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Matrix multiplication

x =(b,) | = g=(Cij)

G = kz;aikbkj

Can be computed naively in O(n°) time.

Matrix multiplication

Complexity Authors
n3 (by definition)
n2-81 Strassen (1969)
n2-38 Coppersmith, Winograd (1990)

Conjecture/Open problem: N2 277

Multiplying 2x2 matrices

Gy Cp _ Ar A\(By By
Cy Gy - Ay A, )\By By

C11 =AB,+A,B,

00

C

1= AB, + ALB,
0= ABy + A,B,
2 = AuBi + A,B,

8 multiplications
4 additions




Strassen’s 2x2 algorithm

M1:(A11+A22)(Bu+ Bzz)

M, :(A21+Azz)8u

M,;=A,(B,-B,)

M, =A,(B,-By)

M =(A,+A;)B,,
=M+ M, -M;+M, Mg = (A~ A)(B, +By)

Cpo=M;+M; M; = (A, - A,)(B, +By,)

Cu=M,+M,

Cyp=M;-M,+M;+M,

Cu=AB,+AB,
C=AB,+A,B,
Cou=AyBy+ AB,
Cp = AyBp + A,By,

7 multiplications
18 additions/subtractions

Strassen’s nxn algorithm

View each nxn matrix as a 2x2 matrix
whose elements are n/2xn/2 matrices.

Apply the 2x2 agorithm recursively.

T(n) = 7 T(n/2) + O(n?)
T(n) = O(n'°971092)=0(n28%)

Rectangular Matrix multiplication
p

n

n
n A X P B =n C
P
CI] = ZaikQQ
k=1
Coppersmith (1997):

Complexity < n85p054+ n2+o)
Forp< no-29, COmpIeXIty = n2+o) 111
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An interesting special case
of the APSP problem
A B

C=A+B

@
O .
N Qj :nEn{ak"‘hq'}
@

Min-Plus product

Min-Plus Products

HEN RN
-1 -7 -5 8 2 -5 5 -2 1
C=A=*B
G = I’TEI’] {a,+h}




Solving APSP by repeated squaring
If Wisan n by n matrix containing the edge weights
of agraph. Then \W/" isthe distance matrix.

By induction, \//* gives the distances realized
by paths that use at most < edges.

D&«W
for i <—1to|-Iogzn-|
doD « D*D

Thus. APSP(n) < MPP(n) log n
Actually: APSP(n) = O(MPP(n))

A | B
X = A D
c| D
c
E | F (AVBD*C)* EBD*
X = =
G | H D*CE D*vGBD*

APSP(n) < 2 APSP(n/2) + 6 MPP(n/2) + O(n?)

Algebraic Min-Plus
Product Product
C=AB C=A*B

C”' :zajkbkj C|j :ml(in{aik+h<j}

Thefast algebraic
algorit not
O(n2-38) be usedf’as the

min opeération
hasno inverse
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Using matrix multiplication
to compute min-plus products

G G a; a, b, by,
Cy Cp = & * b21 b22
G = mkin{aik +h}
¢y XM X X" X"
o, o, B < xm x

. Gty . .
Cj :ZX G = first(c ij)
k

Using matrix multiplication
to compute min-plus products
Assume: 0<gy, b.<M

ij—

¢y ¢ X" x* XX
c'y C'y = |x® x* sy
n2-38 M Mn2-38
polynomial > operationsper = operations per
roducts polynomial max-plus
P product product




Trying to implement the
repeated squaring algorithm

De«W .

. Consider an easy case:
for i «-1tolog;n al weightsare 1.
doD « D*D

After thei-th iteration, the finite el ementsin
D areintherange{1,...,21}.

The cost of the min-plus product is 2/ n2-38

The cost of the last product isn338 111
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Fredman’strick

The min-plus product of two n x n
matrices can be deduced after only
O(n?%) additions and comparisons.

Breaking a square product into
several rectangular products

m
—
B,
B
n< |A | A, 2

A*B=minA*B
MPP(n) < (n/m) (M PP(n,m,n) + n?

Fredman’ s trick

m
/—H n
/—/%
air+ brj = ais+ bq'
n A B }m 0
<

Naive calculation requires n?m operations

Fredman observed that the result can be inferred
after performing only O(nm?) operations

8 - s = bsj'brj

Fredman’strick (cont.)

a1'r+brj = ais+bq' ® G- = bsj B brj
- Generatedl the differences @, - a;and by - by;.
them using O(nm?) comparisons. (Non-trivial!)

. the two sorted lists using O(nm?) comparisons.

The ordering of the elements in the sorted list

determines the result of the min-plus product
1




Decision Tree Complexity

A
ﬂ
yes no

3
<<

'

Ci=ay+y | | Cu=agthsy, Ci=augt g | | Cy=apthy,
Cmauthy | | Comasths, | | Cmastby | | Cpmanthy,

All-Pairs Shortest Paths
in directed graphs with “real” edge weights

Running time Authors
nd [Floyd ' 62] [Warshall '62]
n3(loglog n/log n)¥3 [Fredman ' 76]
n3(log log n/log n)¥2 [Takaoka’'92]
n3/ (log n)v2 [Dobosiewicz ' 90]
nd(log log n/log n)>7? [Han ' 04]
ndloglogn/logn [Takaoka’ 04]
n3(loglogn)¥2/logn [Zwick '04]
nd/logn [Chan’ 05]
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Directed versus undirected graphs

y
X
—0z
3(x,2) <3(xy) +8(v.2)

S

X

z
3(x,2) <3(xy) +8(y,2)
3(x.2) 2 8(xy) —8(y.2)

Distancesin G and its square G?

Let G=(V,E). Then G?=(V,E?), where
(uv)eE?if and only if (u,v)eE or there
exists weV such that (u,w),(w,v)eE

Let & (u,v) bethedistancefromutovinG.
Let 5%(u,v) be the distance fromutovin G

Lemma: &%(u,v)=[8(uv)/2] , for every uveV.

Thus: §(u,v)=252(u,v) or
8(u,v)=262(u,v)-1

Distancesin G and its square G? (cont.)

Lemma: If §(u,v)=282(u,v) then for every
neighbor w of v we have §%(u,w) > §2(u,v).

Lemma: If §(u,v)=282(u,v)-1 then for every
neighbor w of v we have §%(u,w) < §%(u,v) and
for at least one neighbor §2(u,w) < 82(u,v).

Let A be the adjacency matrix of the G.
Let C be the distance matrix of G2

(v,w)eE

Z Cu,w ZZW: Cu,wa'w,v = (CA)u,v

deg(v) cuy




Seidel’ s algorithm

. If Aisan al one matrix,

then all distances are 1.

. Compute A2, the adjacency
matrix of the squared graph.

. Find, recursively, the distances
in the square.

. Decide, using matrix
multiplication, for every two
vertices u,v, whether their
distance is twice the distance in
the square, or twice minus 1.

Algorithm APD(A)

if A=Jthen
return J

else
C—APD(A?)
X—CA , deg—Ae-1
dj—2c¢[x;<c;deg]
return D

end

Complexity:
O(n*8log n)
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Sampled Repeated Squaring (Z *98)

De«W
for i «-1tology,n do

S« (3/2)+t

B «rand(V, (9ninn)/s)
D« min{ D, D[V,B]*D[B,V] }

Choose a subset of V
of size (9nInn)/s

Sampled Distance Products (Z '98)

n

Inthei-th
iteration, the set B
isof sizeninn/s,
where s = (3/2)i+1

@ The matrices get
smaller and smaller

n = but the elements get

larger and larger

Sampled Repeated Squaring - Correctness

Dew Invariant: After thei-th
for i «~1tology,n do L .
o iteration, distances that are
3/2)i+1 . . .
SB:(r an)d(\/ ©@Innys) attained using at most (3/2)'
D« min{D,D[V,B]*D[B,V] } edges are correct

Consider a shortest path that uses at most (3/2)** edges

a:mos‘ ‘ at most
eI
AR S

s/3
Failure (1_9|nn) < n3
probability - S

Let s = (3/2)*

p

n

Naive complexity: ~ N°p

[Coppersmith’97): N1-85p0-544 n2+o(1)

For p < n°%2, complexity = nzo® 111




Complexity of APSP algorithm

Thei-th iteration:
ninn/s S:(3/2)i+1

The elements are
of absolute value
at most Ms

s/uuju

054
min{ Ms.nl-&r’[ﬂj 7n_} < M0.68n2_58
S S
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The preprocessing algorithm (Y Z
'05)

De«W;Be&V
for i «1tolog,,n do
{
s« (3/2)*
B « rand(B,(9nInn)/s)
D[V,B] « min{D[V,B] , D[V,B]*D[B,B] }
D[B,V] « min{D[B,V], D[B,B]*D[B,V] }

The APSP algorithm

De«W
for i «1tolog,,n do

s« (3/2)*
B « rand(V,(9nInn)/s)

D «min{ D, D[V,B]*D[B,V] }

Twice Sampled Distance Products

n

3
T 0
S

4
ﬂm B==n | 82

4

/8]

/8/ /8]

The query answering algorithm

| o(uv) « D{u}VI*DIViv] |

\

Query time: O(n)




The preprocessing agorithm: Correctness
Let B, bethei-thsample. B,oB,5B;>...

Invariant: After thei-thiteration, if ue B, or veB,
and there is a shortest path from u to v that uses at
most (3/2) edges, then D(u,v)=5(u,v).

Consider a shortest path that uses at most (3/2)*! edges

at most at most

;(3)‘ ;(3)‘ 1(3)
2\ 2 2\2)/ 72 2 -

W
— -

The query answering algorithm:
Correctness

Suppose that the shortest path from u to v
uses between (3/2)' and (3/2)+! edges

a most a most

i) a2 ()
2\ 2 2\ 2 2\ 2
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Approximate min-plus products
Obviousidea: scaling

SCALE(AM,R): ak{fRa./M} , if0<aJ<M}

+0 , otherwise

APX-MPP(AB.M,R) : | Complexity is Rn?38,
A'«—SCALE(AM,R) instead of Mn?38, but
B'«—SCALE(B,M,R) small values can be
return MPP(A’,B") gresatly distorted.

Addaptive Scaling

APX-MPP(ABMR):

C

for r<—log,Rto log,M do
A —SCALE(A2',R)
B'«SCALE(B,2",R)
C'«—min{C ,MPP(A’,B')}

end

Complexity is Rn?>%8|ogM
Stretch at most 1+4/R
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All-Pairs Shortest Paths
in graphs with small integer weights

Undirected graphs.
Edge weightsin {0,1,...M}

Running time

Authors

M n2.38

[Shoshan-Zwick *99]

Improves results of
[Alon-Galil-Margalit ' 91] [Seidel ' 95]

All-Pairs Shortest Paths
in graphs with small integer weights

Directed graphs.
Edge weightsin{-M,...,0,...M}

Authors
[Zwick "98]

Running time
M0.68 2.58

Improves results of
[Alon-Galil-Margalit ' 91] [ Takaoka '’ 98]

Answering distance queries

Directed graphs. Edge weightsin {-M,...,0,...M}

Preprocessing | Query Authors
time time
Mn238 n [Yuster-Zwick '05]

In particular, any Mn'-38 distances
can be computed in Mn238 time.

For dense enough graphs with small enough edge

weights, thisimproves on Goldberg’s SSSP a gorithm.

Mn2#8 vs. mn®SlogM

Approximate All-Pairs Shortest Paths
in graphs with non-negative integer weights

Directed graphs.
Edge weightsin{0,1,...M}

(1+¢)-approximate distances

Authors
[Zwick '98]

Running time
(n*>%8log M)/e

Open problems

* An O(n?%) algorithm for the directed
unwei ghted APSP problem?

» An O(n%¢) agorithm for the APSP
problem with edge weightsin {1,2,...,n}?

» An O(n?>>%) algorithm for the SSSP problem
with edge weightsin {0,+1, +£2,..., +n}?




