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Interior point methods
— an introduction
e Linear Programming, duality
e Simplex and its complexity
e Interior point methods — history
e Newton’s method
e Obtainingx > 0 through barrier function
e Putting the pieces together
e Discussion
matrix notation, omit transpositiocd

Linear programming

minimize 2, + 3%

subjectto ¥;+2x, >4
X+ 1% >3
X1,%2 >0

/ L

In matrix form
minimize cx
subjectto Ax="b
x>0

Linear programming

e Primal o
minimize cx
subjectto Ax="b
x>0
e Dual
maximize by
subjectto yA+s=c
s>0,yeR
e Weak duality Assume thak primal feasible andg,s
dual feasible
by < cx

Duality gap cx—hby >0

e Strong duality If the problem has a feasible solution,
then there exists a primal-dual feasible gair y*,s*),
so that
cX' = by"

e Complementary slackne&alternative formulation of
strong duality). Ifx > 0,s > 0,y € R satisfy

AX =b
YA+s = ¢
SX =0

then(x,y,s) optimal.
cx— by = (YA+s)x—y(AX) = sx

Solving Linear Programs

Optimization problem with slack variables added

minimize ; + 3%
subjectto ¥ + 2% — X3
X, + Ix — Xq
X1, X2, X3, X4

The set of constraints form a polyhedral.
Optimal solution is found at extreme points
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Extreme points (basic solu%s)
(2,1,0,0) (0,3,2,0) (4,0,0,1)

Basic set can be chosen (n%) ways (i.e. exponential).




Complexity of Simplex

Klee and Minty (1975) proved that the Simplex algorithm
may use exponential time

maximize

271 4+ 272+ L+ g + X,

subject to
Iy + + + + <5
b+ e + + + <5
8 + 4 + Ix + + <5

P+ + + + <

2% + 2" + 4 Mg + Iy <5
x>0i=1....n

The problem has
e nvariables
e N constraints
e 2" extreme points

e Simplex, starting ak = (0,...,0), visits all extreme
points

e optimal solution(0,0,...,0,5")

Complexity of Simplex

Forn = 3 simplex visits 3 = 8 extreme points

Assume(s;, 8, S3) slack variables:
nonbasis nonbasis
basis| x; X x3 | RHS basis| s; X x3| RHS
$1 IF 5 X1 1 5
S 4 1 25 S |4 IF 5

s | 8 4 1] 125

s |-8 4 1| 85

-z |4 2 1] O

-z (-4 2 1| -20

nonbasis nonbasis
basis| s; s x3| RHS basis| x; s, x3| RHS
X1 IF 5 $1 1 5
X2 | -4 1 5 X2 | 4 1 25

s |8 4 I 25

-z | 4 -2 1] -30

-z |4 -2 1| -50

X3 |-8 -4 1| 25

nonbasis nonbasis
basis| x; & s3|RHS basis|s; s s3| RHS
$1 IF 5 X1 1 5
X2 4 1 25 X2 -4 1F 5

X3 | 8 -4 1| 65

-z | 4 2 -1| -75

-z |-4 2 -1| -95

x3 |-8 4 1| 85

nonbasis nonbasis
basis| s; x» s3| RHS basis| X1 x» sz | RHS
X1 IF 5 $1 IF 5
s |4 1 5 s | 4 1 25

x3 | 8 4 1| 125

-z | 4 -2 -1]-105

-z |-4 -2 -1]-125

Interior-point methods — history

e 40ies: Simplex algorithm, Dantzig.

¢ Klee and Minty (1975) proved that a variant of Sim-
plex may use exponential time. Stimulated research
in alternatives.

e Khachiyan (1979) polynomial algorithrallipsoid methog
Bad performance in practice.

e Karmarkar (1984) polynomial algorithpath-following

e Path following method now described by Newton’s
method, barrier function
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Newton’s method

f(x) : R"— R" smooth

nonlinear function, solve:
f(x)=0

Taylor’s theorem (linearization)
fOO+dy) ~ F(x°) +0Of(x%)dy
If X° initial guess, compute, such thatf (x° + dy) = 0.

fOO) +0f(x%dy=0

de = — (01 () ()

dy defines search direction, new pokit

X+

where O< a < 1 is step

size.




Nonlinear programming

Assumec: R" — R andg: R" — R™ smooth functions.

minimize c(x)
subjecttog(x) =0

To use Newton’s method formulate as
f(x)=0
Lagrangian functiony Lagrangian multipliers:
L(%,y) =c(x) —yg(x)
First order optimality criterion

OxL(x,y) = Oc(x) —Ug(x)y
OyL(xy) = —9(x)

Necessary but not sufficient condition
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If c(x) is convex, andy(x) is affine, then sufficient
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Newton’s method for optimality criterion

Looking for solution to 'f(x,y) = 0" i.e.

OxL(x,y) = Oc(x) —Og(x)y
OyL(xy) = —9(x)

1]
o

Taylor expansion irfx,y) = (x°,y°):
FOC,Y7) + 01 (C,y) (dho ) = O

thus
Oc(x) — Oge) Ty + D2c(®) - 31 yi0%Gi () —Og(x°)T dx
-90?) ~Og(®) 0 dy
next point

()= ()= (2)
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Primal problem, barrier function

Linear programming model

minimize cx
subjectto Ax="b
x>0

Newton’s method cannot handle inequalities.

Inx

1
—15/NX

New objective:

minimize cx—uy"_;In(x;)
subjectto Ax="b
x>0

wherep > 0 is a small constant.
lim —pIn(x;) = o
Xj—0
If x > O initially, thenbarrier functionmaintains< > 0.

Solution to barrier problem is approx. of original problem
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Primal problem, optimality condition

Define optimality conditions for barrier problem
n
L(x,y) = cx— uZIn(Xj) —Y(AX—b)
=

Differentiation gives
oL

a_x,- =

In vector notation
OuL(X,Y)

DYL<X7 y)

cj—uxj‘l—Aij and Z—;—bi—Ai;x
I

c—pXte—ATy
b— Ax

1l
o

where
X1 0O ---0
x=| 00
sincex > 0 the inverseX ! exists
If we introduces = pX~ethen
c-s—Aly =0
b— Ax 0
s = uxXle
or equivalent (Kuhn-Tucker optimality condition)

Aly+s = c
AX b
Xs pe




Convexity of barrier function

If objective function is convex, then optimality condition
is sufficient

_ n| ,
cX u;n(xj)

e The function Ir{x) is concave, i.e—In(x) is convex
e Barrier function is sum of convex functions

e Barrier function is convex
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Path following methods

primal central pathis {x(p) : p> 0}
dualcentral pathis {y(p),s(p) : > 0}

Example
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How large is the error?

Aly+s = ¢
AX =b
Xs = pe

A feasible solutiorn(x, y, s) to the system is
e Primal feasibleAx= b andx > 0.
e Dual feasibleATy+s=cands=puXle>0

e Duality gap:
cx—yb = (YA+9)x—Yy(AXx)
= XS
= X(uX"'e)
= Pee= pn

Since an optimal solutior* must satisfyby < cx* < cx

cX—cxX < nu
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Overall principle

Problem: find primal-dual paifx,y,s) with x,s> 0 such

that
Ax—Db 0
F(x,y,s) = (yAJrs—c) = <0>
SX 0
Algorithm:
e Select a tolerance:
IAx—b]| < e
lyA+s—c|| < &p
SX < &g

e Choose an initial solutior > 0,y > 0,s> 0

e Based on the tolerance choose a sufficiently spall
e Use Newton’'s method on the barrier function

e Terminate when the above tolerance is satisfied

Note

wor
oX»o

X -0
N————

OF(x,y,8) = (
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Step size, and convergence

max X dy
a :argmgx{(sl()Jra(ds) 20}
and for somé €]0, 1|
o := min(6a™ 1)

ensures convergence. In practite- 0.9 is good (but no
polynomial guarantee!)

Number of steps

“interior point methods solve an LP in less than 100 itera-

tions even if the problem contains millions of variables”

Complexity of each step

Derivedy, dy,ds from

AO0O dy Ax—b
(o A |>(dy>:<yA+s_c>
S0 X ds SX
next point
x*t x0 oy
st L ds
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Dual problem, barrier function

Linear programming model

maximize by
subjectto yA+s=c
s>0,yeR

Introduce barrier function

maximize by+py"_, In(s;)
subjectto yA+s=c
s>0

Lagrangian function
n
L(x,y,8) =by+p In(sj) — x(yA+s—c)
=1

Optimality conditions

OxL(X,y,8) = c—=s—yA =0
OyL(x,y,s) = b—Ax =0
OsL(x,y,8) = uSte—x =0

which can be reduced to
yA+s = ¢,
AX b

pe
Essentially the same as for primal problem

Xs

18

Primal-dual approach

Two sets of optimality conditions

AX = b, x>0
yA+s = ¢, |s>0
Xs = pe

perturbed KKT conditions. Let

Ax—Db
F(x,y,s) = ( YA+s—cC )
Xs—yue

wherep = xs/n andy > 0. Assume(X,y,S) given. One
iteration of Newton method t6,(X,y,S) =0 i.e.

dy
DFY()_(v 2 E) ( dy ) = _FY()_(v \2 _)

Since

we obtain

primal residualp = b— Ax
dual residuatp = c—yA—3
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The algorithm

1 choosgx?,y°, <) with x°,° > 0, andep, €p, e > 0
2 fork:=0tow
3 calculate residuals

K = b— AXK
TK=c—yA-
W< = x*s¢/n

4 if |IK|| < e, [|ITE|| < o, ||| < €6 then stop
5 choosey < 1 and solve

7 update
XK1= Xk ady,
Yl =y*+ ad,,
4= S+ ads




Numerical Example

Problem: o
minimize —1x; — 2%
subjecttox;+x <1
X1, %2 > 0
Iterations

XK X5 XKs¢

1.00e0 1.00e0 3.0e
6.40e-1 1.18e0 1.1e
0.91e-2 1.13e0 2.5eq
0.91e-3 9.93e-1 4.leq
1.91e-3 9.98e-1 6.le;
2.42e-4 1.00e0 7.2eq
2.45e-5 1.00e0 7.3e-
2.45e-6 1.00e0 7.4e-
2.56e-7 1.00e0 7.3eq

O~NOUITRWNRFROX
~Nooh~hWNR Y
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Worst-case time complexity

e Simplex exponential, but heuristics often get round
this problem

e Interior; approximate solution, polynomial time m
ande

Characterization of the iterative sequence

e Simplex generate a sequence of feasible basic solu-
tions

e Interior: generate a sequence of feasible primal and
dual solutions

e Simplex primal solution decreases monotonically
e Interior: Duality gap decreases monotonically

e Simplex many iterations

e Interior: few iterations (20-30)

e Simplex one simplex iteratio®(n?)
e Interior: one iteratiorO(nq)
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Generated solutions

¢ Simplex Returns an optimal basic solution
e Interior: Returns arg-optimal solutioncx— by < €

o Interior: Solution is at the analytic center of the opti-
mal face

e Interior: Basis solution can be constructed in strongly
polynomial time

Initialization

e Simplex Needs a feasible solution to start

e Simplex First phase of algorithm finds feasible solu-
tion

e Interior: Self-dual version can be initialized by any
positive vector
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Degeneracy

Basis solutiong is degenerate i € Ig : x, =0

e Simplex objective function remains same in simplex
iteration, cycling

e Interior: theoretical and practical complexity is not
affected by degeneracy

Practical performance

e Simplex often good performance despite worst-case
exponential time

e Interior: best suited for huge problems, highly degen-
erate problems

Warm-start

e Simplex easy to warm-start from previous basis solu-
tion

e Interior: not as efficient as simplex for warm-start
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Integer-linear problems

e Simplex clear winner, generate cuts from basic solu-
tions, warm-start in branch-and-bound

e Interior: basic solutiorcanbe constructed, no warm-
start

Generalizations

e Simplex generalized to nonlinear, and semi-infinite
optimization problems

e Interior: same generalizations as simplex, moreover
conicoptimization
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Perspectivation

e Interior point methods is one of the best examples of
theoretical goals leading to practical algorithms

e Interior point methods has started competition leading
to innovation

e Interior point methods can be extended to a number
of cones ¢elf-dual homogeneous cofes
— R" (linear programming)
— vectorized symmetric matrices over real numbers
(semidefinite programming)

— vectorized Hermitian matrices over complex num-
bers

— vectorized Hermitian matrices over quaternions
— vectorized Hermitian 3 matrices over octonions

¢ With conic optimization we can solve “more” prob-
lems than we asked for

e Challenge to model builders to use new relaxations
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