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Alle hjzelpemidler méa benyttes dogikke lommeregner eller computer. Besvarelsen kan ud-
arbejdes med blyant eller kuglepen.

Opgavesaettet bestar af 19 opgaver, navngivet Q1-Q19vepuaQ2-Q8, Q10-Q11 og Q14-Q18
er multiple-choice opgaveisom har netop ét korrekt svar. For at besvare en sadavegal
man, uden yderligere forklaring, skrive opgavens numment sken korrekte svarmulighed. For
eksempel kan opgave Q2 besvares med “2A". Q1, Q9, Q12 og Qd®dvanligeekstopgaver
som skal besvares tilstraekkeligt detaljeret til at losamgtoden kan faglges. Hvert korrekt svar
til en multiple-choice opgavgiver 4 point. Hvert korrekt svar til etekstopgaveiver 10 point.
Man kan samlet opna 100 point.

The question paper consists of 19 questions named Q1-Q&%udstions Q2-Q8, Q10-Q11 and
Q14-Q18 aramultiple-choice questionsvhich have exactly one correct answer. To answer such
a question simply write the number of the question and theecbanswer. For example question
Q2 can be answered with “2A". Q1, Q9, Q12 og Q19 are ordinexy questionswhich should

be answered sufficiently detailed to make it possible t@fwlihe solution method. Each correct
answer to anultiple-choice questiogives 4 points. Each correct answer tteat questiorgives

10 points. You can obtain 100 points in total.



Linear Programming

Consider the following linear program (LP)

maximize X1 +4xo +2x3
subjectto x;1 +x2 +x3 <20
X1 +2% +x3 < 30
X1,X2,X3 > 0

Let x4 denote the slack variable in the first constraint of LP, ahdd@lenote the slack variable
in the second constraint of LP.

Q 1: (text question) Write down the dual of LP. Solve LP with the primal simplex thwd
starting from the basis consistingxfandxs. In every iteration:

a) Give the entering non-basic variable and the leavingchasiable.
b) Give the reduced costs on the non-basic variables.

c) Give both the primal and the dual basic solution.
|

Q 2: If the objective function coefficient oxp is changed from 4 to 4 9, for which values od
does the optimal basis for LP remain optimal?

2A) 5>1 2D) &>3
2B) d¢[-21] 2E) 8¢ [1,3]
2C) &> -2 2F) 5<-1
| |

Q 3: If the right hand side in the second constraint is changad 80 to 30- p, for which values
of pdoes the optimal basis for LP remain optimal?

3A) p>0 3D) pe[-2010
3B) p<—10 3E) p>20
3C) ue[-10,10 3F) p>10

| ]

Now consider the following linear program (EP

maximize X1 + 8%y +7x3 + 4X4 +6X5

subjectto 1 + 3x2 +3x3+ 2x4 +2x5 < 20
3X1 + 5% +4AX3+ 2X4 +4x5 < 30
X1, X2, X3, X4, %5 > 0

Let xg denote the slack variable in the first constraint of L&hd letx; denote the slack variable
in the second constraint of PP



Q 4: How many bases of LPare dual infeasible? (Also count bases that involve the tecks
variables in the two constraints).

4A) 7 4D) 3
4B) 5 4E) 9
J3C) 6 4F) 4

Q 5: How many bases of L$that havex; as a basic variable are primal feasible? (Also count
bases that involve the two slack variables in the two comggha

5A) 1 5D) 4
5B) 3 5E) 5
.5C) 6 5F) none

Finally consider the following linear program (EpP

maximize X; +4xo
subjectto 21 +x; <2
X1 —Xo > 2
X1,X2 >0
Q 6: Let DLP® denote the dual of L Which of the following statements are true.
6A) Both LP® and DLP are feasible and bounded.
6B) Both LP® and DLP are infeasible.
6C) Both LP and DLP are unbounded.
6D) LP?isinfeasible and DLPis unbounded.

46E) LP?is unbounded and DL¥s infeasible.

Cuts

Consider the following IP-problem

minimize —x3 — X
subjectto—3x; + 12x < 30
61 — X< 8
X1,X0 € 7T

By adding slack variables;, s, > 0 to the two constraints, and solving the LP-relaxed problem
by use of the Simplex algorithm the following two constraiappear:

1 4o _ 62
X1+ St 2 =57
2 1 68

X2 + 581 + 537382 = 77

Derive a Gomory cut (Wolsey calls it Chvatal-Gomory cut)nfréhe first Simplex equation in
which the basis variable is fractional



Q 7: Which inequality appears after the slack variables haes lediminated?

7A) X1 <2 7D) —2x14+ 2% <7
7B) x2>3 7TE) —Xx1+x<1
7C) x1 <1 7F) X +4x <4

| |

Q 8: Derive the inequalit, < 3 as a Chvatal cut. Which multipliefs;, uz) should be used:

8A) (2,-1) 8D) (3,0)
8B) (4.3) 8E) (0,1)
8C) (3,2) 8F) (2,1)
|

Model building

The following puzzle is taken from “The Lady or the Tiger” byymond Smullyan: A prisoner
is faced with a decision where he must open one of two doosinBesach door is either a lady
or a tiger. They may be both tigers, both ladies or one of each.

Each of the doors has a sign bearing a statement that mayhiee &ite or false.

e The statement on door one says, "Both rooms contain ladies.”
e The statement on door two says, "Both rooms contain ladies.”

If a lady is in room one then the statement on that door is ttheerwise it is false. If a lady is in
room two then the statement on that door is false, otherwisdrue.

Q 9: (text question) (Hint: read the whole puzzle carefully.)

a) If we let the binary variablg be 1 iff the sign of room is true, and the binary variable
be 1 iff roomi contains a lady, formulate the above constraints as anartegear model.
(The “raw” inequalities expressing the relations shoulddyorted.)

b) What is the dimension of the solution spacéefined by the model.

c) Is the inequality; + x2 < 1 a facet-defining valid inequality?



Multiple-choice knapsack problem

We are givem classes\y,...,N, of items. Each itenj € N; has an associated proffj and a
weightw;j. The objective of the problem is to choose exactly one itemfeach classl such
that the profit sum of the chosen items is maximized, whilexb&ght sum of the chosen items

cannot exceed a given capacity
If we introduce the binary variableg to indicate if itemj is chosen in clashi, the problem
can be formulated as the following integer-linear model:

n
male 2‘ Pij Xij
i=1jeN
n
S.t. Z WijXij < C 1)
i=1jeN

Xj=1, i=1...,K
J'GZWi

xj€{0,1}, i=1,...,njeN

In the following instance we have= 3 classes, and the capacitycis- 9.

Ny ={1,230 No={1,23} Nz={12}

j [123 j 123 ) |12
p1j|0 46 P2jll 23 p3j|0 2
wyj|0 2 3 Wil2 34 w3l 3

Q 10: Solve the above problem to integer optimality. What is thgroal solution valuez?

10A) z=7 10D) z= 10
10B) z=8 10E) z=11
10C) z=9 10F) z=12

We will solve the multiple-choice knapsack problem throualyinamic programming_et fi(d)
be an optimal solution to (1), where the capacity is limited ind where only the fird classes
are considered. In other words

k k

fi(d) = max PiiXij - wii X <d; x--:l,i:l,...,k;xi-6{0,1}} (2)

fork=0,...,nogd=0,...,c. Fork= 0 one can only obtain the profit sum O for any valuelof
so we have

fo(d)=0ford=0,...,c (3)
If we know the optimal solution forfy_;, we can find the optimal solutions fdg by using a
dynamic programming recursion.



Q 11: What is the correct recursion? (We assume fhat(d) = —« if d < 0)
11A) fil(d) = i (d —wij) + pxj
11B) fi(d) = max{ fy_1(d)}
JeNK
11C) fi(d) = max{ fi-1(d) + Py}

11D) fi(d) = ?;ﬁf{ fiea(d —Wij) + py; }
||

Using the recursion we get the following (incomplete) table

d\k

=
N

3

oo ~NOOOITDS~WNEFO
DO OOOHOO OO OO

Q 12: What are the five missing entries in colukg- 3

12A) (5,7,8,9,9) 12D) (5,7,8,9,10)
12B) (5,6,7,8,10) 12E) (5,5,9,9,10)
12C) (7,9,10,11,11) 12F) (7,9,10,11,12)
| ]

Q 13: (text question)

a) Assume that we for each itejrin classN3 wish to find the smallest and largest value of
pij such that the current IP-solution is unchanged. Derive m#bcriteria which can be
used to determine the limits. It can be advantageous todigsh between the cases where
x3j = 0 orxsj = 1 in the optimal solution.

b) Use the above formal criteria for glle N3 to determine the smallest and largest value of
pij such that the current IP-solution is unchanged.



Bin Packing

Thebin packing problenms to packn items in the smallest number of bins, such that the capacity
c of each bin is respected. Each itgm= 1,...,n has an associated weigiv§. If we use the
binary variablesj to indicate whether iten) is placed in bin, andyv; to indicate whether bin
is used, we get the formulation:

n

minimize Z\Vi 4)
i=
n
subject to zwjxijgcv., i=1,...,n (5)
j=1
n
XijZ]-? j:].,...,n (6)
2
xj € {0,1}, i,j=1,...,n (7)
vi €{0,1}, i=1,...,n (8)
In the following example we have capaciy= 9 andn = 5 items with the following weights:
jl12345
wj|24678
Q 14: Solve the LP-relaxation of the above problem. What is thiéegd solution value?
14A) z=1 14D) z=4
14B) z=2 14E) z=5
14C) z=3 14F) z=6

Q 15: Find the most violated cover inequality correspondingdostraint (5) for = 1 if we in
the primal solution have;, = 1 andxy1 = 1, X2 = 3, X13 = 3, X14 = 1, X5 = 3 (the remaining
variables have some other values).

15A) X114+ X12+X13+X14< 3 15D) x11+X13+X14+X15< 3
15B) X11+Xp1+X31 < 2 15E) x11+x15 <1

15C) Xq1+ X12+ X13+ X14+ X15 < 4 15F) x11+ X124+ x13 < 2
n

To find a tighter lower bound we consider the Dantzig-Wolfeateposed problem. L& be the
set of packings of a single bin. Moreover, &t be a binary value which indicates whether item
j is used in packing If we use the binary variabl¢ to determine whether packing Ris used,
we get the following model:

min X

styYajx>1j=1....n 9)

X e{0,1} ieR



As the above model may be exponentially large, we solve theeldked problem through co-
lumn generation. We start with the trivial formulation:

minxj + X, + X5 + X3 + X5
s.t. X; >1
X5 >1
X3 >1
Xy >1
%> 1

(10)

where all variablesx’j > 0. Lety; be the dual variable corresponding to constraint (10) famit
j-

Q 16: Find the dual variables corresponding to the above problem

16A) y1=0,y2=0,y3=0,y4=0,y5=0 16D) y1=2,y2=1,y3=0,y4=2,y5=0
16B) y1=2,y2=0,y3=1y4=0,y5 =2 16E) y1=1y=1y3=1ys=1y5=0
16C) y1=13%.Yo=¢2.Y3=2.Va=1%,Y5= ¢ 16F) yi=1y,=1y3=1ys=1ys=1

Q 17: Which of the following columns is the next to be added to thedei (10)? The columns
are specified by the involved set of items

17A) {1} 17E) {5}

17B) {2} 17F) {1,2}
17C) {3} 17G) {1,5}
17D) {4} 17H) {2,3}

Add the column to the formulation (10). Solving the LP-motted dual variables beconyg =
O,y2=y3=ya=Yys=1.

Q 18: What is the next column to be added to (10)

18A) {1} 18F) {5}

18B) {2} 18G) {1,2}
18C) {3} 18H) {1,5}
18D) {4} 181) {2,3}

18E) none (column generation terminates)



If we instead Lagrange relax constraints (6) in the simpimtdation of the bin packing problem
using multipliersh = (A1,...,An) we get a relaxed problem.

Q 19: (text question)

a) What is the Lagrangian relaxed problem, and the domaimeofrtultipliersA? Hint: check
that we get a valid lower bound when stating the domain. of

b) What is the best choice of Lagrangian multipliarsi.e. the solution to the Lagrangian

dual problem for the considered instaneknt: use your knowledge of the strength of the
Lagrangian dual problem.

c) What is the solution value of the Lagrangian relaxed pgrobior this choice of Lagrangian
multipliers?



