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Abstract

The Shortest Path Problem with Resource Constraints is anconsubproblem in many
Branch-Cut-and-Price algorithms (BCP), e.g., routingsaiteduling problems. This paper presents
a general label-setting algorithm for solving various sesirpath problems. An integration of the
‘Shortest Path Problem with Resource Constraintskaogcle elimination’ with the ‘Partial El-
ementarity’ is introduced, and so is a bi-directional laetting algorithm for solving general
Shortest Path Problem with Resource Constraints. Mordbigeshown how to handle the so-
calledweighted subset penaltieshich say that given a subset of node®ach weighted with
w € Q: vt € T a penaltyo has to be paid for every whole visit D, i.e., penalty for path
iS | TiepnT Wi | 0. These additional constraints makes it possible to hanbiefl Rank 1 cuts
applied to a Set-Packing like master problem of a BCP algarit

Keywords: Label Setting, Shortest Path Problem with Resource Cantrandk-cycle Elim-
ination, Decremental State Space Relaxation, VehicleiRgiroblem, weighted subset row in-
equalities

1 Introduction

The Shortest Path Problem with Resource Constraints (SPP&he stated as: Given a weighted
directed graplG(V, E) with nodesv and edge&, and a set of resourc& For each edge € E and
resource € Rthree parameters are given: A lower lirai{e) on the accumulation of resourcevhen
traversing edge € E; an upper limitb, (e) on the accumulation of resourcevhen traversing edge
ee€ E; and an amount, (e) of resource consumed by traversing edge E. In generak; (e) can be a
function and can also be dependent on other resources; €y, r2) i r1,r2 € R, but will for ease of
notation be denoted (e) throughout this paper. The objective is to find a minimum gadhP, i.e.,
minimize the cost resour@ from a source nodec V to a target node’ € V, where the accumulated
resources oP satisfy the limits for all resourcase R. Without loss of generality we assume that the
limits must be satisfied at the start of each edgee., beforec; (e) has been consumed.

It is noted that equivalent upper and lower limits and constions on the nodes can be “pushed”
onto the edges, e.g., the ingoing edges of the node.

An additional Weighted Subset Penalty cri'Eeria can be adoé¢be SPPRC, where a penatty
has to be paid for every whole visit to a Sete T of notes in the graph, where each nadeT is
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weighted withw; — this have to be done for all e T. That s, the cost(P) of pathP, given the nodes
in P asV (P) and the edges iR asE(P), is

P =Y cc(e)+zoﬂ S wiJ.
ecE(P) TeT iev(P)NT

The Shortest Path Problem with Resource Constraint&-a&ydle Elimination k-cyc-SPPRC) can
be stated as the SPPRC but with an additional constraintiibagiath isk-cycle free. Ink-cycle free
paths, cycles of sizeor smaller are not allowed, i.e., paths containing, vo,v1,...,Vk_1, Vo, ...) are
forbidden.

The Elementary Shortest Path Problem with Resource Camsti@&@SPPRC) can also be stated
as the SPPRC but with an additional constraint that paithcycle free, i.e., no nodec V is in P
more than once.

Relaxing the ESPPRC so that all nodes does not have to bermgives rise to the Partial
Elementary Shortest Path Problem with Resource Congtri@@iSPPRC), where only a subSe&t V
of the nodes are not allowed to be in the path more than once.

Finally the integration ok-cyc-SPPRC and PESPPRC demands that the nod®s i are not
allowed to be in the path more than once at the same time asafidine other nodeS = V\Samong
them self form a cycle of sizeor smaller. Thatis, paths containifg.,vo,€p,V1,€1,...,Vk-1,6-1,V0,--.)
wherevi € SAg C SUD: 0<i < k—1 are forbidden.

Dror (1994) showed that the ESPPRC is strorgly -hard, hence a relaxation of the ESPPRC was
used as a pricing problem in earlier BCP. Christofides etl&i81) denoted the SPPRC solutions as
g-routes. Later the relaxed pricing problem where non-etdarg paths are allowed was denoted the
Shortest Path Problem with Resource Constraints (SPPROg$&ochers (1986), this problem can be
solved in pseudo-polynomial time, e.g., by use of labdisgrlgorithms. To improve lower bounds
of the master problem Desrochers et al. (1992) used 2-cyiotenation which was later extended
by Irnich and Villeneuve (2006) tk-cycle elimination k-cyc-SPPRC), still with pseudo-polynomial
running time. This has shown to significantly improve loweubds of the master problem compared
to the SPPRC.

Beasley and Christofides (1989) proposed to solve the ESRBRIQ Lagrangian relaxation.
However, recently label-setting algorithms have becorearibst popular approach to solve the ESP-
PRC, see e.g., Dumitrescu (2002) and Feillet et al. (2004)embolving the ESPPRC with a label-
setting algorithm a binary resource for each node is addedwihcreases the complexity of the
algorithm compared to solving the SPPRC orkheyc-SPPRC. Righini and Salani (2004) developed
a label-setting algorithm using the idea of Dijkstra’s medtional shortest path algorithm that ex-
pands both forward from the source namland backward from the target nodeand connects paths
in the middle, thereby potentially reducing the runningdiof the algorithm. Furthermore Righini
and Salani (2005) and Boland et al. (2006) proposed to sdBRFRC by use of a decremental state
space algorithm that iteratively solves a SPPRC by appls@ésgurces forcing nodes to be visited at
most once. Recently Chabrier (2005), Danna and Pape (288&)Salani (2005) successfully solved
several previously unsolved instances of the VRPTW frombirechmarks of Solomon (1987) using
a label-setting algorithm for the ESPPRC.

The paper is outlined as follows: In Section 2 is given a quitkoduction to the concept of
label setting and a thorough description of how it is appt®deneral shortest paths. In Section 3
the Weighted Subset Penalties are introduced which can el using additional resources but
can also be handled much more efficiently if their specialcstire is exploited. Section 4 describes
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how to make the search for shortest paths bidirectional gomef of correctness is given. In Sec-
tion 5 extensive computational results on the Gehring anehibé&rger benchmarks and the Solomon
benchmarks are shown. Finally, in Section 6, concludingar&sn

2 Label-Setting Algorithm

There already exist several articles covering the basie®leing shortest path problems by use of
label-setting algorithms, so it is beyond the scope of thisla to go into these details. However, a
short introduction to settle the notation will be given. Rodetailed description see e.g. Irnich and
Desaulniers (2004).

The central part of the algorithms is the use of labels whightegsent partial paths rooted at node
0. Each label has associated a set of attributes:

e A node to which it belongs €V

e A pointer to the label of the parent noge

e The accumulated consumption of each resouredR (including the cost resourd®
e Ordered set of lak — 1 visited nodestC S

Thus, a labelL with v(L) = v represents a partial path from nooé nodev and all the accumu-
lated resources along the path. We will Us&) to refer to attributef of a label. E.gr(L) refer to the
accumulated consumption of resourde labelL. The parenp(L) of labelL is the label, that was
extended to create. L, is recursively used to find the palt{L) that labell representsV (P(L)) (or
shorthand/ (L)) is the multiset of the predecessors &1{&(L)) (or shorthande (L)) is the edges oR.
The attributes andrtare not strictly necessary and are only present for notaitiamd computational
reasons, they can always be computed by following the cHgparent labels.p,Lp_1,...,Lo back to
the starting node.

In the following it is assumed that all resources are boursteshgly from above, and weakly
from below, i.e., if the current resource accumulation iWwethe lower limit on a given edge, it is
allowed to fill up the resource to the lower limit, e.g. watfifor a time window to open. This means
that two consecutive labels, andL, related by an edge= (u,v), i.e.,L, is extended and creatées,
wherev(L,) = uandv(Ly) = v, must satisfy

r(Ly) < br(e) vreR (1)
r(Ly) = max{r(Ly) +cr(e),a(e)} vreR 2
V£W Yw e Tt (3)

Here (1) demands that, satisfies the upper limit of resourceorresponding to edge= (u,v), while
(2) states that resourgeat labellL, corresponds to the resource consumption at lahgdlus the
amount consumed by traversing edgeespecting the lower limit on edgeand (3) secures no cycles
of size smaller thak.

The concept of a label-setting algorithms is to iterativelyend labels in the following way until
there are no more labels left. When a label has been extehidecbnsidered treated:
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LABEL-SETTING(G,0,0')
1 Ljnt < FIRST-LABEL(0)
2 PQ.ENQUEUHLjnit)
3 while PQ#0
4 do REMOVE-DOMINATED(PQ)
5 L — PQ.DEQUEUK)
6 for each noder € EXTENDABLES(L) > Nodes to which. can be extended
7 do Ly« EXTEND-LABEL(L,V)
8 if v(Ly) =0
9 then STORE-SOLUTION(Ly,So0l)
10 else PQ.ENQUEUHLy)
11 return sol

From the pseudocode it is clear that witholHNROVE-DOMINATED in line 4 this results in a complete
enumeration of all feasible paths.

2.1 Dominance

The goal of dominance is to reduce the number of labels tleatr@ated during the execution of the
label-setting algorithm, since it is not desirable to egtibels that are not part of an optimal solution.
Unfortunately it is not known in advance which labels spatinoal solutions, but it might be possible
to decide for some labels that they are not part of any optsokition. If just any optimal solution
is sought, dominance is to reduce the number of labels esteadd still be able to find an optimal
solution. A label is thus said to be dominated if its remowuading the run of the algorithm does not
remove all optimal solution.

In the following it is assumed that all the extension fune$ic, (e) are non-decreasing. A non-
decreasing function, (e) has the property:

Definition 1. A function f is non-decreasing iff:
x<y=f(x) < f(y) vxy

In relation to dominance it is necessary to consider exbessof labels. For this reason three
definitions are presented (slightly modified from Irnich afkkeneuve (2006)):

Definition 2. The set of all feasible paths from label L to node u considggttire resource consumption
of label L is defined ag (L,u).

Definition 3. The set of all feasible paths from label L to node u considgtire k-cycle elimination
and the partial elementarity is defined to bé_, u).

Definition 4. All feasible extensions of label L is defined as:
£(L) =7 (Lt)ns(Lt)

With Definition 4 as a building block the following definitiasf domination is now given:
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Definition 5. A set of labels.; dominates label |if:

V(Li) = V(L)) VLi € £ 4)
T(Li) <t(L) VL € L (5)
(L)< U z(L) (6)

In other words, the paths corresponding to labels;iand the patit j should end at the same node
v(Li) = V(L) €V : VL; € £, each path corresponding to some lahet £; should cost no more than
the path corresponding to laldg|, and finally any feasible extension lof is also a feasible extension
of somel; € z;.

Definition 5 implies that iflj is dominated then any pat(L;,€) consisting ofL; concatenated
with a feasible extension € £(L;) is not a unique optimal solution, since at least one othegllab
L; € i can also be concatenated witand make a patP(L;,€) that is as least as cheap, because
C(Li) +ce(g,r(Li)) <T(Lj) +cc(g,r(Lj)) due to Definition 1, that is:

Veez(Lj) dlicesi:ecE(ly)
= Vecz(l;) desi:ece(ly)

Each node in the set of elementary nodgsan be modeled using a binary resource. Feillet
et al. (2004) suggested to consider the set of nodé&tlivat cannot be reached from a lat¢land
compare the set with the unreachable nodes of a lapiel order to determine if some extensions are
impossible. Or in other words: update the node resources gager fashion instead of a lazy. The
following definition is a generalization of (Feillet et aD@4, Definition 3).

Definition 6. Given a start node @& V and a label L withv(L) = u, a node v V is considered
unreachablef v has already been visited on the path from o to u, i.es W(L) or if a resource
window is violated, e.g.:

JeR r(L) 4+ 4 (u,v) > by (v)

where/;(u,v) is a lower bound on the consumption of resource r on all fdagiiaths from u to v.
Thenode resourceare then given as: (L) = 1 indicates that node & V is unreachable from node
v(L) € V, and \(L) = 0 otherwise.

In the following £ (Ti(L)) (or shorthande (L)) will be the set of all feasible extension for lakel
only considering thé-cycle elimination constraint, and is equivalent to thecapt ofHole-Setsas
defined by Irnich and Villeneuve (2006). Tlkeoperator and theJ-operator are also as defined by
Irnich and Villeneuve (2006).

To determine if (6) holds can be quite cumbersome, as thglstiarward definition demands
that we calculate all extensions of the involved labels.ré&fuge a sufficient criteria for (6) is sought
which can be computed faster. If ladglhas consumed less resources than lapéhen no resources
are limiting the possibilities of extendinlg compared td_;, hence the following proposition can be
used as a relaxed version of the dominance criteria in Diefin§.
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Proposition 7 (Sufficient condition). A set of labelsc; dominates label |if:

v(Li) = V(L)) vLi € £i (7)

r(Li) <r(L;) Vr e RVl € z; (8)

(L) c J £WL) 9)
LicLi

and node resources are set according to Definition 6.

Proof. We check Definition 5. Equation (4) follows directly from (&nd (5) follows from (8) with

r =<, i.e., the cost resource. The remaining concern is if (6iébr 2; andL;. The proof is by
contradiction. Assume that (7), (8) and (9) are satisfiedHmit (6) is not satisfied. Then there must
exist an extensios € £ (Lj)\U <., £ (Li), i.e., € is feasible forL; but not for anyL; € ;. LetL"
denote the label that is obtained witfL") = v, afterL has recursively been extended througlet

£Y be equivalently defined, let,...,vh_1,Vh,... be the nodes oa and letv, be the first node om
preventing the extension of alﬁl € Lihfl. There are only three conditions where this can happen
for eachLM 1 e 1

1) va(L Y =1
2) IreR, r(LMYH 41 (o1, vh) > br(h)

3) e¢ £ (Li)
Sincel j can be extended withthe, equivalent conditions fch?‘l are:

1) v(LT Y =0
2) r(L?_l) +Cr(Vh1,Vn) <br(h),  VreR

3) ec £(L))

Since all resources are consumed according to Definitionelwmil vi,_; for all Lj € £j andLj, the
above conditions contradicts that (7), (8) and (9) arefsatisHencez (Lj)\ UL ., £ (Li) = 0 which
impliesz (Lj) € U, £ (Li) and (6) holds. That is, Definition 5 holds anddominated. ;. O

Using Proposition 7 as a dominance criteria is a relaxatfaheodominance criteria of Definition
5 since only a subset of labels satisfying (4), (5) and (63%es$ inequalities (7), (8) and (9).

It is noted that Condition (8) can be tightened by being lazghw(L;) and eager withr(L;).
Furthermore, ik < 1 Condition (9) is automatically satisfied 0| = 1.

Decreasing extension-functions can always be handled éyotigquality on the affected re-
sources, but can be tightened if a lower and an upper boundawrk, see Pisinger and Reinhardt
(2006) for further details.

Being more aggressive inBMOVE-DOMINATED, i.e., removing non-dominated labels, yields a
heuristic solution but with likely improved running time.
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3 Weighted Subset Penalties

The Subset Penalties originates from SR—inequalities enntlaster problem in a Branch-Cut-and-

Price (BCP) algorithm that needs to be handled in the pripmadplem, i.e., in an SPPRC, see Jepsen
et al. (2006). The Weighted Subset Penalties are a geraratizof these and can handle Chvatal

Rank 1 cuts:

2 LzrwiaipJ M= L;W‘J (10)

Given a set of subsets of nodés T € T A T CV, for eachT € T a penaltyor has to be paid
for every whole visit tol', where each nodec T is weighted withw;.

Definition 8. A Weighted Subset Penalty is an extra apsthat have to be paid for path P for every
whole visit to a set Te V of weighted nodes resulting in an extra cost of:

CT(P)ZGT{ > WiJ (11)
ievP)nT

P can contain cycles s@(P) can be a multiset (several occurrences of the same elenTemns).
N-operator on multisets here results, fpoccurrences of elemeat | andn; occurrences of element
e J, inn; x nj occurrences of elemestc | NJ.

We analyze how these additional castsor VT € T can be handled in the label-setting algorithm.
The cost of a labdl can be expressed as:

eL)=cL)+ Y

oT \‘ W,
TeT iev(L)nT

(12)

A new resourcemr can be used to compute the coefficient of penaltyfor labelL, i.e.,mr(L) =
Yiev(L)nT Wi, the weighted amount of visit td along partial pati.. Note that the consumption of
resourcemy is w; for each e.g. outgoing edge of the involved nodesT. Therefore the usual
dominance criteria of Proposition 7 can be used. Note thease.; dominated ; then for allL;j € £;
holds:t(Li) <t(L;) andmr (L) < myr(Lj) VT € T sod(Li) < &(L;) sinceor > Oforall T € T. Hence
the penalty term must only be considered on the last edgeettatbet node to compute the reduced
costc{P) of pathP. This will not ruin the non-decreasing structure of the dasictions, however,
further labels can be eliminated by exploiting the struetoir (12).

L) = i dl
o (ieV(zL)mTW> "

be the number of weighted visits madeTosince the last penalty was paid for visitifiga whole
number of times. Recait (L) as the set of feasible extensions from the ldb#& the target node’
and note that when the set of labelsdominates label j, their common extensions age(L ;) due

to (6). The following cost dominance criteria is obtained dacomparison of two labels and a single
Weighted Subset Penalty:

For a labelL let

Proposition 9. If 7 (L) <7 (Lj) and€(L;) < ¢(L;), then label | dominates label | .on cost.
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Proof. Consider any common extensier Z (L ;). The comparison of the number of future penalties

for the two labels is:
{ > Wi—l-‘T(Li)J < { > Wi+‘T(Lj)J
iceNT iceNT

sinceT (Li) <7 (Lj). HenceL; will always pay at least the same penaltied agsing their common
extensions and the current ca$k;) of L; can be used during dominance. O

Proposition 10. If 7 (L) > 7 (L) and&(L;) + o7 < €(L;), then label | dominates label | .on cost.

Proof. Consider any common extensiem £ (L;). The comparison of the number of future penalties

for the two labels are:
{ > Wi+‘T(Li)J > { > Wi+‘T(Lj)J
iceNT iceNT

since 0< 7 (Lj) < 7 (L;) < 1. Applying an additional penalty tig gives:

14{ > Wi+‘T(|—i)J < { > Wi+T(Lj)J
icenT ieenT

Adding one additional penaltgr to the cost ol during dominance ensures tHatalways pays at
least the same penaltieslaausing their common extensions. O

Observe that, if7 (Li) + SicentWi < 1 for all e € £(L;), it is not possible to visiT enough to
trigger a penalty, i.e., the temporary penalty to the cot chn be disregarded.

The new dominance criteria is as follows:

Proposition 11. Let Q= {q: 74(Li) > Z4(Lj)}. Then labelsz; dominates label |if:

\RLi) = \T(Lj) VL € £j (13)

c(Li)— Y og<t(Lj) VL € £; (14)
q; q J

r(Li) <r(L;) vr € R\{t}, VLi € ;i (15)

() c U zW) (16)
Liesi

Proof. The validity of (14) follows directly from Propositions 9@Ad0. The validity of (13), (15) and
(16) is equivalent to the proof of Proposition 7. O
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4 Bidirectional Search

The concept of bidirectionality is to look for the shortesittp from nodeo to noded’ by finding
paths fromo to ‘the middle’ and ‘reverse paths’ fromf to ‘the middle’. The paths meeting in ‘the
middle’ is then spliced together, and thereby a shortest igabbtained. ‘The middle’ is defined by
the consumption of a monotone resourggno i.€. G, IS €ither non-negative or non-positive with
only non-zero cycles.

The reason for doing this for ESPPRC is to halve the expaalefaiitor in the worst case number
of labels, e.g.O(V!2¥) can be reduced tﬁ)(\f’!ZV/z) by selectingrmoeno @s the number of visited
nodes. Fok-cyc-SPPRC and pure SPPRC the theoretical worst case nahladéels is not affected
but a better practical running time is hoped for. For PESPERCunning time is dependent on the
number of nodes i®and will be somewhere in between the running time for SPPRIESPPRC.

The bidirectional algorithm consist of the following thrparts:

e Finding the shortesiorward path fromsto t the same time as finding the shortesickward
‘reverse path’ fronttos.

e Combine a forward labéls and backward labél, with v(L) = v(Lp,) to obtain a patt®(L+,Lp).

e Stop at the ‘middle’, e.g. stop when the consumption of rEs®t,one in a label reaches
XStOp: [maX/GV(brmono(V))/2—| .

Forward and Backward Paths

The algorithm from Section 2 and Section 3 can be reversedthblyng with a label, in nodet with
the consumption of each resource set to the upper boiid= b (t) for all r € R. Then go towards
nodes and treat extensions and dominance equivalently — thisugeces only possible if there exist
an inverse of the extension function. The algorithm fromti®aec2 and Section 3 will be referred to
as theforward algorithmand the reversed counterpart will be referred to astekward algorithm
Using equivalent argumentation as for the forward algoriihis clear that the backward algorithm
also yields optimal solutions to the problems.

The bidirectional algorithm works by running a forward aitfum together with a backward algo-
rithm keeping two sets of labels: The forward labelsand the backward labels®. The following
pseudocode shows how the bidirectional algorithm works.
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BIDIRECTIONAL-LABEL-SETTING(G,s,t)

1 Lg« FIRST-LABEL-FORWARD(S)
2 L;+ FIRST-LABEL-BACKWARD(t)
3 PQf.ENQUEUHLs)
4 PQy.ENQUEUHL,)
5 while PQs #0 or PQ,# 0
6 do if PQf.MIN().VALUE () < Xstop— PQn.MAX ().VALUE()
7 then REMOVE-DOMINATED (PQy)
8 L «— PQs.DEQUEUK)
9 else REMOVE-DOMINATED(PQy)
10 L — PQ,.DEQUEUK)
11 for each noder € EXTENDABLES(L)
12 do Ly «+ EXTEND-LABEL(L,V)
13 for each label € SPLICEABLE(Ly)
14 do path«< SpLIcE(Ly,L)
15 STORE-SOLUTION(path sol)

16 return sol

The functions in the pseudocode have knowledge about tketidin (forward or backward) and be-
haves accordingly. Line 6 lets the two directions grow irafiat.

It is clear that the algorithm will find at least two optimaltps. One is found going forward and
one is found going backwards. These two paths may be idéntica

Splicing the Paths

Atany time during the execution of the algorithm above tlasstwo sets of labelsy :Le £’ A v(L)=
vandzP:L e P A V(L) = v belonging to each nodec V. Consider a label; € £, and a label
Lp € L\E’. If the sub-path_y, is in the extensior, € £ (L¢) of L¢, the two labels can be combined to
form a feasible solutiof®, this is denotedplicing Since a path may use several nodes, a given path
P may be the product of several different splicings, e.g. eneéch of theP| nodes inP.

For obvious reasons it is desirable only to get unique pathsyhen searching for a pakhtwo
labelsL; € £y and Lp € 2 in Pis only spliced when at an unique node V (P). One way to find
this unique node to splice at was proposed by Righini and Salani (2004) anéfised as the node
v e V(P) whereL; andLy, are as close as possible to having the same consumptioR,@f a tie is
broken arbitrarily, e.glL ; takes priority.

Following we propose another way to find the unique nedé more than half the upper limit

— ’V maXev (brmono(v)) —‘
Xstop = 2

of resourcermeno is consumed on pathR, one edgdi, j) € E(P) either crossessiop Or ends akstop,
choosing nodg as the splicing point foP will be unique. If the consumption afnondP) < Xstop
choosing the first (or the last) node®Bfas splicing point will be unique.

Stop at the Middle

It is clear that at least one sub-path from the forward atgorior one sub-path from the backward
algorithm has to contain the edgej) € E(P) that crosses the middle if it is crossed, and at least one
of them has to contain the first (or last) edge.

10
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From the description of splicing nodes above, it is cleat thare is no reason, for the algorithm
without the responsibility, to extend a label if a consumptof more tharxs;op Will be obtained. For
the algorithm with the responsibility, there is no reasomttend a label further when a consumption
of Xstop is Obtained. Therefore both algorithms can be stopped,eartythe optimal patR is found.

Proposition 12. The bidirectional algorithm returns an optimal solutiorr fny value of ¥op.

Proof. Without loss of generality assume that the forward algonitttosseSsiop if FmondP) > Xstop:
the last node is chosen for splicing ifond P) < Xstop and the optimal patR is unique. LeP =v; —
.. — Vp, letL 1 V(LY) = v, Vv € V(P) be the labels representimyfor the forward algorithm, and
letLL : V(L) = vi, Vv € V(P) be the labels representimyfor the backward algorithm.
The proof is by contradiction. Assume that the optimal gtk not found. This can only happen
in three cases:

1) For some node € V (P) neitherL norL} is created.
2) For some node < V (P) neitherLY nor L} exist after domination.
3) There is no node € V (P) where bothL} andL} exist after domination.

It will now be show that none of the three cases can happen.

Since both the forward and the backward algorithm ffdor ‘Case 1’ to happen, the stopping
criteria must have stopped both of them before nedeas reached. This means thigfondL}) >
Xstop > 'mond L) = LY ¢ E(L) which contradict thaP is feasible.

For ‘Case 2’ to happen at least onelgfandLy must have been deleted during domination, which
is in contradiction with Definition 5 or tha is unique and optimal.

‘Case 3’ can be divided into two case: one whekgndP) < Xstop and another whergnongP) >

Xstop-
If rmondP) < Xstop then the splicing must be doneat L] clearly exist, sd_} must be absent.

This can only happen wher,hono(L?‘l) > Xstop Which contradict thatmendP) < Xstop-

If rmondP) > Xstop, then there must be a node < V(P) where L‘b cannot be extended more
due t0rmond(Lh) — Fmono(€(Vi_1,Vi)) = FmondLh 1) < Xstop SinceL} does not existstmond L 1) >
Xstop This means thatmond L %) > Xstop > mondLb 1) = L ¢ E(L} 1) which contradicts tha is
feasible. 0

Since any value atstop yields an optimal solutiornssiop can be adjusted to balance the amount of
labels created by the forward and the backward algorithspeafully. As long assiop < min(PQy)
the value ofxstop can be raised.

5 Computational Results

The results in Table 1 were obtained by running the bi-dineal algorithm withk = 3 in conjunction
with CVPR in a branch-and-cut-and-price framwork.

Labels Time (s)

Instance Mono Bi  Mono Bi Cliques
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A-n44-k6 2677 2370 032 0.23 0
A-n44-k6 8558 5868 3.01 1.53 14
A-n45-k7 4540 3928 0.70 0.50 0
A-n45-k7 12290 8441 461 2.48 16
A-n53-k7 5576 5330 1.18 0.80 0
A-nb3-k7 17020 12897 12.69 5.61 17
B-n45-k6 14344 12853 5.57 3.26 0
B-n45-k6 54738 33469 126.98 32.70 32
P-nb5-k15 6653 6875 112 094 0
P-n55-k15 9839 9576 3.31 250 13
P-n60-k10 4149 3367 0.58 0.37 0
P-n60-k10 18303 8985 543 181 34

Table 1:k-cyc-SPPRC with k=3

In Table 2 is shown the results obtained by running the l@ational algorithm with elementarity
in conjunction with VPRTW in a branch-and-cut-and-pricanfrvork.

Labels Time (S)

Instance Mono Bi  Mono Bi Cliques
r206-il 10196 7642 0.37 0.76 0
r206-i2 9005 7165 0.30 0.65 0
r206-i3 8809 6904 0.31 0.58 0
r206-i4 20811 12854 1.34 1.87 14
r206-i5 27491 13833 2.28 2.63 14
r206-i6 77546 41435 17.39 12.68 42
r206-i7 243204 96942 304.67 65.87 64
r206-i8 159785 69437 109.27 38.31 66
r206-i9 149572 66405 9291 36.65 60
r206-i10 152166 66873 100.10 37.57 63
r206-i11 150864 66904 96.63 37.56 63
r206-i12 169239 71288 130.43 45.17 74

c203-i1 159655 57619 107.22 10.27
c203-i2 220308 63737 222.76 12.50
c203-i3 119710 40551 31.73 6.82
c203-i4 81265 29904 16.23  3.37
c203-i5 150753 45410 77.20 6.40
c203-i6 69351 27717 6.71 251
c203-i7 71317 27863 751 2.38

Table 2: ESPPRC

OO0 ooooo
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6 Concluding Remarks

Handling Subset Penalty Constraints does not come for Iixgen hard problems they are worth the
effort.

Bi-directional algorithm improves the running time of thecpng problem in most instances es-
pecially the difficult.
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