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Program of the day:
e Dantzig-Wolfe reformulation of an IP
e Master problem
e Subproblem

e Linear Programming — canonical form, reduced costs,
etc. (Taha chapter 7)

e Example: Cutting stock problem

Dantzig-Wolfe Decomposition

Motivation

¢ If you have a large or difficult problem: split it up into
smaller pieces

Applications
¢ Facility location problems
e Cutting Stock problems
e Air-crew Scheduling
¢ Vehicle Routing Problems

Two currently most promising directions for MIP:
e Branch-and-price
e Branch-and-cut

Dantzig-Wolfe Decomposition

The problem is split into a master problem and a subprob
e Tighter bounds
e Better control of subproblem
e Model may become (very) large

Delayed column generation

Write up the decomposed model gradually as needed
e Generate a few solutions to the subproblems
e Solve the master problem to LP-optimality

e Use the dual information to find most promising solu-
tions to the subproblem

e Extend the master problem with the new subproblem
solutions.

Motivation: Cutting stock problem

e Infinite number of raw stocks, having lendth

e Cutm piece types, each having widthv, demand;

e Satisfy demands using least possible raw stocks
Example:

ew,=5b=7 [C—]

ew,=3,b,=3 [

° Rlaw lengthL = 22

Some possible cuts




Formulation 1

minimize u;+ U+ Uz + Us+ Us

SUbjeCt to %1+ 3x12 < 22u4
SXo1+ %22 < 22U,
BX31+ %32 < 22U3
SXa1+ 3Xa2 < 22U4
BXs1+ X552 < 22U5
X114 Xo1+ X31+ Xa1 + Xs1 > 7
X12+ X224 X32 + Xg2+ X52 > 3
U € {0, 1}
Xij € L

LP-relaxation gives solution value= 2 with

U =UuU = 1,X11 = 2.6,X12 = 3, Xo1=4.4

Block structure

min u +uz +ug +Ug
st X11 +Xo1 +Xa1 +xa1 51
+X22 +X32 +Xa2 +Xs1

+
&

X12
Sxq1+ 3X12 — 22U
SXp1 + 3Xa2 — 22U,
Sxa1 + 3Xaz — 22U
Sxa1+ 3xa2— 22
5X51 -+ 3Xs52 — 22U5
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Formulation 2

The matrixA contains all different cutting patterns
All (undominated) patterns:

Problem
minimize Ay +A>+A3+As+As

subject t0 A1 +O0No+ 1Nz + 204+ 35> 7
OAL+7Ao+5A3+4As+2A5 > 3

LP-relaxation gives solution value= 2.125 with
A =1375A,=0.75

Due to integer property a lower bound[2125] = 3.
Optimal solution value ig" = 3.

Round up LP-solution getting heuristic solutign= 3.

Decomposition

If model has “block” structure
max cx!' + A& + ...+ KK

st. Al + A% 4 ...+ AXK =D
DIx! < d]_
DZX2 < d2
<
DKxK < dK
n n: n
xXtezlt xtezl ... xXXeZX

L agrangian relaxation

Objective becomes

X4 %+ 4 c’xK

N (AN ABC 4 AXK — D)
Decomposed into
maxcixt — AALXL + 22 — AAZXP + ...+ XK — AAKXK - Ab

S.t. Dx! <d;
D?x? < d2
<
DKXK SdK
xtezZt xXez? ... xXezk

Model is separable

Dantzig-Wolfe decomposition

If model has “block” structure
max chx + @ +...4 KX

st. A 4+ AHE 4.4+ ANK =D
D1X1 < d]_
D2X2 S d2
< i
DKxK < dK
xXtezlt xeezl ... xXXeziK

Describe each s, k=1,...,K

max chxd + A2 + ...+ cKxK
st. A 4+ A% 4+ ... 4+ AKXK =b
xtexl x2ex?2 ... xKexK

whereXk = {x< € 7% : D** < di}

Assuming thaiX has finite number of pointst} t € Ty
X ERM: X = yior NexX,
Xk = ztETk)\k,t = l’
)\k,t S {O, 1},t e T




Dantzig-Wolfe decomposition

SubstitutingX* in original model gettingviaster Problem

maxc'('$ AoxH) + (S Ao £ AT AexXY
tely tely telk
st AN Ao HAZ(S Aol + AR (T AkeX ) =b
tely tely telk
Mg =1 k=1,...K
tely
A € {0,1}, teTuk=1,...,K

Strength of linear master model

Solving LP-relaxation of master problem, is equivalent to
(Wolsey Prop 11.1)

+...+ cxK
+..+ Akxk =b
X< € cony(XK)

max  cixt + c2x?
s.t. Alxt + A2
xt € cony(X?l) x% € conX?)

Proof: Consider LP-relaxation

maxch( $ Ao + (T Ao A KT A
tely tely teTk
s.t. Al( )\thl,t>_}_A2( )\Z,tX27t>+' ) .+AK( )\K’tXK’t):b
tely telr teTk
Mg =1 k=1,...,K
tely
At >0, teTk k=1,....K

Informally speaking we have
e joint constraint is solved to LP-optimality
e block constraints are solved to IP-optimality
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Strength of Lagrangian relaxation

e Z-PM pe LP-solution value of master problem
¢ 7P be solution value of Lagrangian dual problem

(Theorem 11.2)
APM _ LD

Proof: Lagrangian relaxing joint constraint in

max cix! 4+ &2 +...4+ KK

st. A 4+ A 4+ ...+ AXK =b
D1X1 + < d]_
+ D2x? < d2
<
DKxK < dK
n n. n,
xXtezZt xeZ? X< e 7'
Using result next page
max  cxt + %2 +...+ CixK
s.t. Alxt + A2x2 +o4 AR =b

xt € conMX!) X2 < convX?) X< € conu(XK)
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Strength of Lagrangian Relaxation (section 10.2)

Integer Programming Problem

maximize cx
subjectto Ax<b
Dx<d
Xj€Zy, j=1,...,n

Lagrange Relaxation, multiplieds> 0

maximize z gr(A) = cx—A(Dx—d)
subjectto Ax< b
Xj€Zy, j=1,...,n

for best multiplierA > 0

max{cx: Dx <d,xe conyAx < b,x e ZQ}

12




Delayed column generation, linear master

e Master problem can (and will) contain many columns
¢ To find bound, solve LP-relaxation of master

e Delayed column generation gradually writes up mastg
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Delayed column generation, linear master

1
=

o W, = 5, bl =7

ewW,=3,bp=3

e Raw lengthL = 22
Some possible cuts

CT— T T T T T 1]
C—— T T T T ]
| ] [ T T 71T 1]
| I I [T ]
In matrix form
40123...
AZ(O 75 4 2)
LP-problem
min cx
st. AX=Db
x>0
where
.b:(7,3),

o X = (Xg,X2,X3,%X4,Xs5, " ")
ec=(1,1111,---).

Simplex in matrix form (Taha section 7.1)

maximize z= cx
subjectto Ax="hb
x>0,

Reformulation in matrix form
1 —c z\ (0O
0 A x/]\b
Assume

e Xg set of basis variables

e Cg coefficients inc corresponding to basis

e Ag coefficients inA corresponding to basis
By multiplying with

1 cgAgt
0 Al
get equivalent form

(o x5 ) ()= (%))

Table page 295 in Taha
basis X; solution
z ceAg'Aj—cj ceAg'b
Xg Ag'A, Ag'b
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Simplex in matrix form

Basis variables and non-basis variables

XN = (X3,X4,Xs5, ")
123
AN:(S 4 2>

Min CgXg + CnXN
s.it. Apxg+AwXn=Db
x>0

Xg = (X1,%2)

split matrix

= (5%)

reformulated problem

Simplex algorithm setgy = 0 and solve#\gxg = b getting
xg = Ag'b
corresponding objective function
z= cgAg b+ xn(Cn — CA5TAN)
Since dual variableg = cBA,g1 we have
z=yb+xn(Cn — YAN)




Delayed column generation (example)

0W1:5,b1:7 :
ew,=3,b,=3 [
e Raw lengthL = 22

Initially we choose only the trivial cutting patterns

a=(49)

Solve LP-problem

min cx
st. Ax=b
x>0

(7)(%)=(5)

with solutionx, = £ andx, = 3.
The dual variables ang= cgAg'i.e.

o(d9)-()
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Small example (continued)

Find entering variable

A _ 1 2 3 .. %<—y1
5 4 2 ... %<_y2
cn—YAN = (1-3 1-31-2 )
We could also solve optimization problem
min 1 1x 1x
4 1 7 2
St B +3x <22
x > 0,integer

which is equivalent to knapsack problem

max 1X+1X
21T 7%

st 5q+3x<22
x> 0,integer

This problem has optimal solutiog = 2, x, = 4.
Reduced cost of entering variable
1 30

1
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Small example (continued)

Add new cutting pattern té getting

4 0 2
A= (o 7 4>
Solve problem to LP-optimality, getting primal solution
11 3

X1:§,X3:Z

and dual variables
_1, .1
ﬁ—¢ﬁ—8

Note, we do not need to care about “leaving variable”
To find entering variable, solve

max 1X+1X
41 82

st B+ 3x <22
x> 0,integer
This problem has optimal solutiog = 4, x, = 0.
Reduced cost of entering variable
1

1
1-4--0-=0
4- 77

Terminate withx, = &, x3 = 2, andz p = ¥ = 2.125.
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Questions

o Will the process terminate?

Always improving objective value. Only a finite number
of basis solutions.

e Can we repeat the same pattern?

No, since the objective functions is improved. We know
the best solution among existing columns. If we generate
an already existing column, then we will not improve the
objective.

20




The Cutting Stock Problem (general model)

¢ Infinite number of raw stocks, having lendth
e Cutm piece types, each having widthy; demandy;

e Satisfy demands using least possible raw stocks

IP-problem:

n

min ij
J:

m
s.t. leiangxj i=1,n
=
n
ZaiJth |:1,,m
=1
a;j > 0,integer i=1,mj=1n
XJ€{071} j: )
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Cutting Stock: Better relaxation

e Write up all different cutting patterns
e Solve the LP-relaxation

n
min ij
i

n
S.t. aniji, i=1,....,m
J

xj € {0,1}
where
e n number of cutting patterns (large)
e &;; is number of pieces typiein pattern;j
e X; is 1 if patternj is used
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Cutting Stock: Delayed column generation

Choosing variable to enter basis
Z=yb+Xn(cn — YAN)

wherey = cgAg .
For every columr; in A, the coefficient of variablg; is

m
1_i;yiaij

Thus to find the most negative coefficient we solve
m
Z=min 1— Zlyixi
=

m
s.t. _leixi <L
Ixz 0,integer
Delayed column generation
e Columns inA are generated on the fly
e The process is greedy
e Terminate when no variable can enter bazts> 0)
o Hopefully a small set of columns need to be generated
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Branch and price

Terminology
e Master Problem
¢ Restricted Master Problem
e Subproblem or Pricing Problem

e Branch and cut:
Branch-and-bound algorithm using cuts to strengthen
bounds.

e Branch and price:
Branch-and-bound algorithm using column generation
to derive bounds.

e One says that discarded columns are “priced out”.
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Branch-and-price

e LP-solution of master problem may have fractional
solutions

e Branch-and-bound for getting IP-solution
¢ In each node solve LP-relaxation of master

e Subproblem may change when we add constraints tq
master problem

e Branching strategy should make subproblem easy tq
solve
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Branch-and-price, example

The matrixA contains all different cutting patterns

40123
A:<o7542>

C—T— 1T T T T T 1

C—— T T T T T 1]

| I [ T T T 1

| I I [T ]
Problem

minimize Ay +A2+A3+ A4+ As

subjectto A1+ 0N\, + A3+ 204+ 3Ns > 7
ON1+T7Ao2+5N3+4Ns4+ 205> 3

LP-solutionA; = 1.375A,=0.75

Branchom\{=0,A\1=1,A1 =2
e Column generation may not generate pattern (4,0)

e Pricing problem is knapsack problem with pattern for-
bidden

Branch-and-price, example

Better branching strategy
e Branch 1: item and itemj are cut fromsame pattern

e Branch 2: item and itemj are cut fromdifferent pat-
terns

Pricing problem
e Branch 1: “glue together” the two items
e Branch 2: multiple-choice knapsack problem

Will the branching terminate?

e Sooner or later we will have defined exactly which
items go into same pattern, i.e. all patterns
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Tailing off effect

Column generation may converge slowly in the end
¢ We do not need exact solution, just lower bound

e Solving master problem for subset of columns does
not give valid lower bound (why?)

¢ Instead we may use Lagrangian relaxation of joint
constraint

e “guess” lagrangian multipliers equal to dual variables
from master problem

Heuristic solution

e Restricted master problem will only contain a subset
of the columns

¢ We may solve restricted master problem to IP-optimali

e Restricted master is a “set-covering-like” problem whig
is not too difficult to solve




