C, guessing p can be
done non-deterministically in polynomial time. Checking
that p isindeed maximal for o and 3 in C is reducible to
a deterministic linear time unification problem. Checking
that p is a witness for the non-entailment comes down to
checkingC' £} a < 3, whichcanbedonedeterministically
in polynomial time, by Theorem 4.6. |

A few remarks on Theorem 4.6 and Theorem 4.7 are in
place. Theorem 4.6 is used to prove Theorem 4.7, but the
former theorem has independent interest (whichiswhy it is
not just alemma.) The theorem says, when composed with
Lemma4.3, that if wewant to decidewhether C' =, o < 3,
then we can do so by considering entailmentsat all the max-
imal addresses for o and 3 only, and each such entailment
can be decided in cubic time. Now, there may be exponen-
tially many addressesto consider in the worst case, but the
interesting fact stated in the theorem is that we need only
consider addresses for o and 8. Thisisin sharp contrast to
anaive approach where the entire constraint set is expanded
under matching and decomposed to atomic constraints. In
contrast, the theorem shows the possibility of deciding en-
tailment with only a “demand-driven” form of expansion,
since we only need to consider addresses in the expansion
of those variableswhich we are actually interested in. This,
in turn, could be useful to engineer, e.g., simplification of
constraint sets without expanding the entire set.

In case L isfinite, we have ashorter proof of Theorem 4.7
(without relying on Theorem 4.6); in this case we could
guess a path p and then test, for each pair (b,b') € L% such
that b £, b', whether or not theset C U {a = 1,3 = 7/}
is consistent, where 7, is 6, with b substituted for 67 [p],
and 7 is 67 with b’ substituted for #5[p]. Thisisjust an
implementation of the fact that we can express negation of a
constraint by explicit enumeration of all facts contradicting
it, when the universe of factsisfinite.

4.2. coNP-hardness

Inthissection we provethat deciding thepredicate C' |=,
a < [ is coNP-hard; this holds for any non-trivia lattice
L, and in the presence of just a co-variant type constructor.
Thisstrongly suggeststhat thereisno way we can bypassthe
exponential expansionincurred by matching astructural set,
in the worst case, in that we must guess maximal addresses
to decide non-entailment.

A basic idea in the proof presented below is that, by
exploiting the characterizations of entailment developed in
Section 3 Section 4.1, we can use maximal addresses to
encode truth valuations.

THEOREM 4.8 For any non-trivial lattice L, the predicate
C =1, a < pishardfor coNP under log-spacereductionsin
the presence of a single binary, co-variant type constructor.

PROOF |In the following construction, we assume only the
type constructor x. Moreover, since L is assumed to be a
non-trivial lattice, we can assumethat therearetwo elements
1, T e Lsuchthat L <, T.

Fix two distinct variables o and 3. Let NENT be the
problem:

e Given C, decidewhether C (£, a < 3

We reduce SAT (propositional satisfiability, [10]) to NENT.
Thisshowsthat NENT is NP-hard, which in turn showsthat
the problem of deciding C' =1, « < 3 is coNP-hard.

Thebasic ideaisthat an address p defines a truth assign-
ment of an instance of SAT. Given n variables z1, ..., z,
containing all the propositional variablesoccurringinanin-
stanceof SAT, wesay thatanaddressp = 1 ... 1, € {f,s}"
of length n defines a truth assignment 7}, as follows:
Ty(x;) = trueif I; = f and Tp(z;) = faseif I; = s
(note that f means true and not false in this encoding.)
Henceforth we shall think of addresses both as such and as
the truth assignments they inducein this fashion.

Let us assume now that we are given an instance I of
SAT, aset of clauses {C4,...,C,, } over z, ..., z,. Each
clause is a finite digunction of atoms A. An atom is a
propositional variable or its negation. Each clause definesa
set of truth valuations which falsify the clause; we call this
set the exclusion set of the clause. Then, a truth valuation
T € {f, s}"satisfiesI,if andonlyif T'isnotintheexclusion
set of any clausein 1.

Given I we construct an instance C'(I) of NENT (that
is, aconstraint set) with the following intuition. For every
clauseC; = A, V...V A, in I webuild aset of constraints
that excludesexactly every addressthat (whenread asatruth
assignment) falsifiesthe clause. By excluding we mean that
every such address p satisfies

C) L a<p

so that, by Lemma 4.3, p is not a witness that the NENT-
problem has a positive answer. Thisis done by making sure
that p becomesamaximal addressfor «.and 3 in C(I) such
that C(I), contains the inequalitiesa, < L and T < §p;
here C(I), and a,, 8, are asin Lemma4.5. Furthermore,
our constructionis such that a,, < /3, is not deducible from
C'(I) By our characterizationsof entailment, thismeansthat
existence or nonexistencein C'(I) of an address p such that
ap, < Land T < 8, determineswhether C(I) L o < 8
orC(I) Er a < p.

Let us now describe in detail the construction of the set
C(I). The set of addresses that fasify clause C; can be
described by a unique address pattern P; € {f,s,#}".



An address pattern defines the set of addresses that arise
by replacing # arbitrarily by either f or s. For example,
s## fs### istheaddresspattern that falsifiesclause z; v
-y V xs forn = 8.

Given an address pattern P we defineC (P, ) asfollows:

C(FP',y) = {66 <~y}UC(P',8) (0,6 new)
C(SP',y) = {dxd" <~}uUC(P',d") (9,0 new)

CHP',y) = {6xd<~}UC(P',8) (dnew)
CA,v) = {T<9}

Similarly, wedefineC~ (P, ~): Thisisdoneby reversing
the inequalities in the first three clauses for C above and
replacing thelast clauseby C—(A,v) = {y < L}.

Let P; be the address pattern that falsifies clause C;.
The constraints generated for C; are C(P;, ) UC ™ (P;, ).
The constraints C(I) generated for I is the union of the
constraints generated for the individual clausesin 1.

Now, to seethat C'(I) isareduction of SAT to NENT we
have to check:

Iissatisfiableif andonly if C(I) [ o < 8 (15)

However, by Lemma4.3 together with Lemma4.5, we have
(15) equivalent to

psatisfies I'if and only if C) 4 o, < 6, (16)

for every truth valuation p on the n variables of I; in (16),
C} is the atomic set (C(1),)”, defined as in Lemma 4.5,
and ay,, B, likewise.

I nspection the construction of C'(I) showsthat there are
no chainsof inequalitiesfrom any variablein any of the con-
straintsinC~ (P;, ) to any variablein any of the constraints
inC(P;,B), forall i, j. Hence,

Cl iy ap < By (17)

To prove (16), assumefirst that p satisfies I. Since p sat-
isfies I, there can be no pattern P; defining the exclusion set
of C; suchthat p matches P;. It thenfollowsby construction
of C(I) that

Ter (ap) =10 =lc1 (8)

and hence

Ater (@) =T 2 L=\ 1lcr (B,) (18
which proves C; [£4" a, < (3, by Theorem 3.2 together
with (17).

Finally, consider theimplicationfromrighttoleftin (16).
If CI 4 oy < B, then we must have

A ter (@) 0\ Les (8y) (19)

by Theorem 3.2 and (17). Let P; be any pattern which
defines an exclusion set for aclausein I. If p matches P;,
then, by construction of C(I), we seethat a, < L € C]
and T < 3, € CY, contradicting (19). Hence, p cannot be
in the exclusion set of any clausein I, and hence p satisfies
I. O

By Theorem 4.8 and Theorem 4.7 we have

COROLLARY 4.9 The entailment problem for simple types
over any non-trivial lattice is coNP-complete under log-
space reductions; the problem remains coNP-complete in
the presence of a single co-variant type constructor.
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