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Abstract. We present new sound and complete axiomatizations of type
equality and subtype inequality for a first-order type language with regu-
lar recursive types. The rules are motivated by coinductive characteriza-
tions of type containment and type equality via simulation and bisimula-
tion, respectively. The main novelty of the axiomatization is the fixpoint
rule (or coinduction principle), which has the form

A, P ⊢ P

A ⊢ P

where P is either a type equality τ = τ ′ or type containment τ ≤ τ ′.
We define what it means for a proof (formal derivation) to be formally
contractive and show that the fixpoint rule is sound if the proof of the
premise A, P ⊢ P is contractive. (A proof of A,P ⊢ P using the assump-
tion axiom is, of course, not contractive.) The fixpoint rule thus allows us
to capture a coinductive relation in the fundamentally inductive frame-
work of inference systems.
The new axiomatizations are “leaner” than previous axiomatizations,
particularly so for type containment since no separate axiomatization
of type equality is required, as in Amadio and Cardelli’s axiomatiza-
tion. They give rise to a natural operational interpretation of proofs as
coercions. In particular, the fixpoint rule corresponds to definition by
recursion. Finally, the axiomatization is closely related to (known) effi-
cient algorithms for deciding type equality and type containment. These
can be modified to not only decide type equality and type containment,
but also construct proofs in our axiomatizations efficiently. In connection
with the operational interpretation of proofs as coercions this gives effi-
cient (O(n2) time) algorithms for constructing efficient coercions from
a type to any of its supertypes or isomorphic types.

1 Introduction

The simply typed λ-calculus is paradigmatic for both type inference for program-
ming languages and the Curry-Howard isomorphism. Whereas adding recursive
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types destroys its strong normalization property and its logical soundness un-
der the Curry-Howard interpretation, recursive types preserve and extend the
“well-typed programs don’t go wrong” interpretation of λ-terms. To use recursive
types it is necessary to add the rule

A ⊢ e : τ ⊢ τ = τ ′

A ⊢ e : τ ′ (Equal)

for simple typing with recursive types [CC91] or

A ⊢ e : τ ⊢ τ ≤ τ ′

A ⊢ e : τ ′ (Subtype)

for simple subtyping with recursive types [AC91, AC93]. The question, now, is
when two recursive types are equal or in the subtyping relation. This is what we
study in this paper.

1.1 Recursive Types

Definition 1. The recursive types (in canonical form) µTp are generated by the
grammar

τ ≡ ⊥ | ⊤ | α | τ1 → τ2 | µα.(τ1 → τ2)

where α ranges over an infinite set TVar of type variables, µ binds its type
variable, α-congruent recursive types are identified, and in every µα.τ the bound
variable α occurs freely in τ .

Intuitively, µα.τ denotes the recursive type defined by the type equation
α = τ (note that α occurs in τ), ⊥ is contained in all other types, and ⊤
contains all other types. Our results extend to other types and type constructors
such as product and sum. We let τ, σ range over recursive types and write fv(τ)
for the set of free type variables in τ .

1.2 Regular Trees

We define Tree(τ) to be the regular (possibly infinite) tree obtained by com-
pletely unfolding all occurrences of µα.τ to τ [µα.τ ]. (For a precise definition of
Tree(τ), regular trees and their properties see [Cou83, CC91, AC93].)

Henceforth we shall assume that all trees are over the ranked alphabet
{⊥0,→2,⊤0} ∪ {α0 : α ∈ TVar} of labels, which are ordered by the reflexive-
transitive closure of ⊥ < →

α < ⊤.
We can define depth-k lower and upper approximations T |k and T |k of a tree

T as follows:

T |0 = ⊥ T |0 = ⊤
(T ′ → T ′′)|k+1 = T ′|k → T ′′|k (T ′ → T ′′)|k+1 = T ′|k → T ′′|k

⊥|k+1 = ⊥ ⊥|k+1 = ⊥
⊤|k+1 = ⊤ ⊤|k+1 = ⊤
α|k+1 = α α|k+1 = α

For tree T , L(T ), the label of T , is the label of the root node of T . The label
of a recursive type τ is the label of the tree it denotes: L(τ) = L(Tree(τ)).



1.3 Recursive Type Equality

Cardone and Coppo [CC91] show the following results about recursive type
equality (for types without ⊤):

– Interpreting recursive types as ideals in a universal domain, τ, τ ′ are seman-
tically equivalent (denote the same ideal) if and only if Tree(τ) = Tree(τ ′).

– Weak type equality, the congruence generated by axiom Fold/Unfold in
Figure 1, is properly weaker than semantic type equivalence.

– The principal typing property in the sense of Hindley [Hin69] and Ben-
Yelles [BY79] extends to simple typing with recursive types if type equality
in Rule (EQUAL) is taken to be semantic type equivalence, yet it breaks if
it is defined as weak equality.

Let us write τ ≈ τ ′ if Tree(τ) = Tree(τ ′). Axiomatizations of ≈ are given by
Amadio/Cardelli [AC91] and Ariola/Klop [AK95]. It is clear, however, that this
kind of axiomatization has been known for a long time; see for example Salomaa
[Sal66] and Milner [Mil84].

All these axiomatizations are a variant of the inference system presented in
Figure 1.2 (In Rule Contract, recursive type τ is contractive in type variable
α if α occurs in τ only under →, if at all.)

⊢ τ = τ
⊢ τ = τ ′ ⊢ τ ′ = τ ′′

⊢ τ = τ ′′

⊢ τ ′ = τ

⊢ τ = τ ′

⊢ τ = τ ′ ⊢ σ = σ′

⊢ τ → σ = τ ′ → σ′

⊢ τ = τ ′

⊢ µα.τ = µα.τ ′

(µ-Compat)

⊢ µα.τ = τ [µα.τ/α] (Fold/Unfold)

⊢ τ1 = τ [τ1/α] ⊢ τ2 = τ [τ2/α]

⊢ τ1 = τ2

(τ contractive in α) (Contract)

Fig. 1. Classical axiomatization of recursive type equality

2 Instead of Rule Contract Ariola and Klop [AK95] use the equivalent rule

⊢ τ1 = τ [τ1/α]

µα.τ = τ1

τ contractive in α.



Γ ⊢ ⊥ ≤ τ Γ ⊢ τ ≤ ⊤

Γ ⊢ τ ≤ τ
Γ ⊢ τ ≤ τ ′ Γ ⊢ τ ′ ≤ τ ′′

Γ ⊢ τ ≤ τ ′′

Γ, τ ≤ τ ′, Γ ′ ⊢ τ ≤ τ ′
Γ ⊢ τ = τ ′

Γ ⊢ τ ≤ τ ′

Γ ⊢ τ ′ ≤ τ Γ ⊢ σ ≤ σ′

Γ ⊢ τ → σ ≤ τ ′ → σ′

Γ, α ≤ β ⊢ τ ≤ σ

Γ ⊢ µα.τ ≤ µβ.σ
(α, β not free in σ, τ )

Fig. 2. Amadio/Cardelli axiomatization of subtyping for recursive types

1.4 Recursive Subtyping

Amadio and Cardelli [AC93] extend the standard contravariant structural sub-
typing relation on µ-free types (to be thought of as finite trees) defined by

⊥ ≤fin T (⊥fin) T ≤fin ⊤ (⊤fin)

T ≤fin T (Reffin)
S1 ≤fin T1 T2 ≤fin S2

T1 → T2 ≤fin S1 → S2
(Arrowfin)

in a natural fashion to infinite trees.

Definition 2 (Amadio/Cardelli subtype relation). Let τ , σ be recursive
types. Define τ ≤AC σ if Tree(τ) |k ≤fin Tree(σ) |k for all k ∈ IN0.

In the definition we could replace the lower approximations by upper approx-
imations since both induce the same subtyping relation:

Proposition3. T |k ≤fin T ′|k if and only if T |k ≤fin T ′|k.

Amadio and Cardelli build on the axiomatization of type equality in Figure 1
and give a sound and complete axiomatization of ≤AC in [AC93], shown in
Figure 2.

1.5 The New Axiomatizations

In this paper we show that the Amadio/Cardelli subtype relation can be directly
axiomatized by the inference system in Figure 3.

The most noteworthy aspect of the system is rule Arrow/Fix for proving
inequality between function types. It can be understood as the composition of
the two separate rules

A ⊢ σ1 ≤ τ1 A ⊢ τ2 ≤ σ2

A ⊢ τ1 → τ2 ≤ σ1 → σ2
(Arrow)

A, τ ≤ τ ′ ⊢ τ ≤ τ ′

A ⊢ τ ≤ τ ′ (Fix)



A ⊢ ⊥ ≤ τ (⊥) A ⊢ τ ≤ ⊤ (⊤)

A ⊢ τ ≤ τ (Ref)
A ⊢ τ ≤ δ A ⊢ δ ≤ σ

A ⊢ τ ≤ σ
(Trans)

A ⊢ µα.τ ≤ τ [µα.τ/α] (Unfold) A ⊢ τ [µα.τ/α] ≤ µα.τ (Fold)

A, τ ≤ σ, A′ ⊢ τ ≤ σ (Hyp)

A, τ1 → τ2 ≤ σ1 → σ2 ⊢ σ1 ≤ τ1 A, τ1 → τ2 ≤ σ1 → σ2 ⊢ τ2 ≤ σ2

A ⊢ τ1 → τ2 ≤ σ1 → σ2

(Arrow/Fix)

Fig. 3. Coinductive axiomatization of Amadio/Cardelli subtyping

where the premise of obviously “dangerous” Rule Fix must be proved by Rule
Arrow. Rule Fix says that we may actually use as a hypothesis what we want
to prove when trying to prove it. We are just not allowed to use it “right away”!

The system is is sound and complete for Amadio/Cardelli subtyping: ⊢ τ ≤ τ ′

if and only if τ ≤AC τ ′. Because of Rule Arrow/Fix, more specifically the part
corresponding to Rule Fix, soundness is actually a tricky issue. The proof is
accomplished by giving sequents a level stratified interpretation. Completeness
is shown by exhibiting an algorithm that builds a derivation for given (τ, τ ′)
and succeeds whenever τ ≤AC τ ′. The crucial part here is showing that the
algorithm terminates. The algorithm not only decides whether ⊢ τ ≤ τ ′, but
also returns an explicit proof. (It is relatively easy to see that the algorithm
can be implemented in time O(n2) where n is the number of symbols in the two
input types, but this is not elaborated in this paper. See [Car93, KPS93, KPS95]
for efficient algorithms for deciding recursive subtyping.)

Given our “innate” axiomatization of ≤AC by ≤ in Figure 3 the semantic
type equivalence ≈ can now be defined in terms of subtyping since τ ≈ τ ′ if and
only τ ≤AC τ ′ and τ ′ ≤AC τ if and only if ⊢ τ ≤ τ ′ and ⊢ τ ′ ≤ τ . Alternatively,
we can provide a direct axiomatization of ≈, see Figure 4. Note that it requires
neither Rule Contract nor Rule µ-Compat, which are difficult to interpret
denotationally and operationally.

The above results for subtyping are presented in Section 2. The corresponding
results for type equality are analogous; they are omitted for space reasons.

1.6 Proofs as Programs: Subtyping/Type Equality Proofs as
Coercions

The point of our coinductive axiomatizations is not only to support direct coin-
ductive reasoning, but also to provide a natural foundation for a proof theory



A, τ = τ ′, A′ ⊢ τ = τ ′ A ⊢ τ = τ

A ⊢ τ = τ ′

A ⊢ τ ′ = τ

A ⊢ τ = τ ′ A ⊢ τ ′ = τ ′′

A ⊢ τ = τ ′′

A ⊢ µα.τ = τ [µα.τ/α]

A, τ → τ ′ = σ → σ′ ⊢ τ = σ A, τ → τ ′ = σ → σ′ ⊢ τ ′ = σ′

A ⊢ τ → τ ′ = σ → σ′

Fig. 4. Coinductive axiomatization of recursive type equality

and operational interpretation of proofs. In Section 3 we briefly introduce the
term language of coercions for proofs in our subtyping axiomatization. Each rule
corresponds to a natural construction on coercions; in particular, the fixpoint
rule corresponds to definition by recursion.

Finally, Section 4 concludes with a brief summary and possible future work.

2 Recursive Types: Subtyping

2.1 Simulations on Recursive Types

We give a characterization of ≤AC that highlights the coinductive nature of ≤AC.
Its advantages are that it is intrinsically in terms of recursive types, without refer-
ring to infinite trees, and it directly reflects the characteristic closure properties
of ≤AC. It will be used in the proof of completeness for our axiomatization of
≤AC.

Definition 4 (Simulation on recursive types). A simulation (on recursive
types) is a binary relation R on recursive types satisfying:

(i) (τ1 → τ2) R (σ1 → σ2) ⇒ σ1 R τ1 and τ2 R σ2

(ii) µα.τ R σ ⇒ τ [µα.τ/α] R σ
(iii) τ R µβ.σ ⇒ τ R σ[µβ.σ/β]
(iv) τ R σ ⇒ L(τ) ≤ L(σ)

Lemma5. ≤AC is a simulation.

Proof. We prove the four properties of Definition 4.

(i) Assume τ1 → τ2 ≤AC σ1 → σ2 and let k ∈ IN0. By Definition 2 we have
Tree(τ1 → τ2) | (k + 1) ≤fin Tree(σ1 → σ2) | (k + 1). By definition of Tree(·)



and of the k’th lower approximation we find

(

Tree(τ1)|k → Tree(τ2)|k

)

≤fin

(

Tree(σ1)|k → Tree(σ2)|k

)

and thus Tree(σ1) | k ≤fin Tree(τ1) | k and Tree(τ2) | k ≤fin Tree(σ2) | k.

Since k was chosen arbitrary and Tree(σ1) |k ≤fin Tree(τ1) |k if and only if
Tree(σ1) |k ≤fin Tree(τ1) |k (Proposition 3) we finally obtain σ1 ≤AC τ1 and
τ2 ≤AC σ2 as desired.

(ii) Consider µα.τ ≤AC σ. By definition of Tree(·) we have Tree(µα.τ) =
Tree(τ [µα.τ/α]) and thereby τ [µα.τ/α] ≤AC σ.

(iii) Exactly as (ii).
(iv) Let τ ≤AC σ and thus Tree(τ) | k ≤fin Tree(σ) | k for all k ∈ IN0. By

inspection of ≤fin we get L(Tree(τ) | k) ≤ L(Tree(σ) | k). For k > 0 we
obviously have L(Tree(τ) |k) = L(Tree(τ)) = L(τ) and hence L(τ) ≤ L(σ).

Lemma6. If R is a simulation then τRσ ⇒ τ ≤AC σ for all τ, σ ∈ µTp.

Proof. We prove ∀k ∈ IN0. ∀τ, σ ∈ µTp. (τRσ ⇒ Tree(τ) |k ≤fin Tree(σ) |k) by
induction on k.

Case k = 0 : Trivial, since ⊥ ≤fin ⊥.

Case k > 0 : Let τ , σ be given such that τRσ. We perform a case analysis on
the syntactic forms of τ, σ where L(τ) ≤ L(σ).

Case τ = ⊥ or σ = ⊤ or τ = α, σ = α : Trivial.

Case τ = µα.τ ′, σ = σ1 → σ2 : τ is canonical so τ ′[τ/α] = τ1 → τ2 for
some τ1, τ2. By Definition 4 (ii) we have (τ1 → τ2)R(σ1 → σ2) and thus by (i)
σ1Rτ1, τ2Rσ2. Our induction hypothesis yields

Tree(σ1)|(k − 1) ≤fin Tree(τ1)|(k − 1) and Tree(τ2)|(k − 1) ≤fin Tree(σ2)|(k − 1)

By Proposition 3 and Rule Arrowfin we conclude

Tree(τ1)|(k − 1) → Tree(τ2)|(k − 1) ≤fin Tree(σ1)|(k − 1) → Tree(σ2)|(k − 1)

which by definition of Tree(.) and |k implies

Tree(τ) = Tree(τ1 → τ2)|k ≤fin Tree(σ1 → σ2)|k = Tree(σ).

The remaining cases follow the same schema as the previous one, since they
all have → labels.

Theorem 7 (Characterization of Amadio/Cardelli subtyping). τ ≤AC σ
if and only if there exists a simulation R such that τRσ.

Proof. Follows by Lemma 5 and Lemma 6.



2.2 Soundness

We might want to interpret a sequent σ11 ≤ σ11, . . . , σn1 ≤ σn2 ⊢ τ ≤ τ ′

conventionally as “if σ11 ≤AC σ11, . . . , σn1 ≤AC σn2 then τ ≤AC τ ′” and prove
every inference rule sound under this interpretation.

The problem is that Rule Arrow/Fix — more specifically the part that
corresponds to Rule Fix — is unsound under this interpretation! To see this,
consider for example (⊥ → ⊤) ≤ (⊤ → ⊥) ⊢ ⊤ ≤ ⊥. Since ⊥ → ⊤ 6≤AC ⊤ → ⊥
it is vacuously valid under the conventional interpretation. Application of Rule
Arrow/Fix lets us deduce ⊢ ⊥ → ⊤ ≤ ⊤ → ⊥, which is, however, not valid.

This does not mean that our inference system is unsound. The problem is that
the interpretation of sequents is too strong (in the sense of “too many sequents
are valid”): the premise (⊥ → ⊤) ≤ (⊤ → ⊥) ⊢ ⊤ ≤ ⊥, which is obviously not
derivable anyway, should not be valid. As suggested by Mart́ın Abadi [Aba96]
we give sequents a level stratified interpretation, under which all inference rules
are sound.

Definition 8 (Stratified sequent interpretation). Let k range over the non-
negative integers. Define:

1. |=k τ ≤ τ ′ if Tree(τ)|k ≤ Tree(τ ′)|k.
2. |=k A if |=k τ ≤ τ ′ for all τ ≤ τ ′ ∈ A.
3. A |=k τ ≤ τ ′ if |=k A implies |=k τ ≤ τ ′.
4. A |= τ ≤ τ ′ if A |=k τ ≤ τ ′ for all k ∈ IN0.

Note that ⊥ → ⊤ ≤ ⊤ → ⊥ ⊢ ⊤ ≤ ⊥ does not hold under this interpretation;
that is, (⊥ → ⊤) ≤ (⊤ → ⊥) 6|= ⊤ ≤ ⊥. To wit, we have (⊥ → ⊤) ≤ (⊤ → ⊥) |=0

⊤ ≤ ⊥ and (⊥ → ⊤) ≤ (⊤ → ⊥) |=k ⊤ ≤ ⊥ for all k ≥ 2, but (⊥ → ⊤) ≤ (⊤ →
⊥) 6|=1 ⊤ ≤ ⊥ since Tree(⊥ → ⊤)|1 = ⊤ → ⊥ = Tree(⊤ → ⊥)|1, yet Tree(⊤)|1 =
⊤ 6≤ ⊥ = Tree(⊥)|1. Intuitively, a sequent A ⊢ τ ≤ τ ′ that holds vacuously
(because the assumptions are false) under the conventional interpretation holds
under the stratified interpretation only if τ ≤ τ ′ is not wrong “earlier” than an
assumption in A when descending into the trees in A and τ ≤ τ ′ in lockstep.

Lemma9 (Soundness of inference rules). If A ⊢ τ ≤ τ ′ then A |= τ ≤ τ ′.

Proof. The proof is by rule induction on the inference rules in Figure 3. For all
rules but Arrow/Fix it is easy to prove A |=k τ ≤ τ ′ for arbitrary k and then
generalize over k. For Rule Arrow/Fix we require induction on k.

Recall Rule Arrow/Fix:

A, τ1 → τ2 ≤ σ1 → σ2 ⊢ σ1 ≤ τ1 A, τ1 → τ2 ≤ σ1 → σ2 ⊢ τ2 ≤ σ2

A ⊢ τ1 → τ2 ≤ σ1 → σ2

Our major induction hypothesis IH1 is A, τ1 → τ2 ≤ σ1 → σ2 |= σ1 ≤ τ1 and
A, τ1 → τ2 ≤ σ1 → σ2 |= τ2 ≤ σ2. We now prove ∀k ∈ IN0. A |=k τ1 → τ2 ≤
σ1 → σ2 by induction on k.



Base case: k = 0. Trivial since Tree(τ)|0 = ⊥ for all τ .
Inductive case: k > 0. Assume A |=(k−1) τ1 → τ2 ≤ σ1 → σ2 (minor induc-

tion hypothesis IH2). We need to show A |=k τ1 → τ2 ≤ σ1 → σ2; that is,
|=k A implies |=k τ1 → τ2 ≤ σ1 → σ2.
Assume |=k A. This implies that |=(k−1) A. Since A |=(k−1) τ1 → τ2 ≤ σ1 →
σ2 by IH2 we obtain |=(k−1) τ1 → τ2 ≤ σ1 → σ2 and thus |=(k−1) A, τ1 →
τ2 ≤ σ1 → σ2. Invoking IH1 we derive |=(k−1) σ1 ≤ τ1 and |=(k−1) τ2 ≤ σ2,
which together are equivalent to |=k τ1 → τ2 ≤ σ1 → σ2, and we are done.

Theorem 10 (Soundness). If ⊢ τ ≤ τ ′ then τ ≤AC τ ′.

Proof. Follows immediately from Lemma 9 and the observation that |= τ ≤ τ ′

if and only if τ ≤AC τ ′.

2.3 Completeness

This section is concerned with the completeness of the inference system in Fig-
ure 3 with respect to ≤AC. The proof is divided into three parts; 1) an algorithm
S that produces derivations, 2) a termination proof and finally 3) a correctness
proof for S.

Algorithm S Consider Algorithm S in Figure 5. The first clause in S that
matches a particular argument tuple is executed. The only cases requiring re-
marks are those concerning function types. A pair of function types may have
been encountered earlier in the computation and is therefore stored in the
assumption set. If that is the case, rule Hyp is applied and otherwise rule
Arrow/Fix. It is of vital importance that assumptions are checked before ap-
plying the Arrow/Fix rule, since otherwise we would never be able to use
them.

Termination of S

Syntactic subterms We first introduce the concept of syntactic subterms and
prove a crucial property about them: every recursive type has only a finite num-
ber of syntactic subterms. This is not entirely obvious since recursive types may
have syntactic subterms that are larger than themselves. We require a number
of preliminary technical results.

Definition 11. A recursive type τ ′ is a syntactic subterm (or just subterm) of τ
if τ ′ ⊑ τ , where ⊑ is defined by the following rules:

τ ⊑ τ (Ref)
τ ⊑ σ[µα.σ/α]

τ ⊑ µα.σ
(Unfold)

τ ⊑ σ1

τ ⊑ σ1 → σ2
(ArrowL)

τ ⊑ σ2

τ ⊑ σ1 → σ2
(ArrowR)



1: S(A, µα.τ, σ) =

2: let

3: D1 = Unfold

4: D2 = S(A, τ [µα.τ/α], σ)

5: in

6: Trans(D1,D2)

7: end

8: S(A, τ, µβ.σ) =

9: let

10: D1 = S(A, τ, σ[µβ.σ/β])

11: D2 = Fold

12: in

13: Trans(D1,D2)

14: end

15: S((A, τ ≤ σ, A′), τ, σ) = Hyp

16: S(A, τ1 → τ2, σ1 → σ2) =

17: let

18: A′ = A ∪ {τ1 → τ2 ≤ σ1 → σ2}

19: D1 = S(A′, σ1, τ1)

20: D2 = S(A′, τ2, σ2)

21: in

22: Arrow/Fix(D1,D2)

23: end

24: S(A, α, α) = Ref

25: S(A,⊥, τ) = ⊥

26: S(A, τ,⊤) = ⊤

27: S(A, τ, σ) = exception

Fig. 5. Algorithm S

Lemma12. The subterm relation is transitive, i.e. if τ ⊑ δ, δ ⊑ σ then τ ⊑ σ.

Proof. Induction on the derivation of δ ⊑ σ.

We define a subterm closure operation on recursive types. As we shall see
the subterm closure contains all subterms of a recursive type.

Definition 13. The subterm closure τ∗ of τ is the set of recursive types defined
by

⊥∗ = {⊥} (τ1 → τ2)
∗ = {τ1 → τ2} ∪ τ∗

1 ∪ τ∗
2

⊤∗ = {⊤} (µα.τ1)
∗ = {µα.τ1} ∪ τ∗

1 [µα.τ1/α]
α∗ = {α}

Obviously, the subterm closure is finite; indeed |τ∗| = O(|τ |).

Proposition14. |τ∗| < ∞.

An important technical property of the closure operation is its commutation
with substitution:

Lemma15. (τ ′[τ/β])∗ = (τ ′)∗[τ/β] ∪ τ∗ if β ∈ fv(τ ′).

Proof. Induction on the structure of τ ′.

Using this property we can show that τ∗ contains all syntactic subterms of τ :

Lemma16. If τ ⊑ σ then τ ∈ σ∗.



Proof. Induction on the derivation of τ ⊑ σ. The only interesting case is Unfold.

Case Unfold : So σ = µα.τ ′ and τ ⊑ τ ′[µα.τ ′/α]. By IH we get τ ∈
(τ ′[µα.τ ′/α])∗. By Lemma 15 substitution and closure commute and we can
conclude

τ ∈ (τ ′)∗[µα.τ ′/α] ∪ (µα.τ ′)∗ = (µα.τ ′)∗

since (τ ′)∗[µα.τ ′/α] ⊆ (µα.τ ′)∗ by definition of (µα.τ ′)∗.

Lemma 16 and Proposition 14 together finally give us the desired property:

Theorem 17. For recursive type τ the set {τ ′ | τ ′ ⊑ τ} is finite.

Algorithm execution We now study the computations performed by S. The main
result is that all recursive types encountered in calls to S during the computation
are syntactic subterms of the initial recursive types. Combined with Theorem 17
we can prove that S terminates. To reason about the steps performed by S we
define the notions of call tree and call path.

Definition 18. The call tree of S(A0, τ0, σ0) is defined to be a root node labeled
S(A0, τ0, σ0) whose subtrees are the call trees of all the recursive calls S(Ai, τi, σi)
(finitely many) occurring in the first clause in S that matches S(A0, τ0, σ0).

A call path in S(A0, τ0, σ0) is a path in the call tree of S(A0, τ0, σ0), starting
at its root.

Theorem 19. Let τ0, σ0 be recursive types and A0 an assumption set. For all
nodes S(Ai, τi, σi) in the call tree of S(A0, τ0, σ0) we have that τi, σi are syntactic
subterms of either τ0 or σ0.

Proof. Induction on the depth d of nodes.
Case d = 0 : Root node S(A0, τ0, σ0). Trivial from reflexivity of ⊑.

Case d > 0 : Case analysis of nodes at depth d − 1.

Case S(A, µα.τ, σ) : The unique child of S(A, µα.τ, σ) at depth d is then
S(A, τ [µα.τ/α], σ). By induction hypothesis we know that µα.τ and σ are in
canonical form and furthermore that

(µα.τ ⊑ τ0 ∧ σ ⊑ σ0) or (µα.τ ⊑ σ0 ∧ σi ⊑ τ0)

It is easily seen that τ [µα.τ/α] is in canonical form. Assume that µα.τ ⊑ τ0

(second case similar). By Rule Unfold we have τ [µα.τ/α] ⊑ µα.τ and thus by
transitivity (Lemma 12) τ [µα.τ/α] ⊑ τ0.

Case S(A, τ, µβ.σ) : Analogous to the above case.

Case S(A, τ1 → τ2, σ1 → σ2) : There are two child nodes at depth d:

1. S(A′, σ1, τ1). By IH we know that τ1 → τ2 ⊑ τ0 and σ1 → σ2 ⊑ σ0, or
τ1 → τ2 ⊑ σ0 and σ1 → σ2 ⊑ τ0. But then the result follows directly from
transitivity (Lemma 12) since τ1 ⊑ τ1 → τ2 and σ1 ⊑ σ1 → σ2 by Rule
ArrowL.



2. S(A′, τ2, σ2) Exactly as previous case.

Lemma20. If S(A0, τ0, σ0), . . . ,S(Ai, τi, σi), . . . is a call path of S(A0, τ0, σ0)
then A0 ⊆ A1 ⊆ . . . ⊆ Ai ⊆ . . .

Proof. By inspection of Algorithm S we see that, for every clause S(A, τ, σ) and
every recursive call S(A′, τ ′, σ′) occurring in it, we have A ⊆ A′.

Lemma21. If S(A0, τ0, σ0), . . . ,S(An, τn, σn), . . . is a call path of S(A0, τ0, σ0)

then: ∃N∀i : (τi, σi) ∈
{

(τj , σj) | 0 ≤ j ≤ N
}

.

The lemma states that every path has only finitely many different type argu-
ments.

Proof. The statement is proved by contradiction. Assume that

∀N∃i : (τi, σi) 6∈
{

(τj , σj) | 0 ≤ j ≤ N
}

This fact directly implies that {(τj , σj) | j ∈ IN0} is an infinite set. Theorem 19
states that all terms in a call tree are subterms of the initial two terms. We thus
have

{(τj , σj) | j ∈ N0} ⊆ ({τj | j ∈ N0})× ({σj | j ∈ IN0}) ⊆ {τ | τ ⊑ τ0}×{σ |σ ⊑ σ0}

Theorem 17, however, implies that
∣

∣{(τj , σj) | j ∈ IN0}
∣

∣ ≤
∣

∣{τ | τ ⊑ τ0} ∪ {σ | σ ⊑ σ0}
∣

∣

2
< ∞

which contradicts our assumption that {(τj , σj) | j ∈ IN0} is infinite.

The above results enable us to prove termination of S.

Theorem22 (Termination of S). If τ , σ are canonical and A an assumption
set then S(A, τ, σ) terminates.

Proof. The proof is once again by contradiction. Assume that S(A, τ, σ) does not
terminate, i.e. there exists an infinite call path p in the call tree of S(A, τ, σ).
Let N be determined by Lemma 21 such that

∀i : (τi, σi) ∈
{

(τj , σj) | 0 ≤ j ≤ N
}

(1)

Let us consider the calls (τi, σi) of p where i > N . There must exist a call (τn, σn)
with n > N where τn = τ1 → τ2 and σn = σ1 → σ2, because otherwise all calls
would be unfoldings, which is not possible since the terms are in canonical form
(Theorem 19). From (1) we conclude that (τ1 → τ2, σ1 → σ2) ∈ {(τj , σj) | 0 ≤
j ≤ N} which implies that there exists m ≤ N < n such that (τn, σn) =
(τm, σm). The assumption set associated with call n inherits all assumptions
from its ancestors in p (by Lemma 20), but then call n must be an application of
Hyp, which corresponds to a leaf in the call tree. Path p is therefore not infinite
and the assumption is false.



Correctness of S Finally we show that, whenever τ ≤AC σ, S(A, τ, σ) does
not fail (it does not raise an exception) and it returns a proof of A ⊢ τ ≤ σ.

Lemma23. Let τ , σ be recursive types in canonical form and A an assumption
set. If τ ≤AC σ then S(A, τ, σ) returns a derivation of A ⊢ τ ≤ σ.

Proof. The termination theorem (Theorem 22) gives that S(A, τ, σ) terminates
with, say, n recursive calls. Correctness is proved by induction on n. In each case
we verify the derivation returned by S.
Case n = 0 : No recursive calls performed at all. Case analysis on the clauses

in S with no recursive calls.

Case S((A, τ ≤ σ, A′), τ, σ), S(A, α, α), S(A,⊥, τ) or S(A, τ,⊤) : Obvious.

Case S(A, τ, σ) : If this clause is reached, it means that L(τ) 6= ⊥, L(σ) 6= ⊤
and L(τ) 6= L(σ), i.e. L(τ) 6≤ L(σ). Since ≤AC is a simulation and τ ≤AC σ it
must hold that L(τ) ≤ L(σ), which contradicts L(τ) 6≤ L(σ). Thus this clause
is never reached!
Case n > 0 : Induction hypothesis: Computations S(A′, τ ′, σ′) with fewer than

n recursive calls, where τ ′ ≤AC σ′, produces a correct derivation of A′ ⊢ τ ′ ≤ σ′.
Case analysis of rules containing recursive calls.

Case S(A, µα.τ, σ) : Since ≤AC is a simulation (Lemma 5) it follows that
τ [µα.τ/α] ≤AC σ. The induction hypothesis does thus apply and gives that
S(A, τ [µα.τ/α], σ) returns a derivation of A ⊢ τ [µα.τ/α] ≤ σ. By Unfold and
Trans we then get a proof of A ⊢ µα.τ ≤ σ, which is exactly what S(A, µα.τ, σ)
returns.

Case S(A, τ, µβ.σ) : Since ≤AC is a simulation (Lemma 5) we get τ ≤AC

σ[µβ.σ/β]. Thus the induction hypothesis is applicable: S(A, τ, σ[µβ.σ/β]) re-
turns a proof of A ⊢ τ ≤ σ[µβ.σ/β]. We conclude

(IH)

A ⊢ τ ≤ σ[µβ.σ/β]

(Fold)

A ⊢ σ[µβ.σ/β] ≤ µβ.σ

A ⊢ τ ≤ µβ.σ
(Trans)

which is the result of S(A, τ, µβ.σ).

Case S(A, τ1 → τ2, σ1 → σ2) : Let A′ = A ∪ {τ1 → τ2 ≤ σ1 → σ2}. Two
recursive calls are issued from this rule.

1. S(A′, σ1, τ1). From the simulation property of ≤AC and IH we get that the
call returns a proof of A′ ⊢ σ1 ≤ τ1.

2. S(A′, τ2, σ2). As above, the call returns a proof of A′ ⊢ τ2 ≤ σ2.

S(A, τ1 → τ2, σ1 → σ2) returns Rule Arrow/Fix applied to the two subproofs
above, which is a proof of A ⊢ τ1 → τ2 ≤ σ1 → σ2.

Theorem 24 (Completeness). If τ ≤AC σ then ⊢ τ ≤ σ

Proof. Follows from Lemma 23 for A = ∅.



3 Proofs as Coercions

In this section we present a somewhat generalized axiomatization of recursive
subtyping in which rules Arrow and Fix are separated instead of being melded
into a single rule as in Figure 3. This is made possible by using an explicit term
representation of proofs as coercions. Sound application of Rule Fix is then guar-
anteed by requiring the coercion in the premise to be formally contractive in a
sense to be defined. The coercion constructions for the rules in the axiomatiza-
tion can be interpreted as natural functional programming constructs. Notably,
the fixpoint rule corresponds to definition by recursion. Coercions can then be
used as a basis for proof theory as well as operational interpretation of proofs in
the sense of the Curry-Howard isomorphism.

The latter is important where coercions are not only (constructive) evi-
dence of some subsumption relation, but have semantic significance; that is,
they denote functions that map an element of one type to an element of its
supertype. Furthermore, coercions may have operational significance; that is,
different proofs of the same subtyping statement may yield coercions with dif-
ferent operational characteristics. For example, folding and unfolding to and
from a recursive type (corresponding to the axioms A ⊢ τ [µα.τ/α] ≤ µα.τ and
A ⊢ µα.τ ≤ τ [µα.τ/α], respectively) may operationally require execution of a
referencing (heap allocation) and (pointer) dereferencing step, respectively. In
this case it is important to replace their composition by the identity coercion
(corresponding to the axiom of reflexivity), since the latter is obviously opera-
tionally more efficient than the former.

In a separate paper we shall explore the semantics and operational interpre-
tation of coercions. Here we shall only briefly describe their operational inter-
pretation in order to demonstrate, in intuitive and nontechnical terms, how each
rule corresponds to a natural program construct.

3.1 Coercions and their functional interpretation

Coercions are defined by the grammar

C := ιτ | f | fix f : τ ≤ τ ′.c | c ; c | c → c | foldµα.τ | unfoldµα.τ | abortτ | discardτ

Each coercion can be interpreted as a function:

– ιτ denotes the identity on type τ .
– fix f : τ ≤ τ ′.c denotes the function f recursively defined by the equation

f = c (note that f may occur in c).
– c ; c′ denotes the composition of c′ with c.
– c → c′ denotes the functional F defined by Ffx = c′(f(cx)).
– The pair foldµα.τ and unfoldµα.τ denotes the isomorphism between τ [µα.τ/α]

and µα.τ .
– abortτ maps any argument to ⊥; that is, operationally it enters an infinite

loop.
– discardτ discards its argument and returns (), the only defined element of

type ⊤.



3.2 Well-typed coercions

Definition 25 (Contractiveness). A coercion c is (formally) contractive in
coercion variable f if: f does not occur in c; or c ≡ c1 → c2; or c ≡ c1; c2 and
both c1 and c2 are contractive in f ; or c ≡ fix g : τ ≤ σ. c1 and c1 is contractive
in f .

Definition 26 (Well-typed coercions, canonical coercions). A coercion c
is well-typed if E ⊢ c : τ ≤ σ is derivable for some E, τ, σ in the inference system
of Figure 6.

A well-typed coercion c is canonical if every fix -coercion occurring in c has
the form fix f : τ ′ ≤ σ′. c1 → c2.

E ⊢ ιτ : τ ≤ τ

E ⊢ abortτ : ⊥ ≤ τ E ⊢ discardτ : τ ≤ ⊤

E ⊢ unfoldµα. τ : µα.τ ≤ τ [µα.τ/α] E ⊢ foldµα. τ : τ [µα.τ/α] ≤ µα.τ

E ⊢ c : τ ≤ δ E ⊢ d : δ ≤ σ

E ⊢ c ; d : τ ≤ σ

E ⊢ c : τ ≤ τ ′ , d : σ ≤ σ′

E ⊢ (c → d) : (τ ′ → σ) ≤ (τ → σ′)

E, f : τ ≤ σ, E′ ⊢ f : τ ≤ σ
E, f : τ ≤ σ ⊢ cf : τ ≤ σ cf contr. in f

E ⊢ fix f : τ ≤ σ. cf : τ ≤ σ

Fig. 6. Coercion typing rules

Thinking of coercions as a special class of functions, ≤ can be understood as
a special (coercion) type constructor in Figure 6. Assumptions in E are of the
form f : τ ≤ σ where coercion variable f occurs at most once in E. Note that
the subscripting of coercions guarantees that there is exactly one proof for every
derivable E ⊢ c : τ ≤ σ. Let us write Ē for the subtyping assumptions we get
from E by erasing all coercion variables in it.

Well-typed coercions are a term interpretation of the axiomatization in Fig-
ure 3 in the sense that for every E and every proof of Ē ⊢ τ ≤ τ ′ there exists a
unique canonical coercion c such that E ⊢ c : τ ≤ τ ′, where every coercion of the
form c1 → c2 is the body of some fix -coercion. Conversely, it is easily seen that
every canonical coercion of this form corresponds to a proof using the inference
rules of Figure 3.

Theorem 27. ⊢ τ ≤ τ ′ if and only if there exists a canonical coercion c such
that ⊢ c : τ ≤ τ ′.



Proof. “Only if” is obvious. Let ⊢ c : τ ≤ τ ′. “If” follows from the observation
that every coercion occurrence of the form c1 → c2 can be “wrapped” with
fix f : σ ≤ σ′ (f fresh) for suitable recursive types σ, σ′ if it is not already the
body of a fix -coercion. Once this is done, the transformed coercion corresponds
directly to a derivation in Figure 3.

This theorem holds not only for canonical coercions, but also for the larger
class of well-typed coercions; that is, well-typed coercions give more proofs, but
not more theorems than canonical coercions. Since this requires a rather lengthy
and involved proof, however, we omit it here.

4 Conclusion

4.1 Summary

We have given sound and complete axiomatizations of type equality and type
containment using a novel fixpoint rule, which represents a coinduction principle.
We have argued that this gives rise to a natural interpretation of proofs as
coercions where the fixpoint rule corresponds to definition by recursion.

4.2 Future work

Proof theory, semantics and operational interpretation of coercions In
continuation of the work reported here we have formulated an equational theory
of coercions that is complete in the sense that two coercions are provably equal
if and only if they have identical type signatures. Interestingly, this theory is
coinductive, too, as it is based on the fixpoint rule, though for coercion equalities
instead of type equalities or subtypings. We can show that the equational theory
is verified in a number of functional (cpo-based) interpretations of coercions.
This shows that, extensionally, any two coercions with the same type signature
are equivalent. Conversely, the equational theory codifies the requirements on
a semantics of coercions if we demand that any two coercions be extensionally
equivalent. The equational theory can be used as a starting point for optimization
of coercions by rewriting: even though coercions of equal type signature are
extensionally equivalent, they are not necessarily equally efficient !

On the theoretical side, we would like to extend the equational theory for
coercions to the typed lambda calculus with embedded coercions in the style
of [BTCGS91, CG90, Hen94, Reh95] in order to obtain a general coherence
characterization for simply typed lambda-calculus with recursive subtyping. This
should give another approach to comparing the semantics of FPC under type
equality on the one hand and under type isomorphism on the other hand [AF96].
Furthermore, the interrelation of our fixpoint rule and the co-induction principle
of Pitts [Pit94] needs to be illuminated; see also [Pit96].

On the more practical side, coercion reduction by rewriting appears to be use-
ful in representation optimization (such as boxing analysis [Jør95]) for recursively
defined types; this may, however, require admitting more powerful transforma-
tions to be useful, for example the isomorphism S×(T +U) ≈ (S×T )+(S×U).



Coinduction principles in other formal systems Observational congru-
ence [Mor68] of programs is intuitively a coinductive notion since it states that,
if it is impossible to provide finitary evidence that two expressions behave dif-
ferently, then they are observationally congruent. Indeed for many programming
languages observational congruence can be characterized by a notion of bisimu-
lation. (Since the literature on this topic is voluminous we make no attempt at
completeness; see e.g. [Mil77, Abr90].) It is thus not surprising that coinduction
principles play an important role in proving program properties and in particu-
lar equivalences [MT91, Gor95, HL95, Len96]. Relatively little, however, seems
to have been done on incorporating coinduction principles in formal proof sys-
tems. Coquand [Coq93] formulates a guarded induction principle for reasoning
about infinite objects within Type Theory, to which our fixpoint rule and its
contractiveness requirement is a close pendant.

We are interested in applying our coinduction principle (fixpoint rule) to
other coinductive notions such as program equivalence. For example, we hope to
formulate a λ-theory that is strong enough to capture regular Böhm tree equal-
ity. More abstractly, it seems to be possible to characterize when coinductively
defined relations can be completely axiomatized using the fixpoint rule.

Extensions to richer type languages and systems We have studied re-
cursive types and subtyping within a type language of simple types. It would
be interesting to extend this study to richer type disciplines with polymorphism
(predicative and impredicative), intersection types or object typing.
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