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AP -fuldsteendighed

Datalogisk indsigt
e Problemer som kan lgses effektivt (polynomiel tid)
o Problemer som ikke kan lgses effektivt
e Problemer som slet ikke kan lgses
Hvorfor?
e 2P = 2 er et af datalogiens starste abne problemer
e Det vrimler med svere problemer
e Det er ikke nemt at se forskel pa lette og sveere
e Reduktion (transformation) er generelt anvendelig

Datalogiens starste spgrgsmal

Hvis kan bevise A2 = 2 fas 1 million dollar

® http://www.claymath.org/Millennium Prize Problems/

CLAY MATHEMATICS INSTITUTE

Dedicated to increasing and disseminating mathematical knowledge

MILLENNIUM PRIZE PROBLEMS

Statement from the Directors and Scientific Advisory Board

| Birch and Swinnerton-Dyer Ct Conj Stokes Equatior}$ vs NP|
Poincare ConjecturgRiemann HypothesisYang-Mills Theory| | Rules etd
AD
In order to celebrate mathematics in the new millennium, The Clay
Mathematics Institute of Cambridge, Massachusetts (CMI) has @

named seven ?Millennium Prize Problems.? The Scientific Advisory

Board of CMI selected these problems, focusing on important Millennium Prize
classic questions that have resisted solution over the years. The
Board of Directors of CMI have designated a $7 million prize fund
for the solution to these problems, with $1 million allocated to each.
During the Millennium meeting held on May 24, 2000 at the
College de France, Timothy Gowers presented a lecture entitled
?The Importance of Mathematics,? aimed for the general public,
while John Tate and Michael Atiyah spoke on the problems. The
CMI invited specialists to formulate each problem.

Problem.ram

One hundred years earlier, on August 8, 1900, David Hilbert
delivered his famous lecture about open mathematical problems at
the second International Congress of Mathematicians in Paris. This
influenced our decision to announce the millennium problems as the
central theme of a Paris meeting.

The rules that follow for the award of the prize have the
endorsement of the CMI Scientific Advisory Board and the approval
of the Directors. The members of these boards have the
responsibility to preserve the nature, the integrity, and the spirit of
this prize.

Paris, May 24, 2000

Please send inquiries regarding the Millennium Prize Problems to
prize.problems@claymath.arg

AP

| Birch and Swinnerton-Dyer C dge Conj (3 tokes Equation® vs NP

Effektive algoritmer (Garey og Johnson)

IRe

| can't find an efficient algorithm, but neither can all these famous people.




Lette og sveere problemer

? (lef)

AP -fuldstamdig (svae)

Euler cycle

Given agraph G = (V,E). Isthere
acyclewhich visitseach edge exa-
ctly once?

Hamilton cycle

Given agraph G = (V,E). Isthere
acyclewhich visitseach node exa-
ctly once?

Shortest path

Given a weighted graph G =
(V,E,c). Is there a path from a to
b with length < k?

L ongest path

Given a weighted graph G =
(V,E,c). Is there a path from a to
b with length > k?

Edge cover

Givenagraph G = (V,E). Isit po-
ssibleto choose < k edges so every
nodeisincident to a chosen edge?

Node cover

Givenagraph G = (V,E). Isit pos-
sible to choose < k nodes so every
edgeisincident to a chosen node?

Chinese postman

Given a weighted graph G =
(V,E,c). Isthere acycle which vi-
sitseach edge at |east once and has
length < k?

Traveling salesman

Given a weighted graph G =
(V,E,c). Isthereacycle which vi-
sitseach node at | east once and has
length < k?

2CNF-SAT

Given a boolean expression in
2CNF-form. Isit possibleto assign
truth valuesto variables so expres-
sion becomes true?

3CNF-SAT

Given a bhoolean expression in
3CNF-form. Isit possibleto assign
truth values to variables so expres-
sion becomes true?

Oversigt

e Hvad er 7, A(? og A/ -fuldsteendighed

e Eksistens af A(# -fuldstendigt problem

e Bevis af a(?-fuldstendighed ved reduktion

e Graensen mellem a’?-fuldstendigt og #
Lasning af A #-fuldsteendige problemer

e Branch-and-bound

e Approximation

e (Meta)heuristikker

Formalisme

Nemt at na fejlagtige konklusioner. Derfor stringent for-
malisme.

Afgerlighedsproblemer

Abstrakt problem

SHORTEST-PATH

Probleminstans

3 4
2/ \ / \.5
1

e Optimeringsproblem for generelt

o Afgarlighedsproblem

o Nemt at transformere "lgsninger”

e Intet tab af generalitet

Afgerlighedsproblem, skrivemade

PATH ={ <G,u,v,k >:
G = (V,E) is an undirected graph
u,vev,
k > 0 is an integer,
there exists a path fromutovin G
whose lenght is at most k}

Instans:
=< {1,2,3,4},{{1,2},{2,3},{3,4},{1,4}},1,3,2>

Alfabet: {ciffer, ”{","}"7"’"}

Afggrlighedsproblemet:
PATH(l) =1?




Probleminstans, effektiv kodning

Ideelt set skulle vores argumentation veere uafhaengig af
inddataformat. Men inddataformat har betydning.

Eksempel

Primtalstest
e Input: tal k

K

Kodning af input karetid
uner kodning n (k) o(n)
binzer kodning n = O(log,k) o2
decimal kodning  n=0(log,pk)  ©(10")
unit cost kodning  n (1) ?

e Fori=1tokdo “prevomi

Standard kodning < G >

Effektiv (bingr eller polynomielt relateret)

Polynomielt relaterede kodninger

Krav: findes polynomiel tids funktioner som afbilder in-
stanser mellem de to kodninger.
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Afgarlighedsproblemer som sprog

e Afgerlighedsproblem: instans — {0,1}
e Instans skrevet binart
e Binert alfabet: ~ = {0,1}
e >*={¢,0,1,00,01,10,11,000,...}
o Afgarlighedsproblem er et sprog L
L = {x € Z*|problem(x) = 1}

Z*

Note

Hvis streng x € X* ikke reprasenterer en instans (**syntax-
fejl”) returneres 0.
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Genkendelse med algoritmer
Streng x € X* accepteres (genkendes) af algoritme A

X

|

A

7N

A standser med veerdien 1

Streng x € X* afvises af algoritme A

X

|

A
0
A standser med vaerdien 0
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Genkendelse med algoritmer

Husk: L = {x € Z*|problem(x) = 1}

Sprog L accepteres (genkendes) af algoritme A

V¥x € L : x accepteres af A

{0,1}x

—

Sprog L afgares af algoritme A

vx € {0,1}" : x accepteres eller afvises af A

{013

—

T >0

>1

12




Accept i polynomiel tid

L accepteres i polynomiel tid af en algoritme A
Jk:Vx €L, |x| = n:xaccepteres af A i tid O(nk)
L afgares i polynomiel tid af en algoritme A

Jk:vx e {0,1}*|x] =n: xaccepteres eller
afvises af A i tid O(n¥)

Klassen 2 er maengden af sprog L for hvilke der findes
en algoritme A som afger L i polynomiel tid.

{0,1}x
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Accept i polynomiel tid

afgares polynomiel tid accepteres polynomiel tid
XeL=1 < |xebL=1
XZL=0

Husk

L accepteres i polynomiel tid af A

de,k,n’: Wx € L, x| = n: x accepteres af A
i tid cnkforn>n’

L afgares i polynomiel tid af A
de,k,n":¥x € {0,1}*,|x| = n: x accepteres eller
afvises af A i tid cn® for n > n’

Bevis

= oplagt

< Antag n > n'. For givne konstanter ¢,k lad algoritme
kare i tid cnk. Hvis ej standset udskriv “0”.
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Verifikation

o \erificere : at bekrafte at en forelagt “potentiel lgsning”
vitterlig er en lgsning.

o Certifikat : “eegte” lgsning

Eksempel

HAM-CYCLE ={ < G >: G har en Hamilton kreds}

2/;;\5
Y

e Certifikat : liste af knuder (v1,Va,...,Vn)

o \erificere : kontroller (vy,Vy,...,vn) er Hamilton kreds

Verifikation

Algoritme A: ordineert input x, ekstra input y

| |

A

7N

A verificerer x hvis der findes y sa A accepterer (x,y)

Sproget L verificeret af A er
{xeL:3ye{0,1}*sd A accepterer (x,y)}

AP er klassen af problemer for hvilke der findes
polynomiel-tids verificerende algoritme.

L € ac hvis og kun hvis der eksiterer polynomiel verifi-
kationsalgoritme A, og konstant ¢ s&

vxel, 3y, |y|=0(x|°) : Aaccepterer (x,y)
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Verifikation

Bemeaerk
P C AP

Eksempel
HAM-CYCLE er i klassen a(2.
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Nondeterministisk polynomiel

Historisk:

AP er klassen af problemer der kan lgses af en nondeter-
ministisk Turing Maskine i polynomiel tid.

Figure 90 A Turing machine conceptualizauon
1g .

o(p,a) = (qb,d)
Nar i tilstand p leeser symbol a : skriv symbol b, flyt i
retning d, og antag tilstand q.

6(p) a) - (QL bla dl) V (q27 b2’ d2) V...V (Qma bm, dm)
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AP 0g CO-A\(P

co-a(? er mangden af sprog L s
Lear
hvor komplement
L = {x € Z*|problem(x) = 0}

|

A

/N

Eksempel

HAM-CYCLE =
{< G >: G is a hamiltonian graph}

HAM-CYCLE-COMPLEMENT =
{< G >: Gis anot ahamiltonian graph}

formentlig ikke i A(P.
Certifikat?
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AP 0g CO-N\ P

Oplagtat » C co-A(P.

Givet et a(? -fuldstzendigt problem L.
Hvis L € A(? sd er AP = CO-NP.
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Reduktion

At lgse et problem v.h.a. et andet

Eksempel

Parring i todelt graf: BIP-MATCH

Find en parring M (i.e. en delmangde af kanter sa ingen
har feelles endepunkter) med flest mulige kanter.

BIP-MATCH < MAX-FLOW

st

f er max stremning med heltallig veerdi. <
“midterste” kanter udggr en maximal parring.
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Reduktion
L]_ < L2 =1

3f : {0,1}* — {0,1}",
X € L1 hvis og kun hvis f(x) € L,

{0,1}+ {0,1}*

L 1 S I-2
f

Polynomiel reduktion

L1 <pa L2
f er polynomieltids afbildning
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Reduktion

Hvis (L1 <po Lo0g Lo € ?)sd Ly €

{0,1}* {0,1}*
Ly Lo T =
T
~1
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AP -fuldsteendige problemer

Et problem Q kaldes A7 -fuldstendigt <
1Qewne

Et problem som opfylder (2) kaldes a(#-hardt.

Seetning

Hvis der findes et a( -fuldsteendigt problem som er lgseligt
i polynomiel tid, s er a(? = 2.

Hvis et problem i a(? ikke kan lgses i polynomiel tid sa
kan ingen a(® -fuldstendige problemer lgses i polynomiel
tid.

P
N N2PC

P
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Eksistens af a(#-fuldsteendigt problem

o Alle problemer i a(? skal kunne reduceres til Q

e Ethvert a(?-problem har polynomiel verifikationsal-
goritme

o En verifikationsalgoritme kan afvikles pa en computer
o Naivt geet: “Computeren” er A(? -fuldstendig

Computeren som et kredslgb

En computer bestar af “gates”

NOT AND OR
X2 X2
e D D
X1 X1 2
X1 X |y Xt XYy
x|y 0 00 0 00
01 0 1|0 0 11
1|0 1 0]0 1 0|1
1 1)1 1 1)1
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Circuit satisfiability

X3
S—]p

> .
=

CIRCUIT-SAT: Givet et kredslgb, er det muligt at tildele
verdier {0,1} til indgangene x1, ..., X, s& udgangen z bli-
ver 1l

X3
ca—]

> .
=

Ovenstaende instans har ingen tilfredsstillende tildeling.
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Circuit satisfiability er i A(?

Certifikat Y = {xq,...,Xn} virker ikke

Xlﬁ[ )

Certifikat Y = {X1,...,Xn,Y1,-.,Ym} Vvirker

Y6
‘I>O Y3
Y5 z
Xl~l>oyi 2

Verifikations algoritme: check alle gates, input og output.
Karer i polynomiel tid.
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Computeren som et kredslgb

| RAM

||

clock — CPU

Afvikling af verifikationsalgoritme A pa computer

En polynomiel algoritme A er ikke leengere end |X |¥.

En polynomiel algoritme bruger ikke mere plads (vari-
able) end |X |¥
e CPU, central processing unit
udfarer aritmetisk-logiske operationer i hver klokcy-
klus
konstant antal gates

¢ RAM, random access memory
kan lagre algoritme A, instans X, certifikat Y, variable
V, output Z
|A| polynomiel i X
IY | polynomiel i X
|V| polynomiel i X

e OUTPUT
Veerdi {0,1} skrives til RAM
konstant antal gates

28




Circuit satisfiability er a7 -fuldsteendig

Y1,¥25 05 Yn
L

‘algoritmeA ‘PC‘ registre| instans X ‘ certifi kat Y ‘ variableV ‘RAM

CPU

agoritme A ‘PC‘ registre| instans X ‘ certifi kat Y ‘ variableV | RaM

CPU

agoritme A ‘PC‘ regi:;re| instans X ‘ certifi kat Y ‘ variableV | RAM

CPU

agoritme A ‘PC‘ registre| instans X ‘ certifi kat Y ‘ variableV ‘RAM

‘ output
z
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Resume

e Abstrakt problem: problemtype

e Konkret problem, problem instans

e Kodning: effektiv (biner eller pol. relateret til binzer)

e Abstrakte problemer: sprog over {0,1}*

e » ={L:L accepteres af en algoritme i polynomiel tid}

e x € L verificeres af en algoritme hvis der findes certi-
ficat y sa algoritmen accepterer (X,y)

e A(? = {L: L verificeres af en polynomiel tids
algoritme A}

o P C NP

e Q er alr-fuldsteendig hvis Q € A(? og VR € AP :
R Spol Q

e CIRCUIT-SAT er a -fuldstendig.

Store spargsmal

o P =nN\P?
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