Production planning problem Multiple-choice knapsack problem
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Production planning problem
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Undominated items

LP-undominated itemB; (black) form the upper convex
boundary ofN;

The set of undominated items{4,2,3,4,7,9}.
The set of LP-extreme itemsi& = {1,2,4,9}.
R forms the upper left convex hull d\;.

Time complexity

Sort items increasing weight (trivial)
O(nlogn)

Greedy LP
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e remove LP-dominated

e R1=1{1,234},R,={1,2}, Rs={1,2,3,4}.
e incremental efficiencies

Pij — Pi,j—1

Wij — Wi j-1

e, =30/5=6.00

e = 48/24=2.00
ez =21/14=150
s = 24/16=1.50
ez =12/16=0.75
ey =13/39=0.33
€34 =9/45=0.20

Optimal solution ifc = 100

€j=

X13= L X0 =1,Xz3= 1%, X30= 2

Time complexity of LP-solution

e Sort items in each clas§k_, nilogn;.
» Remove dominate§k ; nj = O(n).
e Calculate incremental efficienci€xn).

e Sort incremental efficiencigd(nlogn)

Properties of LP-solution

Optimal solutionx" to LP-relaxed problem

1) x* has at most two fractional variables.

2) If x* has two fractional variables they must be adja-

cent variables in the (sorted) claRs

3) If x* has no fractional variables, th&fi is an optimal
solution to MCKP.

If we knew optimal “slope”

Leta be laste; considered
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If we knewa we could construct in O(n) time

Figure 1: Projection ofwij, pij) € N on(—a, 1). Here we havé/i(a) = {2,4} and
a=2,b=4.




Dyer (1980), Zemel (1980)

repeat forever

1. for all classed;
Pair the items two by two &§j, ik).
Check for dominance
Continue until all items have been paired

2. for all classed\;

if the class has only one itefnleft then

Decrease the capacity= c—w;j, deleteN;.
3. for all pairs(ij,ik)
: . Pik — PFij

Derive the slopejj = W

Leta be the median of the slopésij}.
4. fori=1,....m

Derive M;(a) anda;, b;

5. if Zim=1Wiai <c< Zimzlwibi' then
a is the optimal sloper*. Stop.
for all pairs(ij,ik) with ajj < o delete iterk.

7.if Y0, wip, < cthen
for all pairs withaijx > a delete item;.

LP-solution in linear time

Dyer - Zemel (1980).
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Example

Capacityc = 100.
e Pair the items in the classes, in order we meet them

e In N; we pair items(1,2) but 2 is dominated so we
pair (1,3). Next we pair(4,5) then(6,7) but since
7 is dominated we paif6, 8). Finally we pair(9,10)
noticing that 10 is dominated and hence pairifidL1).

e In N, we pair(1,2), then(3,4) but since 3 is domi-
nated we try4,5) but again 5 is dominated and hence
we end with(4,6). Finally (7,8) are paired, but 7 is
dominated by 8, hence we get the singleton 8.

¢ In N3 we pair(1,2), (3,4), (5,6) and finally(7,8). In
this set we have the singleton 9.

e Theslopesara;;3=23,0154=1%,0186 =2, 01911=
2 0212=25,0246=%,0312=+,0334=2%,0356=
o, 0378 = 2. The median of these = s,

e We findM;(a) = 1, My(a) = 1, M3(a) = 6.

e Since the weight sum is 2636+ 40 > c we delete
items(1,3),(1,4),(1,6),(2,6),(3,2),(3,8) and repeat
the process.
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Figures
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Theorem

The time complexity of the DyerZemel algorithmQ@gn).

Proof

All items and all classes are lists (deletedql)).

There arey{" ;| ni/2| pairs of itemg(ij, ik). Sincea is the
median of{aij }, half of the pairs will satisfy the criteria

in Steps 6 or 7, and thus one item from these pairs will be
deleted, i.e. at leasts{",[n/2] items are deleted out of
n=3",m< 3" (2[n/2] +1). Sinceln;/2] > 1, each
iteration deletes at least

35italni/2] yitalni/2] 1
Sii(2[n/2)+1) © 2m+43 T, [n/2| ~ 6

of the items. The running time now becomes

@) <n+gn+ <g>2n+ <g>3n+...> =0 (%) =0(n),
6
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Further improvements

Pisinger (1995) proposed to improve the above algorithm

e in Step 6 delete ilN; all items withwjj > Wiy,
since the current slopg should be increased, mean-
ing that items withw;; > wiy, Will not be considered.

e in Step 7, delete it; all items withp;; < pi,
since the current slope needs to be decreased, and
hence items with larger profits; > pi,; Will enter the
LP-solution.

p
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Dynamic Programming

z/(d) optimal solution value to MCKP defined on firét
classes, capacity

¢ Y13 jen WijXij < d,
z(d) :=max Z Zﬂ PiXij | YjenXj=1,1=1....¢
I x;j € {0,1},

Initially:
7y(d):=0foralld=0,...,c
Recursion:
Zq(d—Wp)+pa ifO<d—wy,
2,(d) = max :24—1(d —Wp)+ Pz ifO<d—wpe,

Z_1(d —Wm,) + Pen, 1FO < d—wyy, ,

Assume max0} = —co.
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Dynamic Programming

Disadvantages:
« We need to run recursion for all iterg§_, nic = O(nc)
¢ We need to reduce all dominated ite@&logn)

But: LP-optimal choice is often also IP-optimal choice

Gradients

Gradientsy;", a; in classN;
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Verification of assumption

Frequency of classeld; where IP-optimal choice differ
from LP-optimal choice, compared to gradient

a;" + % differences

1.0f

0.2}

Frequency of classeld; where IP-optimal choice differ
from LP-optimal choice, compared to gradient.

a; 1% differences

1.0
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Better dynamic programming algorithm

e Find LP-solution inO(n) time
¢ Find gradients irO(n) time
e Run dynamic programming from LP-optimal solution
e Consider classes in order according to gradients
e Gradients used as upper bounds
Lazy principle
e Gradients are sorted in lazy way

e Dominated items in classes are only removed when
class is considered

Observed running time for many instanca@).

frequency
"""""" classN;
10 100
17 18
Instances Solution times
p p UncorrelatedWeakly corr] Strongly corr] Subset sumMonotong
. m n Rt Rz | Ry R 1 2 | Ry Rz | Ry Ry
. o 10 10/ O 0 6 50| 447 649 2 9 0 1
M . * 100 10 1 1|11 — — — 1 21 4 6
. . . 1000 10 9 21| 8 — — —| 3 19112 113
¢ . L) 10000 1076 307,81 165 — —|35 3594 585
. 10 100 © 0[5 — = — 3 34| 0 I
° . 100 109 3 1/16 97| — —| 3 220 8 13
. . 1000 10055 159 69 1804 — —|33 206/80 256
. * 10 1000 7 48 [ g —[9 199 7 34
. . . " 100 100Q 47 47|61 7842176 — 49 49|51 66|
. . Total computing time, DyerKayalWalker, in millisecondat@l Pentium 4, 1.5 GHz).
* . * o o Averages of 100 instances.
W L=* w
UncorrelatedWeakly corr] Strongly corr] Subset surh Monotone
p p m n Ry R| Ry Ry Ry R| Ry Rl R R
. * 10 10, O 0 2 16 ] 32 2 21 0 0
100 10 1 1 8 144) 337 3214 3 26 4 5
& 1000 10 14 18 48 19011321 — 18 41 61 96|
10000 10612 8781082 1766 — —|204 2811863 252(
." ° 10 100 O 0 6 111 — —| 6 171 5 7
100 100 5 5/ 16 133 — —| 15 177, 43 110
. 1000 10Q 54 63 174 391 — —|114 33q 655 112§
. 10 1000 4 414 301 1059 — 57 1020 30 229
P 100 100Q 46 48] 82 64714931 — 134 1139 224 2547
4 Total computing time, DyerRihaWalker, in millisecondstéhPentium 4, 1.5 GHz).
, Averages of 100 instances.
W W UncorrelatedWeakly corr] Strongly corr.|Subset sumMonotong
p m n |Ru Rz | Ry Ry Ry R | Ry R | Ry Ro
. 10 10/ O 01 9 2 141 20| 0 0
. 100 10/ O ol 2 31 61 561 1 14| 1 1
1000 10 3 3| 4 30 964 9437 1 12| 5 8
. ¢ 10000 1026 34/ 28 44/18440 15216615 14/38 48|
. 10 100 O 06 83 4 2910 13472 3
. 100 100 1 1| 5 81 52 828 1 89| 6 10
1000 10011 12|22 64| 1419 1948410 1132 40|
° 10 1000 2 2[19 378 335 200 2 113833 136
100 100Q 8 10[ 25 15515835 45812 1560 411
Total computing time, MCKNAP, in milliseconds (Intel Pamti 4, 1.5 GHz).
s Averages of 100 instances.
. w
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