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Alle hjeelpemidler ma benyttes dogkke lommeregner eller computer. Besvarelsen kan udarbej-
des med blyant eller kuglepen.

Opgaveseettet bestar af 19 opgaver, navngivet Q1-Q19.v@purQ1-Q10 og Q13-Q18 erultiple-
choice opgaversom har netop ét korrekt svar. For at besvare en sadavepgal man, uden yderli-
gere forklaring, skrive opgavens nummer samt den korrakienaulighed. For eksempel kan opgave
Q1 besvares med “1A". Q11, Q12, og Q19 er seedvanbgstopgaversom skal besvares tilstreekke-
ligt detaljeret til at Iasningsmetoden kan fglges. Hvertrékt svar til ermultiple-choice opgavgiver

4 point. Hvert korrekt svar til etekstopgaveiver 12 point. Man kan samlet opna 100 point.

The question paper consists of 19 questions named Q1-Q&qugstions Q1-Q10 and Q13-Q18 are
multiple-choice questionsvhich have exactly one correct answer. To answer such diguesmply
write the number of the question and the correct answer. kample question Q1 can be answe-
red with “1A”. Q11, Q12 og Q19 are ordinatgxt questionswhich should be answered sufficiently
detailed to make it possible to follow the solution methodcl correct answer toraultiple-choice
questiongives 4 points. Each correct answer tteat questiorgives 12 points. You can obtain 100
points in total.



Sensitivity Analysis

Consider the following linear program (LP)

maximize X; +2xo +2X3

subjectto 2, +4x; < 10
2X1 —2% +X3= 5
X1,%2,X3 > 0

(notice the <" and “=" constraints). Introduce slack variablg in the first constraint.

(1)

Q 1: What is the final Simplex tableau when solving the above lpral{using Taha’s notation)?

basic X; X2 X3 X4 Solution

1A) z -3-2-20 0
X« 2 4 01 10
X3 2-2 10 5
basicx; X X3 X4 Ssolution
1B) z 00-3 2 2
e 0l-gg g
X1 10 3 & %
basic x; X2 X3 X4 solution
1C) z —4003 25
% 3105 3
x3 6011 20
[ |

basicx; X X3 Xq solution

1D) z 0-5-30 »
X3 0 6-11 5
xxw 1-1 %10 5
basicx; X X3 X4 solution
1E) z 2003 15
X2 % 10 %1 g
X3 101 5 5
basicx; X X3 X4 solution
1F) z 4003 25
% 3104 3
x3 3013 10

Q 2: What is the dual problem associated with (1)? (NB: Spetié/full domain ofy,)

minimize 101 + 5y»
subjectto 1 + 2y, > 3
dy1 — 2y, > 2
Y2 > 2
yi>0y, €R

2A)

minimize 1064 + 5y»
subjectto 1 + 2y, > 3
dy1 — 2y, > 2
Y2 > 2
y1,y2 € R

2B)

minimize 164 + 5y»
subjectto 1 + 2y» > 3
dy1 — 2y > 2
Y2 > 2
y1>20y2>0

2C)

minimize 164 + 5y»
subjectto 1 + 2y, > 3
Ay — 2y =2
y2 > 2
y1>20y2€R

2D)

minimize 104 + 5y»
subjectto ¥ + 2y, > 3
dy1 — 2y, =2
Yo > 2
y1,Y2 € R

2E)

minimize 104 + 5y»
subjectto 1 + 2y» > 3
dy1 — 2y =2
Y2 > 2
y1>0,y2 >0

2F)



Q 3: What is the optimal solution to the above dual problem?

3A) y1:0,y2:5 3D) y1:2,y2:2
3B) yi=-3.y,=3 3E) i=3y,=2
3C) y1=2y=1 3F) yi=3,y2=4
n

Q 4: Assume thak; is changed tx; = 2. What is the loss/increase in profit?

4A) objective is unchanged 4D) increase of 2
4B) increase of 4 4E) increase of 6
4C) lossof4 4F) loss of 8

[ ]

Q 5: Assume that we added a real numbdeto the first constraint in (1) getting the constraimi 2-
4x, < 10+ d;. In which interval card; vary without changing the optimal basis?

5A) dy > —10 5D) dy > 10

5B) di<-5 5E) d;>5

5C) 0<d <5 5F) —10<d; <10
| ]

Q 6: What is the marginal value of decreasing the second cansbyone unit (i.e. changing 5 to 4).

6A) 0 6D) 1
6B) 2 6E) 3
6C) -2 6F) —4
u

Q 7: If we introduce a new produet; which demands 3 units of constraint 1, and 1 unit of condtrain
2 we get the following model

maximize X; +2xo +2X3 + CaXs

subjectto 21 +4x; + 3x4 < 10 )
2% —2% 4+X3+ Iy = 5
X1,%2,X3 > 0

What is the minimum value af; needed to make the new product worth producing?

7A) c1>0 7D) cy> L
7B) c4> 3 7TE) C1>3
7C) o<1 TF) ci1<?2
| |

Q 8: Due to increased production costs, the objective fundhidd) is changed to
(2—d)x1+ (3—d)x2+ (2—d)x3

For which values ofl will the current LP solution remain optimal?

8A) d<1 8D) d<3
8B) d>2 8E) d>-2
8C) d<¢§ 8F) d>-8



Gomory cuts

Q 9: Assume that (1) had to be solved to integer optimality, X;€X2, X3 are nonnegative integers.
Consider the final Simplex tableau. Derive a Gomory cut fromftrst constraint in which the basic
variable is fractional.

9A) X <2 D) x<1
9B) X2 <3 9E) X1+ X < 4
9C) X1+X% <12 9F) X <9

| |

Cover inequalities

Let
K = conv({x € B® | 7%y + 9%, -+ 6X3 + 7X4 + 5x5 < 13})

A minimal cover isC = {3,4,5}, resulting in the cover inequalitys + X4 + x5 < 2. We wish to lift this
inequality to
OXp+X3+Xg+ X5 < 2

Q 10: What is the largest value of such that the above inequality is valid?

10A) a=0 10D) a=3
10B) a=1 10E) a=4
10C) a=2 10F) a=5
[ ]

Lagrangian Relaxation
Consider the following integer-programming model.

maximize % + 2% + X3
subjectto x; - x3<4
X+ X< 3 )
22X+ Xo+3X3 =7
X1,X2,X3 > 0,7

The optimal solution to the LP-relaxed problemnxjs= % Xo = X3 =0.

Q 11: (text question) Lagrangian relax the last constraing 2- x, + 3x3 = 7 using multiplierA, and
solve the Lagrangian dual problem (i.e. find the valué &r which the relaxed problem results in
the lowest upper boundi



Model building

Consider the following production planning problem: We datime periodsT = {1,...,n}. In each
time periodt € T we have a demand of items. We may satisfy the demaxdby producing the
necessary items at timer by producing them at some earlier time.1,t — 1 and keeping the items
at stock. The cost of holding one item on stock from timet + 1 is h;. The cost of producing one
item is ¢;. Moreover, we should pay a fixed startup cdsts we produce at least one item in time
periodt. We cannot produce more than the upper ligiitems at time period.

Letx determine the amount of items produced at tirrand lets be the number of items on stock
from timet to t + 1. Moreover, lety; be a binary variable which indicates whether we produce any
items at timet. The initial number of items on stock at time- 0 issy = 0.

Q 12: (text question). Formulate the problem as a mixed-integer programming ineteh mini-
mizes the overall production costs while satisfying the dedhin each time perios

Column Generation

Consider the followingninimum cost multicommodity flow probledefined on a weighted oriented
graphG = (V,E, c,/) where each edgg, j) € E has an associated cast, and alower bound/;; on
the flow.

A number of commoditieX = {1,...,m} are given by a triplgs,tx,dx). Heresc denotes the
source of commoditk andty denotes the terminal of commodiky while d¢x denotes the number of
units to be sent. We are searching for the cheapest possile fl

If we use the decision variabla§ to denote whether commodiky K flows along edgéi, j) € E,
the problem may be formulated as:

min Gij xS (4)
k;(i,geE e
st X —$ XK =0keK,jeV\ {st} (5)
K. =1 keK (6)
jEZ/XSmJ

X, =1 kekK (7)

i€
> dedi >4 (i) €E (8)

kek
0<x<1 keK,(i,j)€E )

There are no upper bounds on the edges. Problems with lowedbappear frequently in networks
where a given amount of float is demanded (e.g. in water pipes/oid that the water becomes
undrinkable).

Q 13: Consider the following instance of the multicommodity flpvoblem:



1 edges:
0/0 —
S g (i,],Gij, 4ij)
(17 27 07 o) .
8/0 2/2 ]_/1 (1 4.2 2) w:
) ) ) ’t ’d
(3.1.8,0) (S0 o )
3 4 (3,4,1,0)
L 5.6,2
“{ (4,2,1,1) (56,2
Mo oyr ap (4,6,1,1)
(5, 11 l)
0/0 . (5,4,4,1)
=9 / @ = (5,6,0,0)

What is the cost of the cheapest multicommodity flow, if it is assumed thatftbe of each commo-
dity may be split arbitrarily?

13A) z=13 13D) z=20
13B) z=15 13E) z=22
13C) z=27 13F) z=24

Q 14: What is the cost of the cheapest multicommodity flow if alk items must follow the same
path, for each commodity, i.e. if constraint (9) is replaced wil>k§fj € {0,1}.

14A) z=13 14D) z=20
14B) z=15 14E) z=22
14C) z=27 14F) z=24

Q 15: Let for each commaoditk the setR¢ denote all simple paths fromsy to tx through the graph
G = (V,E,c). Which of the following paths does not belongRpU R, U Rs:

15A) 1-2 cost O
15B) 1-4-2 cost 3
15C) 3-1-4 cost 10
15D) 3-4 cost 1
15E) 3-5—1-4 cost 4
15F) 3-5—-4 cost 5
15G) 3-5—-6—4 cost 2
15H) 5-1-4—-6 cost 4
15l) 5-4—6 cost 5
15J) 5-6 cost O



Q 16: Consider a given patp for commodityk. In which situation will the path never appear in an
optimal solution:

16A) ¢ < di for some edgéi, j) on the pathp

16B) /i; > d for some edggi, j) on the pathp

16C) the patlp contains a cycle

16D) we cannot exclude the path
[ ]

We want to use g@ath formulationof the multicommodity flow problem. Leﬂ}.fu denote whether a
pathr € R, contains the edgé, j), and letc® denote the cost of pathe R when sendingl, units of
the commodity. Lad for each pathr € R¢ denote whether the path is used for commo#itin this
way the model becomes:

min > %erﬁ (10)
keKre
s.t. }k deakij X > 4 (i,]) €E (11)
keKre
XX >1 ke K (12)
re
0<x<1 ke K,reR (13)

Here (11) ensures that the lower boufdof each edge is respected, while (12) ensure that the de-
manded amount is sent frosato tx. We will solve the problem with delayed column generatiohaA
given moment of the column generation we have a restrictestanproblem with the following four
paths each containing two units

commaodityk | path cost
1 1-4-2 6
2 3—4 0
3 5-1-4—6 8
4 5—-4—-6 10

This leads to the following LP-model corresponding to caaists (10) - (13):
min 6 + 0 + 8% + 10%

s.t. >0 (1,2)
2 + 23 > 2 (1,4)
>0 (3,1
2 >0 (3,4)
>0 (3,5)
2x1 >1 (4,2)
23+ 26>1 (4,6)
23 >1 (5,1) (14)
236 >1 (5,4)
>0 (5,6)
X >1
X2 > 1
K+ =1



Lety;; denote the dual variable associated with constraint (Irl¢dge(i, j), and lety, denote the
dual variable associated with constraint (12) for commpoklifThe dual variables for the above model
(14) areys; = 4, ys4 = 5 (othery;j = 0), whiley; =6,y, = 2,y3 = 0.

Q 17: What is the reduced cost of path-5—1—4 (using Taha’s definition of reduced cost, i.e. the
reverse sign of Wolsey'’s definition)

17A) 0 17D) 6
17B) 2 17E) 8
17C) 4 17F) 10
| ]

In the following iterations, we add paths-2 and 3-5—1—4 to the model (14). After having solved
the problem to LP-optimality, we find the dual variablgs = 3, ys4 = 1, while remainingy;; = 0, and
V1=0,¥.=2,y3=8.

Q 18: Which of the following valid paths has positive reducedt¢asing Taha's definition of reduced
cost)

18A) 1-2

18B) 1-4-2
18C) 3-1-4

18D) 3—4

18E) 3-5-1-4
18F) 3-5—-4

18G) 3-5—6—4

18H) 5-1—-4—6
18l) 5-4—6
18J) 5-6

After adding the path to the problem and solving the LP-raliax, we get the dual variablgg, =
3,¥51 = 3,¥54 = 5 (othery;; = 0), andy; =0,y, =2,y; =0.

Q 19: (text question)

a) Show that for the considered instance, the LP-solutiah®t&imple formulation (4) — (9) and
the path formulation (10) — (13) give the same solution value

b) Show that this holds in general for any instance.



Answers

Answer 1 Simplex

basic X; X2 X3 X4 Solution

. ) z -3-2-20 0
Iteration O: 52 0 1 10
X3 2-2 10 5

X1 entering variablexs leaving variable

basicx; Xo X3 Xq solution
: z 0-5-20 5
Iteration 1: 2 2
X2 0 6-11 5
1 5
xx 1-1 50 3
X2 entering variablexy leaving variable
basicx; Xo X3 X4 solution
_4 5 35
iteration 2: — 20 0 36 %
e 0TEY f
1
X3 entering variablex; leaving variable
basicx; X2 X3 X4 solution
. z 4 3 2
Iteration 3: B 00 £ 55
X2 ? 1 0 Z ?
X3 3013 10
hence the optimal solution is
5
Xo=—=,X3=10
2= 5%

basis and inverse basis is:

[ ]
Answer 2
minimize 164 + 5y»
subjectto ¥ + 2y, > 3
dy1 — 2y > 2 (15)
Y2 > 2
yi>0y, €R
[ ]

Answer 3 We use method 1 from Taha section 4.2.3. The start variabl8anplex argxs,x3). The
final coefficients are{%,Z). To these we should add the original objective coeffici¢ft®) getting

(Y1.y2) =(3,2).m



10

Answer 4 From the final Simplex tableau we can see that the reducedtwatiablex; isT; = 4.
This means that the objective value is decreased by 4 umitsafdh increase of by one. This means
that we get a loss of 21 =8.m

Answer 5 Feasibility range. Assume that we aiti,0) to the right-hand-sides. The final basic tab-
leau in Simplex will then become

Xp + AglANXN = Agl(b-l- d)

X2\ _1(10)(10+d) 1/ 10+d,
xs) " 4\24 5 )~ 2\ 40+2d

current solution remains feasible as long«asiz > 0 hence

which becomes

104-d; >0, 40+ 2d; >0
i.e.d; > —-10.m

Answer 6 The dual pricey, says how much the objective is increased/decreased whenonesai
se/decrease the right-hand side by one unit. In our case wtkagmarginal value-1-y, = —2.m

Answer 7 The reduced cost of produgj is founds ag, = 3y; + 1y» — c4. The variable will enter

basis if the reduced cost is negative, Cg= 3y, + 1y» — ¢4 < 0. From this we fincg +2—-c4<0or
13

C4 > ? | ]

Answer 8 The reduced costs of the modified problem are
(_:;\l =Cn +dsgAy — dy
whereAy refers to theA-matrix in the final Simplex tableau. In our case we get
g\ (4 d\ (33 d
(4)-(8)+ () (3

current solution remains optimal as longg&s> 0 andc, >0 i.e.

NI=R|

5 3 3
~d> -+-d>0
44 2d_0, 2+4 >
which is equivalent to
8
> —— d>-2
d> 3 >

hence the correct answerds> —%. [ ]

Answer 9 Variablex, is the only variable having fractional value in the final Siexptableau. The
corresponding equation is

L txot x =2
T X=3

The corresponding Gomory cut is

1. 11,51
AT M4=3
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substitutingxs = 10— 2x; — 4%, we get

1 1 1
=X1+ - (10— 2X1 — 4X2) > E

2 4

which is equivalent ta; < 2. The current solution value ig = 0, %, = g X3 = 10, which violates the
constraintm

Let
K = conv({x € B | 7%y + 9%, -+ 6xX3 + 8X4 + 4x5 < 13})

A minimal cover isC = {3,4}, resulting in the cover inequalitys + x4 < 1. We wish to lift this
inequality to
OXp+X3+X <1

Answer 10 We have the inequality
X1 + 9o + 6X3+ 7X4 4+ 5%x5 < 13

and the minimal cove€ = {3,4,5}. To find the biggestt such thatix; + X3 + X4+ x5 < 2 is a valid
inequality, we solve the problem:

max X3 + X4 + X5
St 9+ 6X3+7X4+5x5 <13
X3, X4, X5 € {ov 1}

which has the solutiog = 0. So the largest value ofisa =2—y=2.m

Answer 11 After Lagrangian relaxation, the problem becomes

maximize (5—2A\)x1 + (2—A)x2 + (1—3A)xz + 7A
subject to X1 - X3 < 4

—X2 + X3 < 3 (16)
X1,X2,X3 2 O,Z

It is easily seen that the remaining constraints are TU, &éme optimal choice of Lagrangian multi-
plier A corresponds to the dual variable associated with the @ligiroblem.
The LP-relaxed dual problem is

minimize 4y; +3y2 +7ys3
subjectto y; +2y3 > 5
Y2 4Yy3 =2 7)
—y1 ty2 +3y3 > 1
y1,Y2 > 0,y3 €R

To find the dual solution to the LP-relaxation of (3) we use ptamentary slackness:
Since the two first constraints in (3) are not tight, the cgpomding dual variables aye =y, = 0.
Moreover, we should have the same optimal solution valuegéne

4y1 4 3y> + Ty3 = 5X1 + 2% + X3

meaning that ¥3 = 55 henceys; = 3. The optimal value ok isA =y; = 3. m
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Answer 12 We get the model:

minimize ¥t (X + hs + fiyr)
subjecttos_1+X =5 + & teT

% < Uyt teT
%, >0 teT
Yt €{0,1} teT

The first constraint says that the amount of items on stockra tt— 1 plus the amount of items
produced at timé equals the amount of items at stock at titypus the demand at tirte

The second constraint says thaxif> 0 theny; = 1. Moreover, the constraint ensures that u;.
[ ]

Answer 13 We send one unit along each of the following paths

path cost
1-2
1-4-2
3—4
3—-5—-1—-4
5—6

5—4 -6

o h~hpkF, woOo

resulting in an overall cost of 1&

Answer 14 We send two units along each of the following paths

path cost
1—-4-2 3
3—-5—-1—-4 |4
5—-4—-6 5

resulting in an overall cost of 24
Answer 15 The path G) 3-5—6—4 is illegal, since 6-+4 has reverse orientatiom.

Answer 16 We cannot exclude the path in any of the cases.

Even if4;; > d¢ we cannot exclude the path, since the lower bofinshall be satisfied by the sum
of all paths.

To ensure the lower bourfy on each edge it may be necessary to have cycles in the graph.

Answer 17 The reduced costs of the paths are:

path cost| &;jyij | Vi | reduced cosl
152 2-0 6 6
1—-4-2 2-3 6 0
3-1-4 2-10 2 -18
34 2-1 2 0
3—-5—-1—-4 2.4 2.4 | 2 2
3-5—-4 2-5 2 -8
5-51—-4—-6| 2-4 2-4 0
5—-4—6 2-5| 2.5 0
56 2-0 0
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The reduced cost of path-35—1—4 is hence 2m

Answer 18 The reduced costs of the paths are:

path cost| &;jVYij | V; | reduced cosl
1-2 2-0 0
1-4-2 2-3| 2-3 0
3—1—-4 2-10 -20
3—4 2-1 -2
3—-5—-1—-4| 2.4 -8
3—-5—4 2-5| 2-1 -8
5-1—-4—-6| 2-4 8 0
5—-4—-6 2-5| 21| 8 0
5—-6 2-0 8 8

Hence, path 5-6 has positive reduced cox.

Answer 19

a) We have the following dual variables;, = 3,ys1 = 3,ys4 = 5 (otheryjj = 0), andy; =0,y, =2,
Y3 =0.
A check similar to the above shows that no paths have posiiveced cost, hence the column
generation terminates. The objective value can be foumd fre dual solution as83+5+2=
13. This corresponds to the objective value of the simplédation.

b) For a given solution to the simple formulation, we may tspliery sc—tx flow into individual
sub-paths (this is always possible due to flow conserva#aod,it is the main principle of the
Ford-Fulkerson algorithm for Maximum-flow). Each of thesd-gpaths will be present in the
path formulation, since from question 16, we know that ndpatill be excluded in the path
formulation.

Every solution to the path formulation is also a solutiontte simple formulation by simply
settingx = 3 (i.j)er X5 (i.e.% is equal to the sum of all path flows on edgsj)). Such a solu-
tion is valid, since the sum of the path flows respects the ldwends, and flow conservation
is satisfied.



