
A Semantic Model of Binding Timesfor Safe Partial EvaluationFritz Henglein David SandsUniversity of Copenhagen�AbstractIn program optimisation an analysis determines some information about a portion of aprogram, which is then used to justify certain transformations on the code. The correctnessof the optimisation can be argued monolithically by considering the behaviour of the opti-miser and a particular analysis in conjunction. Alternatively, correctness can be establishedby �nding an interface, a semantic property, between the analysis and the transformation.The semantic property provides modularity by giving a speci�cation for a systematic con-struction of the analysis, and the program transformations are justi�ed via the semanticproperties.This paper considers the problem of partial evaluation. The safety of a partial evaluator(\it does not go wrong") has previously been argued in the monolithic style by consideringthe behaviour of a particular binding-time analysis and program specialiser in conjunction.In this paper we pursue the alternative approach of justifying the binding time propertiessemantically. While several semantic models have been proposed for binding times, we arenot aware of any application of these models in proving the safety of a partial evaluator. Inthis paper we:� identify problems of existing models of binding time properties based on projectionsand partial equivalence relations (PERs), which imply that they are not adequate toprove the safety of simple o�-line partial evaluators;� propose a new model for binding times that avoids the potential pitfalls of projec-tions/PERs;� specify binding time annotations justi�ed by a \collecting" semantics, and clarify theconnection between extensional properties (local analysis) and program annotations(global analysis) necessary to support binding time analysis;� prove the safety of a simple but liberal class of monovariant partial evaluators for ahigher-order functional language with recursive types, based on annotations justi�edby the model.1 Introduction1.1 Transformations supported by Program AnalysisProgram optimisation usually takes the following form: an analysis determines some infor-mation about a portion of a program, and the information is then used to justify certain�DIKU, Universitetsparken 1, 2100 K�benhavn �; fhenglein; daveg@diku:dk



transformations on the code. We consider two basic methods for establishing the correctnessof such a process, which we call monolithic, and model-based, respectively:Monolithic The monolithic view considers the correctness of the analysis and the trans-formation simultaneously. The pair of the analysis and the transformation is correctif the transformation \works."Model Based The model based approach associates some semantic property with the in-formation domain of the analysis. The correctness of the analysis, and the correctnessof the transformation are then considered independently, but relative to this semanticproperty.The monolithic approach has attracted much interest in the last few years. Its advocateseg. [Wan93] [Amt93] [Ste94] argue that considering the correctness of the algorithm andtransformation together leads to a much simpler proof. The slogan is:The analysis is correct because the transformation works!It is notable that these kinds of proofs are greatly aided by the non-algorithmic speci�-cation of the analysis in terms of non-standard type systems, or constraint systems. Thedisadvantages of this approach are that:� as the name suggests, variations in either the analysis or the transformation requirethat the proof must be re-established for each change or combination of analysers andtransformers;� there is currently no support for systematic design of correct analyses;� similar analysis may be used in justifying quite di�erent kinds of transformation, butthere are no \reusable" components in the correctness proof.In principle, the model-based approach addresses each of these de�ciencies. By associatinga semantic property with each piece of information from a static analysis, one obtains anintermediary between the analysis and the transformation. This, in turn, achieves:� a factorisation of correctness of the analysis and the transformation with respect tothe semantic property. This means that independent changes to either the analysis ortransformation can be justi�ed independently;� utilisation of techniques for systematic design of correct analyses, namely abstractinterpretation [CC79];� reuse of analyses for di�erent transformations which rely on a common semantic prop-erty.The problem in practice is, to quote Wand [Wan93]:While program analyses of various sorts have been studied intensively formany years, it has proven remarkably di�cult to specify the correctness of ananalysis in a way that actually justi�es the resulting transformation.In this paper we address this problem for a particular transformation, o�-line partial eval-uation, in the setting of higher-order functional programs. The associated analysis is calledbinding-time analysis, and the core of the correctness problem is to verify that a partialevaluator does not \go wrong" when following binding time annotations.While there are numerous proofs of correctness using the monolithic approach, andseveral candidate semantic models for binding time properties, we know of no correctnessproof for a partial evaluator based on a semantic model of binding time properties. In thispaper we:



1. identify problems existing models of binding time properties based on projections andpartial equivalence relations (PERs), which imply that they are not adequate to provethe correctness of simple o�-line partial evaluators;2. propose a new model for binding times which avoids the potential pitfalls of projec-tions/PERs;3. clarify the connection between extensional properties (local analysis) and programannotations (global analysis) necessary to support binding time analysis;4. prove the correctness of a simple but liberal class of partial evaluators based on thesoundness of the annotations with respect to the model, and demonstrate the appli-cability to both o�-line and on-line partial evaluation.2 O�-line Partial Evaluation: Related WorkAn o�-line partial evaluator determines which parts of a program to evaluate, and whichparts to leave as residual code, by following annotations produced by a binding-time analysis.Given a description of the parameters in a program that will be known at partial evalua-tion time, a binding time analysis must determine which parts of the program are dependentsolely on these known parts (and therefore also known at partial evaluation time). A bindingtime analysis performed prior to the partial evaluation process can have several practicalbene�ts (see [Jon88]), and plays an essential rôle in most approaches to the generation ofe�cient compilers from interpreters [BJMS88].2.1 Approaches to CorrectnessMonolithic The monolithic view for partial evaluation considers the correctness of theo�-line partial evaluator and the binding time analysis simultaneously. The annotationsproduced by the binding-time analysis are considered to be correct if the partial evaluator,whose actions are governed by the annotations, behaves in the intended manner, e.g. itdoes not \go wrong" by expecting to be able to produce a value from a program fragmentdependent on an unbound variable. Examples of this approach are seen in the work ofGomard [Gom92], based on a denotationally-speci�ed partial evaluator for a lambda calculuswith constants (\�-mix"), Wand [Wan93] and Palsberg [Pal93], based on the pure lambdacalculus, Henglein and Mossin [HM94] for a typed functional language and a denotationallyspeci�ed partial evaluator, Consel et al. [CJ�94] for a rewriting-based approach, and morerecently [Hat95] who considers the mechanical veri�cation of the correctness proof for a�-mix style partial evaluator.Model-based The model-based approach has its roots in Jones' de�nition of congruence[Jon88], which speci�es correctness of binding time analysis by focusing on semantic depen-dency between di�erent parts of a program. Launchbury adapted this idea to a functionalsetting, using the idea of domain projections to model binding times of structured data in a�rst-order language [Lau88][Lau89]. This domain-based approach was subsequently adoptedand extended in [Mog89][NBV91]. Hunt and Sands [HS91] showed that Launchbury's anal-ysis could be smoothly extended to higher types using partial equivalence relations (PERs)as a model of binding times, following [Hun90]. Davis [Dav94] considers a closely relatedextension to higher types with general recursive types.There is a third approach to proving correctness, closely related to the model basedview, but arguably di�erent: an o�-line partial evaluator is viewed as an abstraction of an



on-line one. An on-line partial evaluation does not follow static binding-time annotations,but computes the necessary information on the 
y. O�-line partial evaluation is then viewedas a restriction of the actions of the on-line version, since it makes decisions about what topartially evaluate based on annotations, rather than actual data. (As we mention later, itmight also be considered an optimisation, since it removes the need for many tests on thenature of the data manipulated.) This approach has been considered by Consel and Khoo[CK92] and Bulyonkov [Bul93]. Consel and Khoo give an abstract denotational speci�cationof the values encountered by an on-line specialiser for a �rst-order functional language, andshow that a binding time analysis correctly abstracts these values. O�-line partial evalua-tion is then obtained by the restriction of the actions of the on-line version. Their highlyabstract and non-operational speci�cation of an on-line specialiser resembles a collectinginterpretation (a static semantics in the terminology of [CC79]).3 The Problem with Projections and PERsIn this section we consider the existing proposals for modelling binding times, includingpartially-static structures, in functional languages. The principal technique uses domainprojections [Lau88]. We will argue that this model has potential 
aws from the point ofview of proving the correctness of a partial evaluator. These problems carry over to thePER model [HS91], and motivate the introduction of a new model in the next section.3.1 Uniform CongruenceIn his \re-examination" paper, Jones [Jon88] de�nes a semantic-based condition, congruence,which speci�es when a binding-time analysis is correct. The essence of the de�nition is thatthe parts of a program that are deemed to be static will only ever depend on the staticvalues (and the other parts of the program which are deemed static). Launchbury adaptedthis idea to a functional setting, and derived what he considered to be a necessarily strongercondition, called uniform congruence, and expressed this condition with the help of domainprojections.In Launchbury's setting, a �rst-order language of recursion equations, the job of a bindingtime analysis is to determine a program division. A division � is a mapping which assigns abinding time to each function symbol de�ned in the program. (It is therefore monovariantbecause it assigns just one binding time for each de�nition.)A binding-time is identi�ed with (modelled by) a domain projection. A projection is acontinuous map � : D ! D on a cpoD, such that � v �x 2 D: x and ��� = �. An intuitionbehind the use of projections to describe binding times is that the parts of its argument thata projection discards (replaces by bottom) represent the parts about which no informationis known, where \no information" is equated with \dynamic." This interpretation is usedto de�ne when a program division is safe, ie. uniformly congruent.A program division � is deemed to be uniformly congruent, if for each de�nition andcall instance of the form f x = : : : (g e) : : :which occurs in the program, then�(g) � [[�v:e[v=x] ]] ��(f) = [[�v:e[v=x] ]] ��(f)Which means that if �(f) describes the static-ness of the argument to f , then �(g) correctlypredicts the static-ness of the argument e in the call g e.



In Hunt and Sands' terminology [HS91], in which binding times �(f) and �(g) areinterpreted as equivalence relations (and at higher-types, as partial equivalence relations),this property would be written equivalently as(�v:e[v=x]) : �(f))) �(g)which by de�nition means that for all v1, v2 in the semantic domain associated with param-eter x, v1 �(f) v2 ) [[�v:e[v=x] ]]v1 �(g) [[�v:e[v=x] ]]v2:The \uniformity" in Launchbury's de�nition refers to the fact that no contextual as-sumptions are made about the possible value of x in the expression e. This re
ects a simplebut aggressive view of partial evaluation, which assumes that we can begin specialising thecall to (g e) without using knowledge of either the context \: : : " or the range of possible val-ues of x in that context. This uniformity requirement is a strengthening of Jones' condition,and so fewer program divisions are permitted.3.2 The Problem with Uniform CongruenceLaunchbury's specialiser (for present purposes, a specialiser is just a partial evaluator whichproduces specialised variants of program text) specialises function calls with respect to thestatic parts of their arguments.Clearly then, from the point of view of the specialiser the binding time analysis iscorrect if the parts of the arguments that are deemed static can indeed be evaluated, andtheir evaluation either terminates with a value, or the specialiser goes into a loop in theattempt|in any case it must not get \stuck" trying to evaluate something dynamic, suchas a free variable. (A consequence of the fact that Launchbury's language is statically typedis that there are no run-time errors in the standard interpreter.)The job of the semantic speci�cation of uniform congruence is to give an analysis-independent speci�cation of a correct program division. This can be used to justify bindingtime analyses independently of a speci�c partial evaluator (just as Launchbury has done).But for this to be adequate, one must be able to argue the correctness of a partial evaluatorwith respect to a uniformly congruent program division (something Launchbury did not do).We argue that the semantic condition of uniform congruence is not su�cient to guaranteethe correctness of a simple \mix-style" partial evaluator. That is to say, there are uniformlycongruent program divisions which can cause a specialiser to \go wrong." What is more,we claim that Launchbury's own specialiser will go wrong on an instance of this example.Consider the following (abstract) program:letrecg(v; w) = ef(x; y) = g(if y then 
 else 
0; y)in f(i; j)where g is non-recursive, 
 and 
0 are any expressions not involving y, but which diverge(fail to terminate) for all values of x.Now suppose we specify that i is static and j is dynamic. This property of the pair(i; j) can be represented by a projection fst def= �hx; yi:hx;?i. Based on this speci�cation,the division [f 7! fst ; g 7! fst ]is uniformly congruent. To see intuitively why, �rst note that since 
 and 
0 do not containy, and under the assumption that x is static any sub-expressions of 
 and 
0 are also static.



The surprise is that g's �rst argument can be considered static. Intuitively, this is correctbecause the value of its only argument (the call instance in f 's de�nition) does not dependon the value of y | since it is always unde�ned (?)! The potential problem with thisuniformly congruent division is readily apparent. The term if y then 
 else 
0 is deemedto be static even though y is dynamic. This means that a partial evaluator may begin toevaluate the conditional, and thereby \go wrong" by either:1. attempting to evaluate y, or2. by expecting that the expression if y then 
 else 
0 can be compared with otherstatic \values", for example in a pending list of specialised function calls.For Launchbury's simple partial evaluator it is the latter case. We can realise an instanceof this scheme in Launchbury's PEL language and show that his specialiser \goes wrong"when given the above safe (= uniformly congruent) program division.1Note that we do not claim that Launchbury's analysis will produce this program division(it will not). The point is that the safety condition which speci�es a correct analysis mustbe adequate to prove the correctness of the transformation. We conclude that this is not thecase for Launchbury's projection-based safety condition. The problem is inherited by Huntand Sands' PER-based extension to higher-order functions|and in fact we came across thisproblem in a higher-order setting, but a super�cially quite di�erent context: attempting toprove the correctness of a �-mix style partial evaluator [Gom92] using the PER-model ofbinding times.4 An Ideal Model of Binding TimesAn appealing property of the projection/PER model of binding times is that it is purelyextensional, relying as it does on the standard semantics.2 As we showed in the previous sec-tion, using \bottom" to represent absence of information at partial-evaluation time confusestermination properties with neededness properties. Confusion arises because the property\static" does not necessarily mean \terminating."3Our solution is a natural one, once we accept that we are modelling properties thatonly have meaning at partial evaluation time. To be able to make �ner distinctions than inthe standard semantics our solution is to augment the domain constructors in the standardsemantics to provide a top element. The rôle of the top elements is somewhat like an errorelement, but modelling errors that can occur exclusively at partial evaluation time. Partiallystatic structures are handled by allowing data structures to contain top elements withoutthem being identi�ed with top. The top-model enlarges the domains, and so gives rise to achoice as to how the operators of the language should be extend. The choices re
ect choicesin the partial evaluation strategy | but at a much more abstract level than if we were todescribe a particular partial evaluator.In the remainder of this section we describe the language and the model of binding timesand associated binding-time annotations.1At the time of writing we have only checked this claim by inspecting the code reproduced in [Lau89],and not by executing it.2However, in order to model anything interesting about binding times the model for the language underconsideration must be lazy. Furthermore, we claim that for this purpose the laziness must be taken to itslogical conclusion | i.e. function spaces should be lifted (contrary to the model in [HS91]) as well as tuples(contrary to [Lau89][HS91][Dav94]).3In principal we have no objection to an interpretation of \static" which implies \terminating"; but thisis neither the interpretation used in practice in existing partial evaluators, nor the interpretation used in thispaper.



4.1 A Higher-order Functional Programming LanguageOur setting is a higher-order simply typed programming programming language with unit,sum, pair and recursive types.Types The types are described by the closed expressions in the following grammar:� ::= � j unit j � 0 ! � 00 j � 0 � � 00 j � 0 + � 00 j rec �: � 0Recursive types must be formally contractive; that is, in rec �: � the type � must not be atype variable.Syntax and typing rules for expressions The syntax of our language, including its\static" semantics, is given by | rather standard | typing rules. The rules are included inthe appendix. They are speci�ed by inference rules for typing judgements A ` e : � whereA is a type environment mapping program variables to types, e is an expression, and � is atype.Standard denotational semantics To give a standard semantics for this language wecan interpret types by Scott domains and type constructors by domain constructors appro-priate for a call-by-name (lazy) language [Gun92].Speci�cally, we can interpret unit by the one-element domain 1; ! by the domainconstructor for continuous functions; � by lifting the result of the Cartesian product con-structor (� � �)?; + by the separated sum constructor; and rec �: � by the inverse-limit ofthe domain constructor denoted by � (as a function of �).Expressions are denoted by domain elements. If ` e : � for closed expression e then[[e]]std 2 [[� ]]std, where [[e]]std is the domain element denoted by e. This yields a denotationalsemantics that is observationally adequate for a call-by-name operational semantics relativeto observing termination at all nontrivial �rst-order types (which excludes unit).4.2 Extended DomainsPrevious models of binding times have built upon the standard denotational semantics eitherby interpreting binding times as projections or PERs on the standard domains. As shownin Section 3 this leads to problems in that these models may be too aggressive about whatthey classify as static. The reason is that the standard domains do not have any \room"for intensional information that captures the essential control dependencies | needednessinformation | that a (simple) partial evaluator must respect. This problem is even morepronounced in a call-by-value language, where the PER and projection analyses becometrivial (useless).In this section we extend the standard domains by adding top elements in a structuralfashion: For every �rst-order type possessing a destructor operation we add a new \top"element, which, intuitively, represents completely dynamic values at the resulting type. Thisnew value lets us distinguish a dynamic value of type � � � 0, say a variable, from a pairof dynamic values. In the latter case we can perform a static (partial-evaluation time)decomposition of the pair, whereas in the former we cannot. It is this ability to distinguishbetween being able to perform a destructive operation (in this case �1 or �2) at partialevaluation time that necessitates and explains the role of the top element. We call theresulting domains topped domains, in order to distinguish them from the standard domainsintroduced earlier. The elements of the standard domain are then embedded in the toppeddomains as ideals and represent the completely static values of a type. Note, in particular,that every closed expression is mapped to a completely static value.



Structurally topped domain constructions Our binding time domains are Scott-domains with an isolated top element. A domain E plus an additional element >E, suchthat x v >E for all x 2 E, is denoted by E>.In what follows we will de�ne the topped interpretation for types and terms. We willuse [[�]] to denote these mappings. Types are interpreted as follows:[[unit]] = 1[[� ! � 0]] = ([[� ]]! [[� 0]])>[[� � � 0]] = ([[� ]] � [[� 0]])>?[[� + � 0]] = ([[� ]] + [[� 0]])>[[rec �: � ]] = limi2! F i(1) where F (D) = [[� ]] for [[�]] = DNote that we add a new top element for every constructed domain with the exception ofunit. The fact that unit is not topped re
ects the fact that there is no destructor for it|andhence no notion of a partial evaluation error.As an example, let us de�ne bool = unit + unit. The standard interpretation of boolhas the three elements true = inl (), false = inr () and the bottom element ?bool . In theabove extended interpretation, [[bool ]] is the four-element \diamond" domain with elementsf?; true; false ;>g, and ordered by ? v x v > for all x in [[bool ]].Extended interpretation of expressions We have extended the interpretations oftypes, so now we must extend the interpretation of terms over these new types.The extension of the standard interpretations of terms essentially follows the strictnessproperties of the basic syntactic constructs, so that any destructor (eg. �1�; case � of : : :)maps the top element of the type being \destructed" to top element of the resulting domain.Without giving the full details, the essence of the extension is characterised by the followingsemantic equations: 264264case e ofinl x) e0 kinr y ) e00 375375 � = >[[e e0]]� = >[[�1e]]� = >[[�2e]]� = >
9>>>>>>>=>>>>>>>; if [[e]]� = >

4.3 Binding times as idealsA binding time at type � is modelled by an ideal (closed set, inclusive set) in the Scott-topology of [[� ]]; that is, it is a subset of [[� ]] which is:1. downwards closed: x v y 2 I =) x 2 I; and2. closed under !-chains: if fxig is an ascending !-chain with xi 2 I for all i 2 ! thenFi2! xi 2 I.For each type � an ideal I is said to be a binding time at type � if I is an ideal overthe domain [[� ]]. We will say that an element d (of some domain E) has binding time I (anideal over E) whenever d 2 I. Let I and I 0 be arbitrary binding times at types � and � 0,respectively. The binding times are closed under the following operations:I ! I 0 def= ff 2 [[� ! � 0]] j f 6= > and (8d 2 I) f(d) 2 I 0gI � I 0 def= f(d; d0) 2 [[� � � 0]] j d 2 I; d0 2 I 0g [ f?gI + I 0 def= finl d 2 [[� + � 0]] j d 2 Ig[ finr d0 2 [[� + � 0]] j d0 2 I 0g [ f?g



Furthermore, the ideals of [[� [rec �: �=�]]] and [[rec �: � ]] are in a one-to-one correspondence.Being Scott-closed sets, binding times at the same type are closed under �nite unionsI1 [ : : : [ In and (�nite or in�nite) intersections Tk2K Ik.4.4 Binding-time statementsWe say expression e has binding time I and write j= e : I if [[e]] 2 I. Let A be a mappingfrom program variables to binding times. We write A j= e : I if for all environments � andvariables x in the domain of A such that �(x) 2 A(x) we have [[e]]� 2 I.\Dynamic" and \Static" At each non-trivial type � we de�ne an ideal � which repre-sents the property \completely dynamic" at that type, and �, which represents \surface"static. We de�ne � to be simply the whole domain [[� ]], which, in particular, includes thetop element >[[� ]].The binding time � at � denotes [[� ]]�f>[[� ]]g; that is, all of [[� ]] except for its top element.(Note that > is isolated in every domain, so this is an ideal.) Intuitively, the elements in� are those that are \surface" static, in the sense that one can apply the correspondingdestructor without getting > as the result.Taking a domain such as bool � bool , we can represent the property that the pair isstatically known (intuitively, available to the partial evaluator to destruct) by the ideal�bool�bool , which is equal to �bool ��bool . Figure 1 sketches part of the Hasse diagram forbool � bool , and indicates some example binding times.
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Figure 1: Example binding times in bool � bool5 Internalising Binding-time Properties: Semantics-based An-notationsIn partial evaluation and other transformations it is important to know not only whatextensional property a program has, but also how it is established and, in particular, whatproperties have to hold internally, for the individual parts of the program, since it is thisintensional information that is usually exploited in optimizing transformations.



In partial evaluation it is rather useless in itself to �nd out that an expression hasbinding time \dynamic." Indeed this is usually stipulated from the outset. What is desiredis a proof whose structure captures what the binding-time properties of individual parts ofthe expression are and how they can be combined to yield the binding time of the overallexpression.What is required then is an internalisation of what it means for an expression e to havea certain binding time. That is, the subexpressions of e must have certain binding times ifthe whole expression e is to have its �nal, desired binding time.Ideally one would hope for a complete internalisation, in essence a sound and completelogic for inferring binding times. This may be undesirable (on top of being di�cult toaccomplish at all) since it expects the ensuing (automated) transformation process to exploitor at least to \understand" all proofs in the logic.In this section we present an internalisation for monovariantly well-annotated expres-sions. Intuitively, monovariancy requires that the binding time of a bound variable and anysubexpression be a �xed ideal, which must be \big enough" to capture the binding times ofall the values the variables may be bound to and the subexpressions evaluate to.This is in contrast to polyvariant binding-time analysis where, intuitively, bound vari-ables can be associated with several binding times (for di�erent contexts) and where thebinding times of (sub)expressions in the scope of bound variables may be dependent on(functions of) the binding times of the actual values.We restrict our attention to monovariancy since monovariant binding-time analyses arecurrently better and easier understood in partial evaluation.45.1 Monovariant binding-time annotationsFigure 2 presents the nonlogical inference rules for inferring binding-time properties for theconstructs of the language in a syntax-directed fashion. Figure 3 gives a logical rule thatis applicable to any expression. It lets us weaken an ideal to any larger ideal. It is easyto check that A ` e : I implies A j= e : I. Finally, Figure 4 adds a rule for annotating anexpression with an abstraction of an ideal.The annotations can be used to guide or in
uence the actions of a specialiser. In thissense they reify parts of the internalisation of inferring binding times. How much of thesemantic information of an ideal is abstracted is expressed in the abstraction function �.Given a domainA of annotations � is a monotonic function from the (power)domain of idealsto A. The standard annotations we shall consider in the following section are As = fS;Dgordered by S < D.Given an (open) expression e and any assumptions A on the binding times of free vari-ables in e, there is a binding-time I such that A ` e : I is derivable using the rules ofFigures 2 and 3. Using the annotation rule in Figure 4 we can \add" annotations tosubexpressions.5.2 Preservation of Binding Time Properties under ReductionIn this section we show that well-annotated expressions are closed under reduction in anycontext; that is, they have the Subject Reduction Property. As shown in the following sectionthis is the crucial connection that lets us argue the safety of partial evaluation for expressionsthat are | via a translation into our annotation scheme | semantically well-annotated.4We believe the monovariant inference system given here can be extended to a polyvariant logic that issemantically complete, but leave this to future work.
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A ` e : IA ` e : I 0 (I � I 0)Figure 3: Logical rules

A ` e : IA ` eb : I (b = �(I))Figure 4: Annotation rule



De�nition 5.1 (Reduction rules) The one-step reduction, !, for annotated expressionsis given by the following rules,(�x: e1) e! e1fe=xg �1(e; e0)! e �2(e; e0)! e00B@case inl (e) ofinl x) e1 kinr y ) e2 1CA! e1fe=xg 0B@case inr (e) ofinl x) e1 kinr y ) e2 1CA! e2fe=yg�x f : e1 ! e1f�x f : e1=fg eb ! eThe expressions to the left are called redexes and those on the right the correspondingreducts. We close ! under arbitrary contexts; that is, e ! e0 if e = C[r] for some(single-hole) context C[] and redex r with reduct r0, where e0 = C[r0]. We write e !� e0if e! : : :! e0 in zero, one or more reduction steps.The main theorem of this section is that well-annotated terms are closed under reduction;that is, if e!� e0 and e is well-annotated then e0 is also well-annotated. This is the criticalconnection between our semantic model of binding times and what one can do with thisinformation. It requires two lemmas, the �rst of which explains the role of the \double-topped" range domains in the domains for function types.Due to the annotations that (may) occur inside expressions the subject reduction prop-erty also has to hold locally ; that is, intuitively, we must be able to establish that, if e! e0then A ` e0 : I can be obtained by \local" transformation of any proof of A ` e : I.It is this latter requirement that accounts for the somewhat curious mapping of functiontypes to function spaces with \double-topped" range domain. For �rst-order types we canidentify binding time \dynamic" with the full underlying domain. This is not possible forhigher-oder types if we want to establish subject reduction for function applications | whichis critical for arguing the safety of partial evaluation (see following section). The reason isthat we would like to reason that I ! I 0 � J ! J 0 only if J � I and I 0 � J 0. But this is nottrue if J 0 is full ; i.e., the complete underlying domain. For full J 0 we have I ! I 0 � J ! J 0for any choice of I; I 0; J !The following lemma shows, however, that our reasoning is admissible as long as J 0 isnot full, at least if the underlying domain has a top element.Lemma 5.2 Let D be a domain with a top element >. Let I; I 0; J; J 0 be nonempty idealssuch that J 0 is a proper subset of D.Then I ! I 0 � J ! J 0 if and only if J � I and I 0 � J 0.Proof. See appendix }Lemma 5.2 explains the role of the second top in the ranges D>> of the function domainsfor function types. Dynamic values at function type are modelled by the function that yieldsthe �rst (\lower") top element of D>>, instead of by a single element > as in �rst-ordertypes. The second (\upper") top adds an extra element to the range of the function domainto make sure that we can reason \backwards" from containments between function idealsto containment relations between the domain and range ideals.Lemma 5.3 (Substitution Lemma) If Afx 7! I 00g ` e : I 000 and A ` e0 : I 0 with I 0 � I 00and I 000 � I then A ` efe0=xg : I.Proof. By straightforward induction on e. }



Theorem 5.4 (Subject Reduction Theorem) If A ` e : I and e!� e0 then A ` e0 : I.Proof. The proof is in three parts. First we show that the theorem holds for a singlereduction step where e is a redex. In the second part we show that it holds for C[e]where e is a redex and C[ ] is an arbitrary context. The �nal step is an induction on thelength of reductions. In the appendix we elaborate the �rst two steps (the last one beingstraightforward). }6 Standard and Partial EvaluationIn this section we give a de�nition of o�-line partial evaluation for this language, built byremoving restrictions on reductions possible in the standard evaluation rules, and prove itssafety from the semantic de�nition of a sound binding-time annotation.6.1 Standard Call-by-name EvaluationThe operational semantics of the language is speci�ed by reduction rules, which representthe basic computation steps, plus a description of the syntactic contexts in which the rulescan be applied.The standard operational semantics is built using the reduction rules of Def. 5.1, applyingthem to closed (unannotated) terms. We need to specify the syntactic contexts in which weallow the reduction rules to be applied. We do not specify a deterministic reduction order,since it is su�cient (and more general) simply to constrain the reduction rules so that we:(i) do not reduce under a lambda-abstraction (ii) do not reduce under a �x-expression, (iii)do not reduce in the branches of a case expression. (iv) do not reduce under a constructor(pairing, or sum injections). Let !n be the resulting relation (call-by-name reductions).We state the following properties of !n without proof: for all closed expressions e : �� If e!n e0 then e0 : � and [[e]] = [[e0]]� If there is an in�nite reduction sequence starting from e then all reduction sequencesare in�nite.� For all e of �rst-order type, but excluding unit, we have that [[e]] = ? if and only ifthere is an in�nite reduction sequence starting from e.Thus denotational semantics is sound with respect to a de�nition of observational equiva-lence which observes termination at any �rst-order type except unit.6.2 Partial EvaluationWe de�ne a class of partial evaluators by describing the possible reductions that a partialevaluator may perform. A particular partial evaluator could then be built by choosing somereduction strategy from these reductions.We view partial evaluation as standard evaluation extended rather straightforwardly tohandle \symbolic" values; that is, open terms. \Dynamic" inputs are then just modelled byfree variables.Binding-time analysis is used to guide either the actions of a specializer (so-called o�-linepartial evaluation) or to optimize its actions (on-line partial evaluation). In both cases itis important to guarantee that the specializer can \trust" the information provided by thebinding-time analysis in order to avoid costly checks of data at partial evaluation time (suchas whether data are static or dynamic values). In this section we show how semantically



consistent binding-time annotations ensure that a specializer cannot go \wrong" as long asits actions (reduction steps) \respect" the (semantic) binding-time annotations.Partial evaluation applies the same reduction rules as standard evaluation, but with fewerconstraints. Firstly, we allow evaluation to be more eager, so evaluation of the componentsof pairs, or of the argument of the sum-injections, is now possible. Secondly, we drawupon the binding-time annotations to allow reductions to reach even deeper into a term|namely, under lambda abstractions or in the branches of case-expressions. Due to this, andthe presence of dynamic inputs (free variables), it must be guaranteed that a specializerthat executes a \static" reduction can be assured that it does not encounter dynamic datawhere it expects to �nd static data. In o�-line partial evaluation only static reductions areperformed. In on-line partial evaluation dynamic reductions may also be performed (see thenext section), but require a check as the nature of the data (static or dynamic).PE-annotations The de�nition of a monovariant binding-time annotation provided inthe previous section is particularly simple because it only describes annotations on sub-expressions. The price of the simplicity of this de�nition is that there may not be an exactcorrespondence between the kind annotations which are followed by a given partial evaluator,and the notion of a monovariant binding-time annotation. In particular, the partial evaluatorwe will describe operates on terms with annotations on the binding occurrences of variables|and these are not proper sub-expressions. To avoid confusion we will call the annotationsexpected by our partial evaluator PE-annotations. When we come to prove the safety ofthe partial evaluator we will show how the PE-annotations can be interpreted as semanticannotations.The PE-annotated terms handled by our partial evaluator have possible annotationsin two places: on all destructors (projections, case-expressions, applications), indicating abinding-time property of the expression in the \destructed" position, and on some bindingoccurrences of variables (lambda abstractions, �x-expressions and case expressions). Fur-thermore, the partial evaluator knows about only two annotations: dynamic (D) and static(S). Destructors annotated by S can be reduced (the partial evaluator expects that thedestructed term will be static), but dynamic destructors will not be reduced (since it cannotbe trusted that the term in the hole will be static).Reduction now occurs in a more liberal class of contexts. In particular we can reduceunder lambdas, or inside the branches of a case expression whenever the variable is annotatedwith dynamic.The de�nition is divided into static reductions !pe, and partial evaluation contexts P .Let variables b; b1; b2 range over annotations fS;Dg, and let [D] denote either annotation Dor \no annotation". The static reductions!pe are given in Fig. 5 and the partial evaluationcontexts IP are given in Fig. 6.De�nition 6.1 One step partial evaluation relation 7!pe is de�ned by closing the staticreductions under partial evaluation contexts. In other words, for all annotated expressionse, e0, e 7!pe e0 i� e � IP [e1], for some IP , e1 such that e1 !pe e2 and IP [e2] � e0.Restricted to pure lambda-terms, the reductions permitted by our de�nition include thoseof Palsberg's de�nition of a top-down partial evaluator [Pal93].6.3 Safety of the Partial evaluatorThe de�nition of safety focuses on the statically annotated destructors. It is convenient togive a formal de�nition of these terms:



�x[D]: e1 @Se!pe e1fe=xg �S1 (e; e0)!pe e �S2 (e; e0)!pe e00B@caseS inl (e) ofinl x[b1] ) e1 kinr y[b2] ) e2 1CA!pe e1fe=xg 0B@caseS inr (e) ofinl x[b1] ) e1 kinr y[b2] ) e2 1CA!pe e2fe=yg�x xS : e1 !pe e1f�x xS : e1=xgFigure 5: Static Reduction RulesIP ::= [ ] j IP @be0 j e @bIP j �b1IP j �b2IPj caseb IP ofinl x[D] ) e1 kinr y[D] ) e2 j caseb e ofinl xD ) IP kinr y[D] ) e2 j caseb e ofinl x[D] ) e1 kinr yD ) IPj �xD : IP j �x xD : IP j (IP; e0) j (e; IP ) j inl IP j inr IPFigure 6: Partial Evaluation ContextsDe�nition 6.2 (Destructors) De�ne the destructors ID to be the following single-holedcontexts: ID ::= [ ] e j �1[ ] j �2[ ] j case [ ] ofinl x) e1 kinr y ) e2All destructors occurring in a PE-annotated term must carry an annotation (S or D). Wecall these terms the PE-destructors. Let IDS and IDD respectively denote the static anddynamically annotated PE destructors. For example, if ID is the destructor �D1 [ ], thenIDD[x] is the term �D1 x. A static destructor tells the partial evaluator that it can expectthat the term in the hole can be evaluated to a constructor of the right type (or we loop inthe attempt). What this means in an implementation (eg. a partial evaluator like Similix[Bon91]) is that when partial evaluation of the term in the destructor position has �nished,it will be trusted that the result will be of the right kind to be \destructed". The partialevaluator \goes wrong" and reaches a possible error state if this is not the case. Beforewe give a syntactic characterisation of these error states, we note the following properties,where we assume that the standard semantics of an annotated expression are de�ned to bethat of the corresponding unannotated version.Proposition 6.3 If A ` e : � and e !pe e0 then A ` e0 : � , and for all environments �matching type environment A, [[e]]� = [[e0]]�So partial evaluation preserves the type and denotation of an expression. Note that if wewish to consider the underlying language to be call-by-value, then this partial evaluator in-creases termination properties (so [[e]]val vval [[e0]]val ) (in the manner of lambda-mix [GJ91]).However, this is not the aspect of safety that concerns the binding time analysis.The fact that we always have a well-typed program leads to the conclusion that theerror states are those for which a variable, or a dynamic destructor, appears in the hole ofa static destructor (and that this occurs in some partial evaluation context). The followingproposition helps characterise the error states:



Proposition 6.4 If ID[e] is a well-typed term, and IDS[e] is not a partial evaluation redex,then either e � x or e � ID0[e0] for some destructor ID0.Proof. Simple case analysis on the possible types of e for each possible destructor ID. }De�nition 6.5 (Error states) A PE-annotated term e is in an error state if either1. e � IP [ IDS1 [x] ] for some IP , ID1, x, or2. e � IP [ IDS1 [IDD2 [e0]] ] for some IP , ID1, ID2, e0.Our goal is to show that applying the reduction rules of the partial evaluator on a seman-tically well-annotated program can never lead to an error state. To do this we must give ade�nition of \a well-annotated term" by interpreting PE-annotated expressions as semanticannotations.De�nition 6.6 We de�ne a mapping, b�, from PE-annotated expressions to (ordinary) an-notated terms by induction on the syntax:bx = x d(e1; e2) = ( be1; be2) dinl e = inl be dinr e = inr bed�x[D]: e = �x: (befx[D]=xg) de1 @be2 = ( be1)b be2 d�b1e = �1(be)b d�b2e = �2(be)bd0B@caseb e ofinl x[D]1 ) e1 kinr x[D]2 ) e2 1CA = case (e)b ofinl x1 ) ( be1)fx[D]1 =x1g kinr x2 ) ( be2)fx[D]2 =x2gSo, for example, if e is the PE-annotated term �xD : (x; x), then be = �x: (xD; xD).Next we must give an interpretation of the annotations fS;Dg as abstractions of ideals.In what follows we assume the following de�nition for the abstraction map �:�(I� ) = ( D; if I = ��S; otherwiseNow we can de�ne when a PE-annotated expression is semantically well-annotated.De�nition 6.7 An PE-annotated open expression e, such that A ` e : � for some typeenvironment A, is well annotated if there exists an I such that A0 ` be : I, whereA0 = fx 7! �A(x) j x in the domain of Ag.The structure of the proof of safety of the partial evaluator is as follows: �rst we showthat anything appearing in a partial evaluation context is well annotated, providing thatthe whole term is well annotated. We use this to argue that the error states are not wellannotated, and hence that the partial evaluator never starts out in an error state. The proofis completed by using the subject reduction property, which states that well-annotatednessis preserved by partial evaluation steps. First we need a couple of technical lemmas:Lemma 6.8 For all A, I, I 0, Afx 7! I 0g ` efxD=xg : I () Afx 7! �g ` e : ILemma 6.9 Extend b� to operate on contexts, by specifying that b[ ] = [ ]. For all partial eval-uation contexts IP and PE-annotated expressions e, if fx1 : : : xng are the variables capturedby IP , then dIP [e] = cIP [befxD1 : : : xDn=x1 : : : xng]



Proposition 6.10 If e is well annotated and e � IP [e0] then e0 is well annotated.Proof. Suppose e is well annotated. Then by de�nition A0 ` dIP [e0] : I for some I andsome A0 mapping free variables to �. Assume that variables captured by IP are fx1 : : : xng.By Lemma 6.9 A0 ` cIP [be0fxD1 : : : xDn=x1 : : : xng] : I. By a straightforward induction on IP wecan show that we must haveA0[x1 7! I1 : : : xn 7! In] ` be0fxD1 : : : xDn=x1 : : : xng : I 0for some I 0, I1 : : : In. Now by Lemma 6.8 we can conclude that A0fx1 7! �g � � � fxn 7! �g `be0 : I 0 and hence that e0 is well annotated. }Lemma 6.11 A well annotated expression cannot be in an error state.Proof. Suppose that e is in an error state. Then by de�nition either e � IP [ IDS1 [x] ] or e �IP [ IDS1 [IDD2 [e0]] ]: Consider the second case (the �rst case is similar). Now suppose, towardsa contradiction, that e is well annotated. By Prop. 6.10 it follows that IDS1 [IDD2 [e0]] is alsowell annotated. From the de�nition we can calculate that dIDS1 [IDD2 [e0]] = dID1[(dID2[(be0)D])S ].Finally, by straightforward case analysis from the rules we conclude that there can be noinference of the form A0 ` dID1[(dID2[(be0)D])S ] : I for any A0 (not containing unfeasibleassumptions x 7! ;), thus contradicting the assumption that e is well annotated. }Lemma 6.12 If e 7!pe e0 then be!+ be0Theorem 6.13 If e is well annotated and e 7!�pe e0 then e0 is not in an error state.Proof. Assume e is well annotated { ie. that A0 ` be : I for some I. By Lemma 6.12 wehave that be!+ be0, and so by Subject Reduction (Theorem 5.4) A0 ` be0 : I. Hence e0 is wellannotated, and so by Lemma 6.11 e0 cannot be in an error state. }7 On-line Partial EvaluationO�-line partial evaluation is de�ned to be partial evaluation which uses a binding timeanalysis. Conversely, the term on-line is used for partial evaluators which do not. Thismeans that before attempting to do a reduction, an on-line partial evaluator must alwayscheck to see if the object being destructed is of the appropriate kind. It is generally able toperform more reductions than an o�-line evaluator, but is potentially less e�cient (and lesssimple in structure) because of the extra checking necessary.In this section we show that the safety condition|that we never reach an error state|also holds for a form of on-line partial evaluation. This result is signi�cant because it showsthat an on-line partial evaluator could be optimised by using a binding-time analysis, sinceit removes partial-evaluation-time checks on the argument to a static destructor.De�nition 7.1 De�ne an on-line reduction relation !on on PE-annotated terms by ex-tending the partial evaluation reductions 7!pe to include the following rewrite:If IDS [e]!pe e0 then IP [IDD[e]]!on IP [e0]Note then that we still do not permit reduction under non-dynamically annotated bindingoperators (not a severe restriction, since because they are static they are likely to be elim-inated by reduction anyway). But now if a dynamic-annotated destructor is a redex, thenit can be reduced.



Afx 7! Ig ` x : IAfx 7! Ig ` e : I 0A ` (�x: e)S : I ! I 0 Afx 7! �g ` e : �A ` (�x: e)D : �A ` e : I ! I 0 A ` e0 : IA ` (eS) e0 : I 0 A ` e : � A ` e0 : �A ` (eD) e0 : �Figure 7: Binding-time analysis a la Gomard and JonesTheorem 7.2 If e is well annotated and e!�on e0 then e0 is not in an error state.Proof. Easy adaptation of the proof for the o�-line case, since the analogue of Lemma 6.12holds (because annotations can be deleted), and so the result follows directly from theSubject Reduction Theorem. }8 Correctness of binding-time analysesWe have focused on proving safety (correctness) of partial evaluation from a semantic model.A reasonable question is whether it is possible to design analyses and show that they aresound wrt. this semantic model. In this section we brie
y claim that this is so, by out-lining how existing monovariant binding-time analyses can be justi�ed in our model andmonovariantly internalised.8.1 �-mixGomard and Jones describe a simple, but illustrative o�-line partial evaluator for the kernelof an untyped higher-order programming language [GJ91, Gom92]. We shall only considerthe (pure) lambda calculus subset of the language. It is untyped, but can be understood to betyped by giving every expression the type rec �: �! �. Our extended domain interpretationmaps this type to the smallest domain D1 such that D1 �= (D1 ! D1)>. As before, thesemantic ideal � modelling \dynamic" (D) is the whole domain, whereas \static" (\S") isinterpreted as D1 ! D1.The binding-time analysis of Gomard and Jones can be described by an inference sys-tem consisting of rules that are derived in our monovariant internalisation. We give therules using the ordinary annotated expressions. These correspond, via a translation as inDe�nition 6.6, to PE-annotated terms where not only destructors, but also constructors areannotated by either S or D.This shows that the binding-time analysis of Gomard and Jones is sound with respect toour model of binding times and our monovariant internalisation. An immediate consequenceof the Subject Reduction Theorem is that no partial evaluator, in particular �-mix, whoseactions can be modelled by the reductions of Section 5 can reach an error state.8.2 Other analysesMogensen Mogensen extends the binding times in Gomard and Jones' analysis with re-cursively speci�ed binding times [Mog92]. His o�-line partial evaluator has been showncorrect relative to the analysis by Wand [Wan93].Mogensen's analysis can also be justi�ed by the rules of Figure 7. The safety of hispartial evaluator follows from our Subject Reduction Theorem. Even so, it uses a \tagged"



representation for expressions at partial evaluation time and checks at specialization timewhether the expressions indeed have the binding-time predicted by the binding-time analysis| which, indeed, they always have!Palsberg/Schwartzbach The binding time annotations of Palsberg and Schwartzbach[Pal93] are the same as for Gomard/Jones and Mogensen. Their binding-time analysis,however, cannot be shown correct relative to our monovariant internalisation since ourinference system lacks the ability of propagating disjunctive properties. Adding rules forunions of ideals, in the style of Jensen [Jen92], to our internalisation, seems to providea | still monovariant | internalisation of binding-time properties that subsumes theiranalysis. Since this extension promises interesting applications to constructor specializationand closure analysis, this appears to be a very promising avenue for further work.Launchbury and Hunt/Sands The binding time models of Launchbury [Lau89] andHunt and Sands [HS91] can be expressed in our model in the sense that their (syntacticdescriptions of) binding times can be interpreted as ideals in our extended domains, givingvalid binding-time statements for expressions. The analysis of Hunt and Sands is poly-variant, however, and thus cannot be expressed in our monovariant internalisation. Weconjecture that Launchbury's analysis is expressible in our monovariant internalisation.9 Conclusions and Further WorkIn this paper we have considered a model-based approach to the safety of o�-line partialevaluation. We have motivated a new model for structured binding times in higher-orderfunctional languages, illustrating problems with the previous models using projections andPERs. The model is based on an extension of the standard domains with a top elementat each type, re
ecting the �ner distinctions that we are able to make between programsat partial evaluation time than we are able to make during normal execution. We tacklethe problem of program annotation by showing that semantic properties can be expressedin a structural syntax-directed style. This is essentially a collecting interpretation [CC79],but avoids the cumbersome details of an explicit \sticky" semantics mapping properties toprogram points (cf. [Nie85])The model is able to represent partially static data structures in the manner of [Mog88][Lau88], and also properties of higher-order function. Furthermore, we are not dependent onany assumption of lazy data structures and non-strict evaluation in the underlying language.We have shown that the model is adequate to prove safety for a class of partial evaluatorsfor this language. This class of partial evaluators is similar in spirit to Palsberg's de�nition oftop-down partial evaluators for the pure lambda-calculus. We believe this is the �rst proofof its kind|based on a semantic speci�cation of a safe binding time annotation, ratherthan on a particular analysis. We have also shown that sound binding time annotationsare preserved by dynamic reductions, a fact which has implications for the optimisation ofon-line partial evaluators. Finally, we have argued that existing analyses can be shown tobe sound with respect to the model given here.9.1 Limitations and Further WorkThere are some fundamental limitations in the de�nition of a sound annotation which arenecessary in order to prove the correctness of simple minded partial evaluators. One suchlimitation is the \uniformity" assumption [Lau89], which is implicit in the structural nature



of our conditions for a safe annotation5. This restriction is fundamental in the sense thatit would actually be unsafe to perform, for example, constant propagation or relationalanalyses between variables unless the partial evaluator where to employ exactly the same
ow analysis \on-line" (as in Turchin's driving [Tur86]). This also means that we cannotaccount for partial evaluators which perform arbitrary algebraic manipulations (eg. codepropagation across dynamic conditionals [Bon92]), unless they can be factored out in apre-processing stage (eg.[CD91]).Polyvariant binding-time analysis is intimately connected to (�nitary or in�nitary) con-junctive properties of functions. This can be modelled by taking intersections of ideals.Finitary conjunctive properties of functions capture the polyvariant binding-time analysesof Gengler and Rytz [GR92] and Consel [Con93]. In�nitary conjunctive properties can beexpressed as binding-time functions [HS91, CJ�94] or polymorphic types [HM94]. We planon extending the monovariant internalization of this paper to a sound and complete poly-variant internalization using in�nitary conjunction. This, we hope, should enable us tojustify the above polyvariant analyses as well as the safety of partial evaluators driven bypolyvariant analyses.AcknowledgementsThanks to the referees for numerous useful suggestions for improvements. This work was partlyfunded by the Danish Science Council (SNF), project \DART".References[Amt93] T. Amtoft. Minimal thunki�cation. In Proceedings of the 3rd International Symposiumon Static Analysis, number 724 in LNCS. Springer-Verlag, 1993.[BEJ88] D. Bj�rner, Ershov, and N. D. Jones, editors. Partial Evaluation and Mixed Computa-tion. Proceedings of the IFIP TC2 Workshop, Gammel Avern�s, Denmark, October 1987.North-Holland, 1988. 625 pages.[BJMS88] Anders Bondorf, Neil D. Jones, Torben Mogensen, and Peter Sestoft. Binding time analy-sis and the taming of self-application. Draft, 18 pages, DIKU, University of Copenhagen,August 1988.[Bon91] Anders Bondorf. Automatic autoprojection of higher order recursive equations. Scienceof Computer Programming, 17(1-3):3{34, December 1991. Selected papers of ESOP '90,the 3rd European Symposium on Programming.[Bon92] Anders Bondorf. Improving binding times without explicit cps-conversion. In 1992 ACMConference on Lisp and Functional Programming. San Francisco, California, pages 1{10,June 1992.[Bul93] Mikhail Bulyonkov. Extracting polyvariant binding time analysis from polyvariant spe-cializer. In Proc. ACM SIGPLAN Symp. on Partial Evaluation and Semantics-BasedProgram Manipulation (PEPM), Copenhagen, Denmark, pages 59{65. ACM, ACM Press,June 1993.[CC79] P. Cousot and R. Cousot. Systematic design of program analysis frameworks. In ACM5th Symposium on Principles of Programming Languages, 1979.[CD91] C. Consel and O. Danvy. For a better support of static data 
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A ` x : A(x) A ` () : unitAfx 7! �g ` e : � 0A ` �x : � : e : � ! � 0 A ` e : � ! � 0 A ` e0 : �A ` e e0 : � 0A ` e : � A ` e0 : � 0A ` (e; e0) : � � � 0 A ` e : � � � 0A ` �1e : � A ` e : � � � 0A ` �2e : � 0A ` e : �A ` inl e : � + � 0 A ` e : � 0A ` inr e : � + � 0A ` e : � + � 0 Afx 7! �g ` e0 : � 00 Afx0 7! � 0g ` e00 : � 00A ` 0B@case e ofinl x) e0 kinr x0 ) e001CA : � 00Aff 7! �g ` e : �A ` �x f : e : �Figure 8: De�nition of simply-typed functional programming language[NBV91] A. De Niel, E. Bevers, and K. De Vlamnick. Program bifurcation for polymorphicallytyped functional languages. In Proceedings of the ACM Symposium on Partial Evalu-ation and Semantics-Based Program Manipulation (PEPM'91), September 1991. ACMSIGPLAN Notices 26(9).[Nie85] F. Nielson. Program transformation in a denotational setting. ACM Transactions onProgramming Languages and Systems, 7(3):359{379, 1985.[Nie90] F. Nielson. Two-level semantics and abstract interpretation | fundamental studies. The-oretical Computer Science, (69):117{242, 90.[Pal93] J. Palsberg. Correctness of binding time analysis. Journal of Functional Programming,3(3):347{363, 1993.[Ste94] P. Steckler. Correct Higher-Order Program Transformations. PhD thesis, College ofComputer Science, Northeastern University, Boston, 1994. Tech Report NU-CCS-94-15.[Tur86] V. F. Turchin. The concept of a supercompiler. ACM Transactions on ProgrammingLanguages and Systems, 8:292{325, July 1986.[Wan93] Mitchell Wand. Specifying the correctness of binding-time analysis. Journal of FunctionalProgramming, 3(3):365{387, July 1993. preliminary version appeared in Conf. Rec. 20thACM Symp. on Principles of Prog. Lang. (1993), 137{143.A AppendixIn this section we provide some details omitted from the main text. Figure 8 gives the staticsemantics of the language.Lemma A.1 (Lemma 5.2) Let D be a domain with a top element >. Let I; I 0; J; J 0 benonempty ideals such that J 0 is not full in D; i.e., it is a proper subset of D.Then I ! I 0 � J ! J 0 if and only if J � I and I 0 � J 0.



Proof. if : This is the well-known contravariant containment rule for ideals.only if : We prove this result by contradiction. Assume it doesn't hold that J � I andI 0 � J 0 whenever I ! I 0 � J ! J 0. Then for some ideals I; I 0; J; J 0 either J � I fails tohold or, if it does hold, I 0 � J 0 fails. Let us consider these two cases in turn.1. Assume that J 6� I; that is, there exists dJ 2 J such that dJ 62 I. Take a functionf 2 I ! I 0. (Such an f exists since ideals are nonempty.) Let us de�ne a function f 0as follows: f 0(x) def= ( f(x); if x 2 I>; otherwiseIt can be checked that f 0 is continuous.Now, f 0 2 I ! I 0 since f 0(I) = f(I) � I 0, but f 0 62 J ! J 0. To wit, dJ 2 J , butf 0(dJ) = > 62 J 0 since J 0 cannot contain > as it, otherwise, would have to be full.This shows that I ! I 0 6� J ! J 0, which is in contradiction to our assumption.2. Assume that I 0 6� J 0; that is, there exists dI0 2 I 0 such that dI0 62 J 0. Consider theconstant function g de�ned by g(x) def= dI0 . Clearly it is continuous and an element ofI ! I 0. It is not in J ! J 0, however, since there is x 2 J such that g(x) = dI0 62 J 0.Thus g 2 I ! I 6� J ! J 0, which contradicts our assumption.This concludes the proof. }Theorem A.2 (Subject Reduction Theorem) If A ` e : I and e!� e0 then A ` e0 : I.Proof. 1. Assume that e is a redex. We shall only consider the case where e =(�x: e1) e2 as this is the most di�cult case, which requires Lemma 5.2. The othercases are similar in principle, but easier. Without loss of generality we may assumethat every application of a non-logical rule is followed by exactly one application ofthe weakening rule.We have to show that A ` (�x: e1) e2 : I implies A ` e1fe2=xg : I. Assume A `(�x: e1) e2 : I. This must have been derived by application of the rule for applicationyielding A ` (�x: e1) e2 : I, followed by (a single) application of the weakening rule.Clearly it is su�cient to show that A ` e1fe2=xg : ISince A ` (�x: e1) e2 : I is derived using the application rule there must be an idealI 0 such that A ` �x: e1 : I 0 ! I and A ` e2 : I 0. Furthermore, I must not contain allelements of the underlying domain.The former judgement must be derivable from Afx 7! I 00g ` e1 : I 000 for some idealsI 00; I 000, which gives A ` �x: e1 : I 00 ! I 000 � I 0 ! I. Since I is not full it follows byLemma 5.2 that I 0 � I 00 and I 000 � I.Since Afx 7! I 00g ` e1 : I 000 and A ` e2 : I 0 with I 0 � I 00; I 000 � I it follows by theSubstitution Lemma (Lemma 5.3) that A ` e1fe2=xg : I, which is what we had toshow.2. Let us assume now that e = C[r] where C[] is a context and r is a redex with reductr0. We want to show that if A ` e : I then also A ` e0 : I for e0 = C[r0].Any proof of A ` C[r] : I contains a judgement A0 ` r : I 0 for the occurrence of ein the context C[ ] since the proof rules are syntax-directed. In the �rst step we haveshown that this implies A0 ` r0 : I 0. Since the proof rules are syntax-directed we canbuild a proof of A ` C[r0] : I. (Formally this is done by induction on C[ ].)This concludes the proof. }


