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Program of the day:
e Post-optimality analysis (Taha 4.5)

e Solving MIP models by branch-and-bound (Wolsey,
chapter 7)

e Duality

e Design issues in branch-and-bound
e Strong Branching

e Local Branching

Post-optimality analysis (Taha 4.5)

Periodic recalculation of the optimum solution. Post-matiity
analysis determines the new solution in an efficient way.

Recommended action
No further action necassa

Condition after parameters change

Current solution remains optimal

and feasible

Current solution becomes infeasible  Use dual simplex toverc
feasibility

Current solution becomes nonoptimal Use primal simplexetover
optimality

Current solution becomes nonoptimal Use generalized sinpl

and infeasible to obtain new solution

Adding a variable or constraint

Original problem

maximize cx
subjectto Ax<b
x>0

optimal solutionx* optimal dualy*

Add a variable x

maximize cx+ c'x
subjectto Ax+AX <b
X, X >0

Primal solution(x*,0) is feasible, warm-start simplex.

Add a constraint a’x < b’

maximize cx
subjectto Ax<b
ax<bp
x>0
Primal solution is not feasible
Consider dual problem
minimize yb+y'b’
subjecttoyA+ya >c¢
y,y >0

Dual solution(y*,0), is feasible, warm-start dual simplex.
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Post-optimality analysis

TOYCO Example 4.5-3

maxz= 3x; + 2% + 5x3

s.t. X1 + 2% + X3 < 430
3X1 + 2x3 < 460
X1 + 4% < 420
X1,X2,X3 > 0

Solutionx; = 0, Xo = 100,x3 = 230.

e Add constraint 8; + X + X3 < 500
Redundant

e Add variablex, with ¢, = 9 andA, = (1,0,0)
Run primal simplex

e Add constraint 8; + 3%, + X3 < 500
Run dual simplex




Primal simplex (Taha 7.2.2)

andcg be its associated basis and objective.
1) Compute the inversag®.
2) For each nonbasis variabjes N compute

w __ . L —1A. )
Cj =2 —Cj=CgAg"Aj —Cj

xg=Ag'h, z=cexg
ablexg
Ss=argmin{T;
gjeN"‘{ i}

3) ComputeAs = Az*As.
If As < 0 the problem is unbounded, stop.
Else, computé = Ag'h.
Feasibility check

Leaving variable: basis variable corresponding to
K, r= Bx.

4) New basis i :=BU{s}\ {r}. Go to step 1.

0) Construct a starting basis feasible solution and\s

if ¢; > 0 for all nonbasig € N stop; optimal solutio

Else, apply optimality condition to find entering vari-

—

-

row

5

Dual Simplex (Taha 4.5)
Dual simplex starts from (better than) optimal infeasible
basis solution. Searches for feasible solution.

e leaving variablex; is the basic variable having most
negative value.

e optimality criteria: all basic variables are nonnegative
e entering variable: nonbasic variable wih < 0

[T -
min< |—|,aj <O}
{’ari :
Example
minz= 3x; + 2% + X3
S.t. -3 — X — X3 < -3
3X1 — 3X2 — X3 < -6
X1 + X 4+ X3 < 3
X1,X%2,X3 > 0

Simplex table after adding slack variables

basic x; X» X3 X4 Xs Xg Solution

z 3-2-1000 0

X2 -3-1-1100 -3

xs 3-3-1010 -6

X 1 1 1 00 1 3
All reduced costg; <O0.

Infeasible

Leaving variablexs as—6 smallest.

min{ gr—cj',aj <O} —min{—,%,l} :%

Entering variablex,

Iteration 1:
basic x; X2 X3 X4 X5 Xg Solution
z -5 —% 0 —% 0 4
X» -4 0-%21-10 -1
X -1 1 £ 0-30 2
X 20 50 31 1
Leaving variablex; as—1 smallest
.51 1
mln{Z,E,Z}—E
Entering variable
Iteration 2:
basic x; X X3 X4 X5 Xg Solution
z -3 0 0—% —% 0 g
s 101-3 30 3
X2 00O %—% 0 %
X5 010 1 01 0

Optimal and feasible

Solution techniques for MIP

e Preprocessing

¢ Branch-and-bound
¢ Valid cuts

e Branch-price

e Branch-cut

e Branch-cut-price

Development
1960 Breakthrough: branch-and-bound

1970 Small problemsn(< 100) may be solved. Exponen-
tial growth, many important problems cannot be solvec

1983 Crowder, Johnson, Padberg: new algorithm for pure
BIP. Sparse matrices up {a = 2756).

1985 Johnson, Kostreva, Sahl: further improvements.

1987 Van Roy, Wolsey: Mixed IP. Up to 1000 binary vari-
ables, several continuous variables.

Now Preprocessing, addition of cuts, good branching strate
gies




Solving IP by enumeration

e Binary IP

maximize X+ 3%, — 1xz+ 5%

subjectto #&; + 1X, + 2x3+ 3X4
X1, X2, X3,Xa € {0,

e Integer IP

IN

1}

maximize ;4 3% — 1xX3+5x4

subjectto %;+ 1X; 4+ 2x3+ 3%y

X1,X2,X3,X4 € No

e Mixed integer IP

IN

maximize Xj+ 3Xo — 1X3+5x4

subjectto #&;+ 1xy+ 2X3+ 33X

X1,% € R
X3, X4 € {0,1}

IN

Elements of Branch-and-bound

Problem o
maximize cx

subjectto xe S

e Divide and conquer(Wolsey prop. 7.1)
S=SUSU...U& andZ* = max{cx: x € S}

Z= max Z
k=1,...K

Overlap betwee andS; is allowed
Often: decompose by splitting on decision variable
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Elements of Branch-and-bound

e Upper bound function (Wolsey prop. 7.2)

Z=sup{cx: x € S}

then
2 = max®

is an upper bound o8

e Lower bound (so far best solutiorg

e Upper bound test

if 2 < zthenx* ¢ S

Relaxation (Wolsey 2.1)

max{cx: x € S}
max{ f(x) :xe T}

RP is a relaxation of IP if
e SCT
e f(x) >cxforallxeS
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(IP)
(RP)

Branch-and-bound

A systematical enumeration technique for solving IP/MIP
problems, which apply bounding rules to avoid to examine
specific parts of the solution space.

maximize cx
subjectto Ax<b
x>0
X' > 0,integer

e Branching tree enumerates all integer variables.

e Once all integer variables are fixed, remaining prob-
lem is solved by LP.

e General MIP algorithm does not know structure of
problem

e Upper boundgare derived in each node by LP-relaxati

e If z< zthen descendant nodes need not to be exam
ined
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Branch-and-bound for MIP (maximization)

Maintain pool of open problems. In each iteration t&ke
o If Sjinfeasible, backtrack
¢ Solve LP-relaxation 0§;, gettingX andz
o If z< zthen backtrack
e If all X are integral: update backtrack
e Choose a fractional variabie=d
e Branch on
% < |d]

Y
Y2
-/

o
—_

Where
e zis so far best solution (incumbent solution)
e Zis upper bound at node
e X is LP-solution to current problem
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Branch-and-bound for MIP

Example:

maximize X, + X

subjectto x; + 5% < 20
Bx; + 3% < 20
6x1 + X < 21

X1, Xo > 0, integer

Branch on most fractional variable, best-first search
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Root node
e LP-solutionx; = 22 =1.8181 x, = 2 = 3.6363.
e Lower boundz = —oo,

e Two nodesx; < 3 andx, > 4 with upper boundz =
5.2 andz=4.

Node 1

e Add constrainix, < 3, getting LP-solutionx; = lgl =
2.2 andx, = 3.

e Two nodesx; < 2 andx; > 3 with upper boundz=5
andz= 4 = 4.6667.

Node 2

e Add constraink; < 2, getting LP-solutiorx; = 2 and
X2 = 3. Upper boun@ = 5. Feasible solutiom= 5.

Node 3

e Add constraink; > 3, getting LP-solutiorx; = 3 and
X, = 2 =1.6667. Upper bound= 4.6667< z.

Node 4

e Add constraink, > 4, getting LP-solutiorx; = 0 and
X2 =4. Upperboun@=4< z
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Design issues

maximize cx
subjecttoxe S

Pruning rules (Wolsey 7.2)
e Prune by optimality = max{cx: x € S}
e Prune by boun@, <z
e Prune by infeasibilityg, =0

Branching rules (Wolsey 7.4)
e most fractional variablg i.e. x; — ;] close to}
e least fractional variable
e greedy approach

Selecting next problem

e Depth-first-search
(quickly find solution, small changes in LP, space)

e Best-first-search
(greedy approach)

16




Deriving bounds efficiently

e At each branching node we add one constraint
e New LP-problems need to be solved
e Use dual simplex to solve problem

e Normally, only a few steps are needed to find new LP-
optimum

The use of interior-point algorithms

e Simplex runs in exponential time (worst-case)

e Interior-point algorithms solve LP-problem in poly-
nomial time

e May be useful for solving MIP problems, if degener-
ate problem

e Use interior-point to find LP-relaxation at root node
e Use dual simplex at other branching nodes
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Design issues

Relaxation (Wolsey 2.1)

max{cx: x € S} (1P)
max{ f(x) :xe T} (RP)

RP is a relaxation of IP if
e SCT
o f(x) >cxforallxe S

Which constraints should be relaxed
¢ Quality of bound (tightness of relaxation)
e Remaining problem can be solved efficiently
e Constraints difficult to formulate mathematically
e Constraints which are too expensive to write up
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Strong branching

Applegate, Bixby, Chvatal, and Cook (1995) for TSP
Linderoth, Savelsbergh (1999) for MIP

Assume binary MIP to be maximized

e Normal branch-and-bound: choose a subproblem, chq
a variable to branch at, create two new subproblems

(sample)
o If we decide to branch on a variable which has limited

or no effect on the LP-bound on subsequent nodes, we
have essentially doubled the total work.

e Strong branching exploits a set of candidate variableg
specified by the usesgveral samples)

e For each candidate variable, test both branches, eval
uate upper bounds by solving LP-relaxation (not nec-
essarily to optimality)

e Choose the best variable for branching, and create twq
new subproblems
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Strong branching

Which variable should we choose?

e The ones for which the upper bound of both subprob-
lems is decreased most

e The ones for which the upper bound on average is de-
creased most

Improving performance

e The samples are only used as a heuristic, hence we d
not need to find exact lower bounds

e Dual simplex with a limited number of iterations.
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Strong branching, example

maximize x; + X

subjectto x; + 5% < 20
5x; + 3% < 20
6Xx; + X < 21

X1, X > 0, integer

LP-solution:x; = 1.8181,x, = 3.6363,z= 5.4545

T T T

Only two variables— sample both
e X; >2:2=5.3333

X1<1:2=4.8
0X224:2:5.2
X<3:z2=4

Branchingx,: better upper bounds for both branches
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Local branching

Fischetti, Lodi (2003)
¢ Important to have good incumbent solution
e 2-optimal solution for TSP, QAP, KP works well

e In general: if we have a good feasible solutiowé
do not want to change it too much

e At mostk variables may change their value from ~
e Restrict search tk-optimal solutions

Example

maximize &+ 5xo + 6x3+ 7X4 -+ 8Xs
subjectto 31+ 4%, + 5%z + 6x4+ 75 < 10
X17 X27 X37 X47 X5 S {07 l}
Greedy solutionx;=1,% =1,%=0,%=0,%X = 0.
Restrict to 2-opt

(1=X1) +(1—X2) + X3+ X4+ X5 < 2
we get the constraint
—Xp—Xo+X3+X4+X5 <0
Other branch demands more than 2 changes
(1=x1)+(1—X%) +X3+X4+X5 > 3
Optimal solutionx; =0, =1,x3=0,x,=1,x =0.
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Local branching

Assume that a feasible solutiarhas been found
e Left branchA(x,X) < k
¢ Right branchA(x,X) > k+1

Where

A(X,ﬁ)zz\llxj—fﬁ\: Z (1—x;)+ Z Xj
je {jeN[xj=1} {jeN[xj=0}

How large should we chood®
k=~ 10
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Local branching, exact algorithm

@ solutionxy

A(x,%1) <k A(XRy) > k+1
©) ©,
improvedxz A(x, %) <k A(x, %) > k+1
improveds \ A %) <k A(x,%3) > k+1

®© O

no improved solution
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