Answers, Written Exam, December 2003, David Pisinger

Q11: Since the set T is not convex, we need to introduce some indicator variables.

5X1—%2 >0 5X1 + X2 < 25

T \
[ 1a [N\ sl |

X2 >0

4x; — %2 <8 4x1+Xp > 12

Let 8a = 1 if (x1,%2) € Aand 0g = 1 if (x1,X2) € B. Then we have
a=1=4x1—x<8
which can be modeled by the inequality
4x1 — X2 +Mpada < Ma+8

where Mp is an upper bound on 4x; — X2 — 8. Since 0 < x3 <5 and 0 < x2 <4 we may
choose Ma = 12, getting the inequality

4x1 — X+ 1205 < 20

In a similar way we have
B=1=4x1+% >12

which can be modeled by the inequality
4X1 + X2 +mgdg > mg + 12
As a lower bound on 4x; + X2 — 12 we may choose mg = —12, getting the inequality
4x1+% — 1208 >0

Finally we must demand that 64 + 0g > 1 to ensure that (x1,X2) is in at least one of the sets
A or B. Hence the correct answer is 11B).
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Q12: The set T’ is graphically depicted as
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Fortunately, the set T is convex, hence it is straightforward to describe as an LP-model:

X2 >0
X2 < 4
4x1—%2 >0
Ix1+ X2 < 20

Hence, the correct answer is 12F).

Q13: Since the problem is defined in two variables we may solve it graphically
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It is easily seen that x; = %, Xo = % is the optimal solution, hence 13D) is the correct
answer.




Q14:

Q15:

Q16:

Q17:
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The dual problem is

minimize 4y; + 15y» + 3ys

subjectto y1 + y» + y3 > 1
y1 + 5y» > 4
yi o, Y2, Y3 =20

From complementary slackness we have

X1+X=4 hencey; >0
X1 +5% =15 hencey, >0
X1 <3 hencey; =0

Inserting y3 = 0 in the dual problem we get

x1 >0 henceyi+y,=1
X2 >0 hencey;+5y, =4
with optimal solutiony; = % and y, = %. Hence the correct table must be 14A).
We have the inequality
+5 5 +1 1
Y1 4)/3 4Y4 4y5, 2
The Gomory cut becomes
1 n 3 n 1 S 1
4Y3 4y4 4y5 Z7
Introducing the slack variables y4 = y1 + Y2 +y3 — 1 and y5 = y1 + 5y> — 4 we get
1 3 1 1
- — _ Z _ >z
a3t ity tys =)+ (i +5y2—4) =

which is reduced to
Yy1+2y2+Yy3>2

The correct answer is 15E).

The optimal choice of Lagrangian multiplier corresponds to the associated dual variable
yo. Hence A =y, = %, and the correct answer is 16B).

We have the inequality
8X1 + 8Xo + 7X3 + 5X4 + 3X5 + 2%g + 2%7 < 11

The cover inequality
X3+ Xg+X7 <2

is not minimal since if we removed x7 from the cover we would get the sum 7 +5 > 11.
Hence the cover is not minimal and 17E) is correct.

Q1s:

Q19:

Q20:
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We have the minimal cover inequality
Xg4+X5+Xs+ %7 <3
To find the largest value of a such that the inequality
axp+Xa4+ X5+ X+ X7 < 3
is valid we solve the problem:

y= maximize Xq+ X5+ Xg+ X7
subjectto 8+ 5x4 + 3x5+ 2% +2x7 < 11
X1,X2, X3, X4, X5 € {0,1}

with optimal solution y= 1. Hence o = 3 —y = 2, and thus 18D) is correct.

We first show that d > n— |B|. Construct the n— |B| points
i
. 1
X =(xt,...,%) = (0,..., 1,...,0)

for j € N\ B. Moreover, construct the additional point (0,...,0). It is easily checked that
the n—|BJ + 1 points are affinely independent and that all the points are in P. Hence d >
n—|B|.

We next show that d < n— |BJ. This is obvious since any feasible solution must have x; =0
forall j € B.

Due to the assumption a; < b for j € N we know from Q19 that the dimension of P is
dim(P) = n. To show that the inequality

Xj<1

is facet defining we consider the face F = {x € P: x; = 1}. Construct n affine independent
points as follows:

J
!
X =(xq,...,%)=(0,...,0, 1 ,0...,0)
i
l
1

X = (xq,...,%) = (0,...,0, ,0,...,0) ieN\{j}

All the points are in F since x; = 1 and & +a; < b. Hence dim(F) = n—1 and thus the
inequality xj < 1 is facet defining.




