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Last weeks exercises

Shortest Path model:

min
jTj

å
t= 1

 

ftyt +
jTj

å
k= t

ctdtkF tk

!

(1)

s.t.å
t2T

F 1t = 1 (2)

t

å
i= 1

F it �
jTj

å
l= t+ 2

F t+ 1;l = 0 1� t � j Tj � 1 (3)

å
t2T

F tjTj = 1 (4)

jTj

å
k= t

F tk � yt 8t 2 T (5)

1 � F tk � 0 1 � t � k � j Tj (6)
yt 2 f 0;1g 8t 2 T (7)

(5) can be removed from shortest path reformulation by mak-
ing some adjustments to (1)–(7). Give the new model.
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Last weeks exercises (continued)

Push the costft of nodet to the outgoing edges oft for all
t 2 T:

min
jTj

å
t= 1

 
jTj

å
k= t

(ctdtk + ft) F tk

!

(8)

s.t.å
t2T

F 1t = 1 (9)

t

å
i= 1

F it �
jTj

å
l= t+ 2

F t+ 1;l = 0 1� t � j Tj � 1 (10)

å
t2T

F tjTj = 1 (11)

F tk 2 f 0;1g 1 � t � k � j Tj (12)
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Introduction

Simpler Lot-Sizing Problems (LSP) remain the core of harder
LSPs

Large arsenal of formulations and cuts for simple LSPs fa-
cilitate solution methods for harder LSPs

General Mixed Integer Programming techniques for differ-
ent kinds of LSPs

Goals:

� Either: Find and prove optimal solution

� Or: Find near-optimal solution with performance guaran-
tee

Solution methods:

� Branch-and-Bound

� Branch-and-Cut
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Mixed Integer Programming (MIP)

General techniques for solving MIPs

No hope of guaranteeing optimal solution in polynomial time
unlessP = N P

De�nition 1. A mixed integer linear program (MIP)is an
optimization program involving continuous and integer vari-
ables, and linear constraints. Any MIP can be written as

(MIP) Z(X) = min
(x;y)

f cx+ f y : (x;y) 2 Xg

where the setX is called the set offeasible solutionsand is
described bym linear constraints, nonnegativity constraints
on thex andy variables, and integrality restrictions on they
variables.

Matrix notation:

X =
�

(x;y) 2 Rn
+ � Zp

+ : Ax+ By� b
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MIP (continued)

De�nition 2. A mixed binary linear program (MBP), ormixed
0-1 program, is a MIP (according to De�nition 1) in which
the integer variablesy are further restricted to take binary
values. This means that the feasible setX of a MBP is de-
�ned by

X =
�

(x;y) 2 Rn
+ � f 0;1gp : Ax+ By� b

	

Solution method based on linear relaxations of the MIP

Let:

PX =
�

(x;y) 2 Rn
+ � [0;1]p : Ax+ By� b

	

Then:
X = PX \ (Rn � Zp)

De�nition 3. Thelinear relaxation (LR)of the MIP minf cx+
f y : (x;y) 2 Xg with X = PX \ (Rn � Zp) is the linear pro-
gram

(LP) Z(PX) = min
(x;y)

f cx+ f y : (x;y) 2 PXg

where the feasible set isPX
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MIP (continued)

Because minimizing same objective on larger solution space
(PX � X):

Z(PX) � Z(X)

That isZ(PX) is a lower bound onZ(X)

Analogous any feasible solutionZ = cx+ f y : (x;y) 2 X is
an upper bound

Z(X) � Z

Which gives:
Z(PX) � Z(X) � Z
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MIP (continued)

MIP example:

Z(X) = min
y

f� y1 � 2y2 : y = ( y1;y2) 2 Xg

With:

X = f y = ( y1;y2) 2 Z2
+ : y1 � 1

� y1 � � 5
� y1 � 0:8y2 � � 5:8

y1 � 0:8y2 � 0:2
� y1 � 8y2 � � 26 g
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Branch-and-Bound

The Branch-and-Bound enumeration principle has �ve steps

Stepi:

Solve the linear relaxation LR and obtain solution(x?;y?)
with solution valueZ(PX)

Z(PX) is a lower bound onZ(X)

Stepii :

If y? 2 Zp then(x?;y?) is an optimal solution, since

� (x?;y?) 2 X is an upper boundZ onZ(X)

� Z(PX) is a lower bound onZ(X)

� (cx? + f y? = Z(PX) � Z(X) � Z = cx? + f y?) implies
Z(X) = cx? + f y?
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Branch-and-Bound (continued)

Stepiii :

Otherwisey? 62Zp and a branch is performed

Observe: In any feasible solution(x;y) 2 X either

� yj �
�
y?

j

�

� yj �
�
y?

j

�

PX is “divided”:

P0
X = PX \

�
(x;y) 2 Rn

+ � Rp
+ : yj �

�
y?

j

�	

P1
X = PX \

�
(x;y) 2 Rn

+ � Rp
+ : yj �

�
y?

j

�	
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Branch-and-Bound (continued)

Stepiv:

Best feasible solution valueZ is stored

Each of the two new solution spacesL =
�

P0
X;P1

X

	
are

recursively explored

For eachV 2 L three different scenarios are possible:

a,b) If Z(V) � Z then best solution inV cannot be strictly bet-
ter thanZ soL = LnV, i.e.V ispruned by bound/infeasible

c) If Z(V) < Z^ yV 2 Zp new best solution found.L = LnV.
P = Z(V), i.e.V is pruned by integrality

d) If Z(V) < Z ^ yV 62Zp solution toV is fractional. L =
L nV. L = L [ V0 [ V1. This is calledbranching
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Branch-and-Bound (continued)

Stepv:

WhenL is empty algorithm is �nished

Solution tree exponential in size
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Branch-and-Bound (continued)

Graphical illustration:
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Valid Inequalities

The number of branch nodes depends on the solution space

Change solution space by adding valid inequalities (before
solving)

By inspection of Figure 3.1 the following inequalities are
satis�ed by all point(x;y) 2 X:

� y1 � y2 � � 6
y1 � y2 � 0

� y2 � � 2
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Valid Inequalities (continued)

Add “all” valid inequalities to LR to obtainconv(X)

Solving LR with branch-and-bound overconv(X) gives a
feasible (and optimal) solution to MIP in root node

Issues:

� Each valid inequality inconv(X) can be just as hard to
compute as the original problem

� Number of valid inequalities needed to describeconv(X)
is most often exponential

Solution: Only add subset of inequalities de�ningconv(X)

Objective:

� Obtain formulation “close” toconv(X)

) Increase lower bound of LR

) Reduce number of branch nodes

) Reduce computation time

Optimization problems in production planning 16



Valid Inequalities (continued)
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Valid Inequalities (continued)

Add to LR a familyCof valid inequalities forX

De�nition 4. The reformulationof X by the family C of
valid inequalities is the formulation de�ned by the initial
constraintsAx+ By � b and the valid inequalities inC. It
does not modify the set of feasible solutionsX.

X = f (x;y) 2 Rn
+ � Zp

+ : Ax+ By� bg
= f (x;y) 2 Rn

+ � Zp
+ : Ax+ By� b

a jx+ b jy � gj 8 j = 1; : : : ; jCjg,

but the reformulation allows one to obtain a tighter formula-
tion P̃X, where

P̃X = PX \ C � PX

andC is the set of point satisfying all valid inequalities in the
family C,

C = f (x;y) 2 Rn � Rp : a jx+ b jy � gj 8 j = 1; : : : ; jCjg:

Issues:

� Number of valid inequalities can still be exponential

� Useless inequalities slows LP solving
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Branch-and-Cut

Address issues with adding inequalities a priori

By adding cuts when violated/needed

RecallP̃X – the solution space obtained after adding (expo-
nential) number of valid inequalities toPX

Observe: Onlyn+ p inequalities needed to solvẽPX

Dictionary:

� “Valid inequality”: any inequality that does not remove
feasible solution

� “Cut”: valid inequality that is added during run of algo-
rithm andcutsof fractional solution space
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Branch-and-Cut (continued)

Finding cuts is calledseparation

De�nition 5. Given a feasible setX of a MIP, and a fam-
ily C of valid inequalities forX, the separation problem
SEP((x?;y?)jC) for a given(x?;y?) 2 PX is

� either to prove that(x?;y?) 2 C, that is, to prove that(x?;y?)
satis�es all valid inequalities fromC

� or to �nd a valid inequality(a jx+ b jy � gj) 2 C that is
violated (not satis�ed) at(x?;y?), that is, such that(a jx+
b jy < gj).

Issue: Multiple separation iterations maybe needed to obtain
boundZ(P̃X)
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Recap

LP-model of Uncapacitated lot-sizing (ULS)

minå
t2T

(ptxt + ftyt + htst) (13)

s.t. st� 1 + xt = dt + st 8t 2 T (14)
s0 = sn = 0 (15)

xt � Myt 8t 2 T (16)
xt;st � 0 (17)

yt 2 f 0;1g 8t 2 T (18)
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Simple lot-sizing (polynomial solvable)

Last week: Three different linear formulations for ULS shown,
all with O(n2) variables, but no more thanO(n2) constraints

Interested in formulations withO(n) variables, but poten-
tially an exponential number of constraints

Only O(n) constraints needed to describe any
extreme point/solution

Solution: (13)-(18) combined with cuts
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Uncapacitated lot-sizing (ULS)

Fractional solution to ULS:

Violated inequality:

x2 � 7y2 + s2 (19)

(19) basically says that the difference in production and in-
ventorying cannot be more than 7, and if there is any differ-
encey2 have to be set

The cut generalized:

xt � dtyt + st; 8t 2 T (20)
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Uncapacitated lot-sizing (ULS)

Observation: If no production at timet then demanddt have
to be covered by inventoryst� 1

This leads to inequality:

st� 1 � dt(1� yt); 8t 2 T (21)

Cuts (20) and (21) are equivalent, since by substituting:

st� 1 = dt + st � xt (from (14))

(21) becomes:

dt + st � xt � dt(1� yt)
) st + dtyt � xt

Ad (20) (or (21)) to solution depicted in Fig. 7 fort = 2;3;4:
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Uncapacitated lot-sizing (ULS)

By same argument: No production in timet andt + 1:

st� 1 � dt(1� yt) + dt+ 1(1� yt � yt+ 1) (22)

which can be generalized to:

st� 1 �
l

å
k= t

dk(1� yt � : : : � yk); 2 � t � l � j Tj (23)

Rewrite using[st = å t
k= 1xk � d1t]:

t� 1

å
k= 1

xk +
l

å
k= t

dklyk � d1l ; 2 � t � l � j Tj (24)

Equations (23) and (24) does not describe the convex hull of
ULS
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Uncapacitated lot-sizing (ULS)

One more level of generalization:

å
i2LnS

xi + å
i2S

dil yi � d1l ; 1 � l � j Tj;S� L = f 1; : : : ; lg (25)

LP relaxation of (13)-(18) together with (25) describes the
convex hull of ULS

Inequalities (25) are known as(l ;S)-inequalities

There are an exponential number of(l ;S)-inequalities

Inequality (25) can be separated inO(n2) time:

� Fractional solution(x� ;y� ) 2 XULS
LR

� For all l 2 T, selectSl = f i 2 T : i < l ^ dil y�
i � x�

i g
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Uncapacitated lot-sizing with startup costs
(ULSS)

In real world �rst time resource used more expensive

Another variant of lot-sizing is ULSS which contains a startup
cost

Model identical to ULS with additional startup cost for the
�rst production in a sequence of productions

Pay startup for periodt 2 T if setup int but not int � 1
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Brief modeling: The model (ULSS)

xt production at timet 2 T

yt setup at timet 2 T

st inventory at end of timet 2 T

zt startup at timet 2 T

dt demand at timet 2 T

pt unit production cost at timet 2 T

ft setup cost at timet 2 T

ht inventory cost at timet 2 T

gt startup cost at timet 2 T

M suf�ciently large constant (big-M)

minå
t2T

(ptxt + ftyt + htst + gtzt) (26)

s.t. st� 1 + xt = dt + st 8t 2 T (27)
s0 = sn = 0 (28)

xt � Myt 8t 2 T (29)
xt;st � 0 8t 2 T (30)

yt � zt � yt � yt� 1 8t 2 T (31)
yt;zt 2 f 0;1g 8t 2 T (32)
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Brief modeling: The model (ULSS)

ULSS is de�ned by (26)-(32)

Inequalities (31) enforce the startups

The propertyst� 1xt = 0 is still valid

Equivalent dynamic programming recursion exist

Both O(n2) andO(nlgn) running time algorithms for ULS
can be slightly modi�ed to solve ULSS

Facility Location, Multicommodity Flow and Shortest Path
formulations can be extended to include ULSS without asymp-
totic rise in number of variables or constraints

Cuts (23), (24) and (25) are still valid

(23) can be strengthened to:

st� 1 �
l

å
k= t

dk(1� yt � zt+ 1 � : : : � zk); 2 � t � l � j Tj(33)

Equivalently for (24) and (25)
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Uncapacitated lot-sizing with backlogging (BLS)

In real world some orders are delivered late

Another variant of lot-sizing is BLS which allow for late pro-
duction of demand

Model identical to ULS with additional cost for production
not met on time

Pay backlogging costgt for each unit of demand not met in
periodt 2 T
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Brief modeling: The model (BLS)

xt production at timet 2 T

yt setup at timet 2 T

st inventory at end of timet 2 T

rt backlogging at end of timet 2 T

dt demand at timet 2 T

pt unit production cost at timet 2 T

ft setup cost at timet 2 T

ht inventory cost at timet 2 T

gt backlogging cost at timet 2 T

M suf�ciently large constant (big-M)

minå
t2T

(ptxt + ftyt + htst + gtrt) (34)

s.t. (st� 1 � rt� 1) + xt = dt + ( st � rt) 8t 2 T (35)
s0 = r0 = sn = rn = 0 (36)

xt � Myt 8t 2 T (37)
xt;st; rt � 0 8t 2 T (38)
yt 2 f 0;1g 8t 2 T (39)
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Brief modeling: The model (BLS)

BLS is de�ned by (34)-(39)

Inequalities (35) enforce the new �ow balance

Inequalities (36) insures that there is no backlogging at be-
ginning and end

The propertyst� 1xt = 0 is still valid

Equivalent dynamic programming recursion exist

Both O(n2) andO(nlgn) running time algorithms for ULS
can be slightly modi�ed to solve BLS

Facility Location, Multicommodity Flow and Shortest Path
formulations can be extended to include BLS without asymp-
totic rise in number of variables or constraints

Cuts (23), (24) and (25) are still valid

Example of other type of cut:

s1 + r2 � d2(1� y2) (40)

Optimization problems in production planning 32



Constant Capacity lot-sizing (CCLS)

In real world capacity on resources limited

Constant capacity not as general as any capacity bound, but
reasonable in most real world scenarios

Another variant of lot-sizing is CCLS which contains a ca-
pacity bound on production (same for each timet 2 T)

Model identical to ULS withbig-M set to the capacity
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Brief modeling: The model (CCLS)

xt production at timet 2 T

yt setup at timet 2 T

st inventory at end of timet 2 T

dt demand at timet 2 T

pt unit production cost at timet 2 T

ft setup cost at timet 2 T

ht inventory cost at timet 2 T

C the capacity

minå
t2T

(ptxt + ftyt + htst) (41)

s.t. st� 1 + xt = dt + st 8t 2 T (42)
s0 = sn = 0 (43)

xt � Cyt 8t 2 T (44)
xt;st � 0 8t 2 T (45)

yt 2 f 0;1g 8t 2 T (46)
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Brief modeling: The model (CCLS)

CCLS is de�ned by (41)-(46)

Inequalities (44) enforce the capacity constraints

The propertyst� 1xt = 0 is NOT valid

Dynamic programming recursion exist withO(n3) running
time

A Shortest Path formulations withO(n3) variables exists

Cuts (23), (24) and (25) are still valid

Example of other type of cut:

s1 � 1(2� y2 � y3) + ( 7� 1)(1� y2) (47)

Optimization problems in production planning 35



Wagner-Whitin costs

In the real world costs relative to each other often have cer-
tain structure:

Wagner-Whitin structure makes problems easier.

� Not cheaper to inventory, i.e.pt + ht � pt+ 1

� Not cheaper to backlog, i.e.pt+ 1 + gt � pt

Complexities:
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Capacitated lot sizing (CLS)

In real world capacity on resources limited and not neces-
sarily constant over time

Another variant of lot-sizing is CLS which contains a ca-
pacity boundCt on production for each timet 2 T

Model identical to ULS withbig-M set to the capacitiesCt

Constraint (16) is replaced by:

xt � Ctyt 8t 2 T (48)

Inequalities (48) enforce the capacity constraints

The propertyst� 1xt = 0 is NOT valid

Cuts (23), (24) and (25) are still valid

Problem isN P-hard
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Exercises

1) Iteratively add to the example in Figure 7 cuts (25) until
integral solution is found (suggestion: use an LP solver,
e.g. CPLEX)
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