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1 Linear Programs (continued)

In the last chapter, we introduced the concept of a basis of a linear program (P)

Minimize Z = ¢’z
S.t.
Az =, (P)
x> 0y,

Recall that a basis of (P) is a subset B C {1,2,...,n} of the variables. We also introduced
the concepts of a basic solution 22 of (P), and a dual basic solution y? associated with B and
the dual (D) of (P). We finished by proving

Lemma 1 Let B be an arbitrary basis for (P). If B is a feasible basis for both (P) and (D), then
2B is optimal for (P), and y® is optimal for (D).

Example 1 Consider, again, the linear program that models the WGC problem, which we here
call (P)

Minimize Z = —3x1 — dxo
subject to
—x1 —x3 = —4 (y1)
—29 — x4 = —12 (y2)
-3z — 229 — x5 = —18 (y3)

71 20,22 > 0,23 > 0,24 > 0,25 >0

where the dual variables corresponding to the three constraints have been written next to them.
Also consider the dual linear program (D)

Mazimize 7' = —4y; — 12y5 — 18y3

subject to
—y1 —3ys < =3 (z1)
—2y2 —2ys < =5 (22)
—y1 <0, (x3)
—y2 <0, (z4)
—y3 < 0. (5)



Recall that the set B := {1,2,3} defines a basis for (P), and that x® = (2,6,2,0,0). The dual

basic solution y® corresponding to B is given by the unique solution to the system

—y1 — 3ys = —3,
—2yo — 2y3 = =5,
—Yy1 = 0.

which gives y® = (0, 1%, 1). Since the basic solution xP is feasible for (P), and the corresponding
dual basic solution yP is feasible for (D), it follows from Lemma 1 that P is optimal for (P), and
y®P is optimal for (D).

2 The simplex tableau

Consider, now, a linear program (P) in the following form

Minimize Z = ¢’z
S.t.
Ax =0
z > 0,,

and the corresponding dual (D) of (P)

Maximize Z' = bTy
s.t.
(a))y <ec; forje{l,2,... n}

Let B C {1,2,...,n} be a basis for (P), and let N := {1,2,...,n} \ B denote the non-basic
variables. In Chapter 3, we noted that the basis B can be used to rewrite the system “Ax=Db",
such that the basic variables are expressed in terms of the non-basic variables. We will now achieve
this.

The following notation is needed. As earlier, we will let Ap denote the (column induced)
submatrix of A obtained from the variables in B. Also, let e; € R™ denote the m-dimensional
unit vector, or in other words, e; has the value “1” on the i coordinate, and the value “0” on all
other coordinates.

Since the matrix Ap is non-singular, and the vectors a ; for j € B are the columns of the
matrix Apg, it follows that Ag,la_j is one of the m-dimensional unit vectors when 7 € B. In other
words, the matrix (Ag,l)A B can be obtained from the m-dimensional identity matrix I,,, by simply
permuting the columns of I,,,. Given i € {1,2,...,m}, let j(i) denote the variable j(i) € B such
that (Agl)a,j(i) is the i*" unit vector. Also, for every non-basic variable j € N, let d? = (A5 )a .

Multiplying the linear system “Az = b” with Agl on both sides then gives

i) + Z &fjxj = (A]_Blb)i fori=1,2,...,m,
JEN
where (Aglb)i denotes the i*" component of the m-dimensional vector Ag,lb. Note that, since

2B =0 for all j € N in the basic solution ¥ corresponding to B, the value (Ag,lb)i is identical

J
to the value xﬁi). We can therefore rewrite the above system as

i) + Z dfjxj = xﬁi) fori=1,2,...,m.
JEN



The above linear system expresses the basic variables z;(;) (where j(i) € B) in terms of the non-

basic variables z; (where j € N). For each basic variable (), the equation x;;) + E]EN aB T =

xﬁi) explains how the value :zrj ) of the basic variable z ;) changes when the value of a non-basic
variable z; is increased from its current value (zero). This fact becomes important when we would
like to change from one basis B to another basis B’.

To obtain the so-called simplex tableau, we need to use the above equalities to rewrite the
objective function Z = ¢"z in terms of the non-basic variables only:

o=
n
j=1
m
Zc] E210) + Z cjry =
i=1 JEN
Z i) ( Z xj) + Z cir; = (using the above equalities)
eEN JEN
m
B
> eyl + (e~ D et =
i=1 JEN =1
T2 (e Z 3@) yP)ady)e; = (since c’a” an %500 and (a;0)"y” = ¢j)
JEN =1 =1
m
claP + Z(cj — (yB)TZa.j(i)&fj)xj =
JEN i=1
m
claP + Z DTyP)z;. (since Za_j(i)dfj = (AB)(ZL_]?) = ApAz'a; =a;)
JEN 3
After these calcutions we therefore have that the equality Z = ¢’z can be rewritten as
Z = cTaB + ZJGN 7 xj, where r is defined by T = ¢; — (a;)TyP (recall that y® denotes

the dual basic solution correspondlng to B). Observe that the scalars rf for j € N simply state

whether the constraint (af)y < ¢; in the dual (D) of (P) is satisfied or not by the dual basic

solution y?. The quantities rf are called the reduced costs corresponding to B. The simplex

tableau is the the following equality system related to the basis B

Z=c'2B + Z TJ-BIJ' (1)
JEN

xﬁi) =z + Z dfj:vj fori=1,2,...,m. (2)
JEN

The interpretation of the reduced costs rf for j € N are as follows. If we increase the value
of z; by one unit, and modify the current values of the basic variables according to (2), then we
need to increase the cost Z by TjB units in order for (1) and (2) to be satisfied. Observe that, if B
is a basis that satisfies the conditions in Lemma 1, or in other words, if 27 is feasible for (P) and
yP is feasible for (D), then rf > 0 for all j € N, which simply states that the cost Z = ¢’z can
not be decreased by increasing the value of any non-basic variable. This is the economic intuition
behind optimality, which we will discuss in further detail in the next section.

Example 2 Consider, again, the linear program that models the WGC' problem, where slack vari-
ables x3, x4 and x5 have been introduced in the constraints, and “Mazximize” is changed to “Min-
mmize”.



Minimize Z = —3x1 — dxo

subject to
X1 —|— Tr3 = 4
2{E2 + x4 = 12

3x1 + 229 + x5 = 18
1 20,220 20,23 20,24 > 0,25 > 0

As noted in Chapter 3, the set B = {1,2,4} constitutes a feasible basis, and the corresponding
basic solution is given by x® = (4,3,0,6,0). The corresponding matriz Ag, and its inverse, are
given by:

1 00
A= 02 1 | and Aj' = -2
320

1, j(2) = 2 and
1

Since Aélal = ey, A];la,Q = ey and Agla_4 = e3, it follows that j(1)
5 ). It follows

j(3) = 4. The non-basic set is given by N = {3,5}, a’y = (1,0,0) and o’y = (0,0,

that a3 = (1,—-2,3)T and a3 = (0,4, -1)7.

The dual solution yP corresponding to B can be computed by solving the system (a.1)Ty = c1,
(a2)Ty =cy and (a.4)Ty = c4. Since c; = =3, co = —5 and cq = 0, this gives y® = (4%,0, —2%).
The reduced costs for the non-basic variables x3 and x5 are therefore rég =c3— (a3)Ty? = —4%
and r8 = c5 — (a5)Ty? = 2%. The objective value of the basic solution xB is cTaB = —27. The

sitmplex tableau associated with B can now be written as

1 1
7 =21~ dzws + 2575,

4:I1+I35
1
3:172—53534—5%7

6 =24 + 323 — 5.

Observe that the reduced cost of x3 is megative, which indicates that the basis B is not dual
feasible, or in other words, the dual constraint (a.3)Ty < c3, or equivalently y; <0, is not satisfied

by yB.

3 Finding a better basis: pivoting

Suppose, now, that we have a feasible basis B for (P). The assumpition that B is a feasible basis
means that the corresponding basic solution 2 for (P) satisfies z” > 0,, and ZjeB a_j:rf =b. If
the the corresponding basic dual solution yZ is feasible for (D), the linear program (P) is solved
by the basis B. In this section we assume yZ is not feasible for (D), and the question is how to
obtain another feasible basis B’ for (P) that is “closer” to optimality for (P). As noted earlier, we
will be looking for bases B’ of the form B’ = (BU {j}) \ {k}, where k € B is a basic variable and
j € N is a non-basic variable.

Suppose we have chosen the non-basic variable j. According to the discussion in the previous
section, a good choice for a non-basic variable is a variable with a negative reduced cost 7"55 <0,
since this indicates that we can decrease the cost Z = ¢z by increasing the value of x; from its
current value (zero). The question is how much 5 can be increased so that we still have a feasible
solution to (P). Also, we would like the remaining non-basic variables in N\ {j} to remain at their



current value of zero. In other words, we would like the new basic solution = " to be a solution to
the system

Z—CTJCB—H“ x; 3)
xﬁi):xﬂ'(l)"‘a ~x; fori=1,2,...,m. (4)

1,77

For the above system to remain satisfied, if we change the value of z; from zero to a positive
value of x; = ¢ > 0, we must change the value of B i) to ZCJ(Z) = xﬁi) — d%& fori =1,2,...,m
Further, 1f we want the “new” solution z’ to be fea51b1e for (P), or in other words, if we want 2’
to satisfy 2’ > 0,, (the constraints “Ax = b” remain satisfied by construction), then we need 6 to
satisfy

B
6§J

..,m} that satisfies dfj > 0. (5)

4]

The largest possible value §* of 6 such that (5) is satisfied provides the largest possible increase
in the value of x5 such that the solution 2, TOR ﬁi) — df}jé* fori=1,2,...,m, :C;— = 6% and

2 =0 for j € N\ {j} is feasible for (P). Furthermore, observe that, if §* > 0, then the cost of
the new solution 2’ will be |r§3 |6* > 0 lower than the cost of the solution 2 to (P) (since r <0),
and therefore the solution 2’ is a better solution to (P) than B,

Let i € {1,2,...,m} be such that a—— > 0 and 6* = a]Tg) Observe that the “new” solution

2’ satisfies 2. o = 0. Therefore, a new fea51ble basis B’ for (P) should be available by simply
declaring j(7) to be non-basic and j to be basic, or in other words, updating the basis B to
B = (BU{iH)\ {i()}. We have shown that the solution 28" will be a feasible solution for
(P). We will later verify that 2 is indeed a basic solution. The variable j is called the entering
non-basic variable, and the variable j(i) is called the leaving basic variable. The entire operation
of changing the basis from B to B’ is called a pivot, and the element a; ; of the simplex tableau
is called the pivot element.

Example 3 Consider, again, the simplex tableau for the WG C problem for the basis B = {1,2,4}.

1 1
Z = =27 — 45,@3 + 2—-x5,

2
4 =x1 + 23,
3=$2—§$3+1$57
2 2

6 =24+ 323 — T5.

The reduced cost of x3 is negative which, as noted earlier, indicates that it might be possible to
improve P (getting a better solution to our problem than xB) by letting w3 enter the basis. To
find the leaving basic variable, we need to figure out what limits an increase in the value of x3 from
its current value of zero.

We have &fg =1>0 and &??3 =3 > 0. In other words, if we increase the value of x3, and
modify the values of xP and =¥ accordingly so that the above equalities are satisﬁed, we will have

B
to decrease the values of the basic variables x1 and x4. Since % =4 > =4+ =2 14t follows that

aB reaches the value zero first, and that the largest possible value for x3 is 5* = 2. Therefore the

variable j(3) = 4 becomes non-basic. The new basis is therefore B’ = {1,2,3}, which we know is
optimal. Alternatively, the dual basic solution corresponding to B’ can be computed, and it can be
verified that y? is dual feasible.



