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Abstract

The Shortest Path Problem with Resource Constraints is a common subproblem in many
Branch-Cut-and-Price algorithms (BCP), e.g., routing andscheduling problems. This paper presents
a general label-setting algorithm for solving various shortest path problems. An integration of the
‘Shortest Path Problem with Resource Constraints andk-cycle elimination’ with the ‘Partial El-
ementarity’ is introduced, and so is a bi-directional label-setting algorithm for solving general
Shortest Path Problem with Resource Constraints. Moreoverit is shown how to handle the so-
calledweighted subset penalties; which say that given a subset of nodesT each weighted with
wt ∈ Q : ∀t ∈ T a penaltyσ has to be paid for every whole visit toT, i.e., penalty for pathP
is ⌊∑i∈P∩T wi⌋σ. These additional constraints makes it possible to handle Chvatal Rank 1 cuts
applied to a Set-Packing like master problem of a BCP algorithm.

Keywords: Label Setting, Shortest Path Problem with Resource Constraints andk-cycle Elim-
ination, Decremental State Space Relaxation, Vehicle Routing Problem, weighted subset row in-
equalities

1 Introduction

The Shortest Path Problem with Resource Constraints (SPPRC) can be stated as: Given a weighted
directed graphG(V,E) with nodesV and edgesE, and a set of resourcesR. For each edgee∈ E and
resourcer ∈R three parameters are given: A lower limitar(e) on the accumulation of resourcer when
traversing edgee∈ E; an upper limitbr(e) on the accumulation of resourcer when traversing edge
e∈E; and an amountcr(e) of resourcer consumed by traversing edgee∈E. In generalcr(e) can be a
function and can also be dependent on other resources, e.g.,cr(e, r1, r2) : r1, r2∈R, but will for ease of
notation be denotedcr(e) throughout this paper. The objective is to find a minimum costpathP, i.e.,
minimize the cost resourcec, from a source nodeo∈V to a target nodeo′ ∈V, where the accumulated
resources ofP satisfy the limits for all resourcesr ∈R. Without loss of generality we assume that the
limits must be satisfied at the start of each edgee, i.e., beforecr(e) has been consumed.

It is noted that equivalent upper and lower limits and consumptions on the nodes can be “pushed”
onto the edges, e.g., the ingoing edges of the node.

An additional Weighted Subset Penalty criteria can be addedto the SPPRC, where a penaltyσT

has to be paid for every whole visit to a setT ∈ T̂ of notes in the graph, where each nodet ∈ T is
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weighted withwt – this have to be done for allT ∈ T̂. That is, the cost ˆc(P) of pathP, given the nodes
in P asV(P) and the edges inP asE(P), is

ĉ(P) = ∑
e∈E(P)

cc(e)+ ∑
T∈T̂

σT

⌊

∑
i∈V(P)∩T

wi

⌋

.

The Shortest Path Problem with Resource Constraints andk-cycle Elimination (k-cyc-SPPRC) can
be stated as the SPPRC but with an additional constraint thatthe path isk-cycle free. Ink-cycle free
paths, cycles of sizek or smaller are not allowed, i.e., paths containing(. . . ,v0,v1, . . . ,vk−1, v0, . . .) are
forbidden.

The Elementary Shortest Path Problem with Resource Constraints (ESPPRC) can also be stated
as the SPPRC but with an additional constraint that pathP is cycle free, i.e., no nodev ∈ V is in P
more than once.

Relaxing the ESPPRC so that all nodes does not have to be elementary gives rise to the Partial
Elementary Shortest Path Problem with Resource Constraints (PESPPRC), where only a subsetS⊆V
of the nodes are not allowed to be in the path more than once.

Finally the integration ofk-cyc-SPPRC and PESPPRC demands that the nodes inS⊆V are not
allowed to be in the path more than once at the same time as noneof the other nodesS= V\Samong
them self form a cycle of sizek or smaller. That is, paths containing(. . . ,v0,e0,v1,e1, . . . ,vk−1,ek−1,v0, . . .)
wherevi ∈ S∧ei ⊆ S∪ /0 : 0≤ i ≤ k−1 are forbidden.

Dror (1994) showed that the ESPPRC is stronglyN P -hard, hence a relaxation of the ESPPRC was
used as a pricing problem in earlier BCP. Christofides et al. (1981) denoted the SPPRC solutions as
q-routes. Later the relaxed pricing problem where non-elementary paths are allowed was denoted the
Shortest Path Problem with Resource Constraints (SPPRC) byDesrochers (1986), this problem can be
solved in pseudo-polynomial time, e.g., by use of label-setting algorithms. To improve lower bounds
of the master problem Desrochers et al. (1992) used 2-cycle elimination which was later extended
by Irnich and Villeneuve (2006) tok-cycle elimination (k-cyc-SPPRC), still with pseudo-polynomial
running time. This has shown to significantly improve lower bounds of the master problem compared
to the SPPRC.

Beasley and Christofides (1989) proposed to solve the ESPPRCusing Lagrangian relaxation.
However, recently label-setting algorithms have become the most popular approach to solve the ESP-
PRC, see e.g., Dumitrescu (2002) and Feillet et al. (2004). When solving the ESPPRC with a label-
setting algorithm a binary resource for each node is added which increases the complexity of the
algorithm compared to solving the SPPRC or thek-cyc-SPPRC. Righini and Salani (2004) developed
a label-setting algorithm using the idea of Dijkstra’s bi-directional shortest path algorithm that ex-
pands both forward from the source nodeo and backward from the target nodeo′ and connects paths
in the middle, thereby potentially reducing the running time of the algorithm. Furthermore Righini
and Salani (2005) and Boland et al. (2006) proposed to solve ESPPRC by use of a decremental state
space algorithm that iteratively solves a SPPRC by applyingresources forcing nodes to be visited at
most once. Recently Chabrier (2005), Danna and Pape (2005),and Salani (2005) successfully solved
several previously unsolved instances of the VRPTW from thebenchmarks of Solomon (1987) using
a label-setting algorithm for the ESPPRC.

The paper is outlined as follows: In Section 2 is given a quickintroduction to the concept of
label setting and a thorough description of how it is appliedto general shortest paths. In Section 3
the Weighted Subset Penalties are introduced which can be modeled using additional resources but
can also be handled much more efficiently if their special structure is exploited. Section 4 describes
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how to make the search for shortest paths bidirectional and aproof of correctness is given. In Sec-
tion 5 extensive computational results on the Gehring and Homberger benchmarks and the Solomon
benchmarks are shown. Finally, in Section 6, concluding remarks.

2 Label-Setting Algorithm

There already exist several articles covering the basics ofsolving shortest path problems by use of
label-setting algorithms, so it is beyond the scope of this article to go into these details. However, a
short introduction to settle the notation will be given. Fora detailed description see e.g. Irnich and
Desaulniers (2004).

The central part of the algorithms is the use of labels which represent partial paths rooted at node
o. Each label has associated a set of attributes:

• A node to which it belongs ¯v∈V

• A pointer to the label of the parent nodep

• The accumulated consumption of each resourcer ∈ R (including the cost resourcec)

• Ordered set of lastk−1 visited nodesπ⊆ S

Thus, a labelL with v̄(L) = v represents a partial path from nodeo to nodev and all the accumu-
lated resources along the path. We will usef (L) to refer to attributef of a label. E.g.r(L) refer to the
accumulated consumption of resourcer in labelL. The parentp(L) of labelL is the labelLp that was
extended to createL. Lp is recursively used to find the pathP(L) that labelL represents.V(P(L)) (or
shorthandV(L)) is the multiset of the predecessors andE(P(L)) (or shorthandE(L)) is the edges onP.
The attributesr andπ are not strictly necessary and are only present for notational and computational
reasons, they can always be computed by following the chain of parent labelsLp,Lp−1, ...,Lo back to
the starting nodeo.

In the following it is assumed that all resources are boundedstrongly from above, and weakly
from below, i.e., if the current resource accumulation is below the lower limit on a given edgee, it is
allowed to fill up the resource to the lower limit, e.g. waiting for a time window to open. This means
that two consecutive labelsLu andLv related by an edgee= (u,v), i.e.,Lu is extended and createsLv,
wherev̄(Lu) = u andv̄(Lv) = v, must satisfy

r(Lv)≤ br(e) ∀r ∈ R (1)

r(Lv) = max{r(Lu)+cr(e),ar (e)} ∀r ∈ R (2)

v 6= w ∀w∈ π (3)

Here (1) demands thatLv satisfies the upper limit of resourcer corresponding to edgee= (u,v), while
(2) states that resourcer at labelLv corresponds to the resource consumption at labelLu plus the
amount consumed by traversing edgee, respecting the lower limit on edgeeand (3) secures no cycles
of size smaller thank.

The concept of a label-setting algorithms is to iterativelyextend labels in the following way until
there are no more labels left. When a label has been extended it is considered treated:
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LABEL-SETTING(G,o,o′ )

1 Linit ← FIRST-LABEL(o)
2 PQ.ENQUEUE(Linit )
3 while PQ 6= /0
4 do REMOVE-DOMINATED(PQ)
5 L← PQ.DEQUEUE()
6 for each nodev∈ EXTENDABLES(L) � Nodes to whichL can be extended
7 do Lv← EXTEND-LABEL(L,v)
8 if v̄(Lv) = o′

9 then STORE-SOLUTION(Lv,sol)
10 else PQ.ENQUEUE(Lv)
11 return sol

From the pseudocode it is clear that without REMOVE-DOMINATED in line 4 this results in a complete
enumeration of all feasible paths.

2.1 Dominance

The goal of dominance is to reduce the number of labels that are created during the execution of the
label-setting algorithm, since it is not desirable to extend labels that are not part of an optimal solution.
Unfortunately it is not known in advance which labels span optimal solutions, but it might be possible
to decide for some labels that they are not part of any optimalsolution. If just any optimal solution
is sought, dominance is to reduce the number of labels extended and still be able to find an optimal
solution. A label is thus said to be dominated if its removal during the run of the algorithm does not
remove all optimal solution.

In the following it is assumed that all the extension functions cr(e) are non-decreasing. A non-
decreasing functioncr(e) has the property:

Definition 1. A function f is non-decreasing iff:

x≤ y⇒ f (x)≤ f (y) ∀x,y

In relation to dominance it is necessary to consider extensions of labels. For this reason three
definitions are presented (slightly modified from Irnich andVilleneuve (2006)):

Definition 2. The set of all feasible paths from label L to node u considering the resource consumption
of label L is defined asF (L,u).

Definition 3. The set of all feasible paths from label L to node u considering the k-cycle elimination
and the partial elementarity is defined to beS (L,u).

Definition 4. All feasible extensions of label L is defined as:

E (L) = F (L, t)∩ S (L, t)

With Definition 4 as a building block the following definitionof domination is now given:
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Definition 5. A set of labelsL i dominates label Lj if:

v̄(Li) = v̄(L j) ∀Li ∈ L i (4)

c(Li)≤ c(L j) ∀Li ∈ L i (5)

E (L j)⊆
[

Li∈L i

E (Li) (6)

In other words, the paths corresponding to labels inL i and the pathL j should end at the same node
v̄(Li) = v̄(L j) ∈V : ∀Li ∈ L i, each path corresponding to some labelLi ∈ L i should cost no more than
the path corresponding to labelL j , and finally any feasible extension ofL j is also a feasible extension
of someLi ∈ L i .

Definition 5 implies that ifL j is dominated then any pathP(L j ,ε) consisting ofL j concatenated
with a feasible extensionε ∈ E (L j) is not a unique optimal solution, since at least one other label
Li ∈ L i can also be concatenated withε and make a pathP(Li,ε) that is as least as cheap, because
c(Li)+cc(ε, r(Li))≤ c(L j)+cc(ε, r(L j)) due to Definition 1, that is:

∀ε ∈ E (L j) ∃Li ∈ L i : ε ∈ E (Li) ∧ c(Li)≤ c(L j)

⇒ ∀ε ∈ E (L j) ∃Li ∈ L i : ε ∈ E (Li) ∧ c(P(Li,ε))≤ c(P(L j ,ε))

Each node in the set of elementary nodesS can be modeled using a binary resource. Feillet
et al. (2004) suggested to consider the set of nodes inS that cannot be reached from a labelLi and
compare the set with the unreachable nodes of a labelL j in order to determine if some extensions are
impossible. Or in other words: update the node resources in an eager fashion instead of a lazy. The
following definition is a generalization of (Feillet et al. 2004, Definition 3).

Definition 6. Given a start node o∈ V and a label L withv̄(L) = u, a node v∈ V is considered
unreachableif v has already been visited on the path from o to u, i.e., v∈ V(L) or if a resource
window is violated, e.g.:

∃r ∈ R r(L)+ ℓr(u,v) > br(v)

whereℓr(u,v) is a lower bound on the consumption of resource r on all feasible paths from u to v.
Thenode resourcesare then given as: v(L) = 1 indicates that node v∈V is unreachable from node
v̄(L) ∈V, and v(L) = 0 otherwise.

In the followingE (π(L)) (or shorthandE (L)) will be the set of all feasible extension for labelL
only considering thek-cycle elimination constraint, and is equivalent to the concept ofHole-Setsas
defined by Irnich and Villeneuve (2006). The⊆-operator and the

S

-operator are also as defined by
Irnich and Villeneuve (2006).

To determine if (6) holds can be quite cumbersome, as the straightforward definition demands
that we calculate all extensions of the involved labels. Therefore a sufficient criteria for (6) is sought
which can be computed faster. If labelLi has consumed less resources than labelL j then no resources
are limiting the possibilities of extendingLi compared toL j , hence the following proposition can be
used as a relaxed version of the dominance criteria in Definition 5.
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Proposition 7 (Sufficient condition). A set of labelsL i dominates label Lj if:

v̄(Li) = v̄(L j) ∀Li ∈ L i (7)

r(Li)≤ r(L j) ∀r ∈ R,∀Li ∈ L i (8)

E (L j)⊆
[

Li∈L i

E (Li) (9)

and node resources are set according to Definition 6.

Proof. We check Definition 5. Equation (4) follows directly from (7), and (5) follows from (8) with
r = c, i.e., the cost resource. The remaining concern is if (6) holds forL i andL j . The proof is by
contradiction. Assume that (7), (8) and (9) are satisfied butthat (6) is not satisfied. Then there must
exist an extensionε ∈ E (L j)\

S

Li∈L i
E (Li), i.e., ε is feasible forL j but not for anyLi ∈ L i. Let Lu

denote the label that is obtained with ¯v(Lu) = vu afterL has recursively been extended throughε, let
L u be equivalently defined, letv1, . . . ,vh−1,vh, . . . be the nodes onε and letvh be the first node onε
preventing the extension of allLh−1

i ∈ L h−1
i . There are only three conditions where this can happen

for eachLh−1
i ∈ L h−1

i :

1) vh(L
h−1
i ) = 1

2) ∃r ∈ R, r(Lh−1
i )+ lr(vh−1,vh) > br(h)

3) ε 6∈ E (Li)

SinceL j can be extended withε the, equivalent conditions forLh−1
j are:

1) vh(L
h−1
j ) = 0

2) r(Lh−1
j )+cr(vh−1,vh)≤ br(h), ∀r ∈ R

3) ε ∈ E (L j)

Since all resources are consumed according to Definition 1 onε until vh−1 for all Li ∈ L i andL j , the
above conditions contradicts that (7), (8) and (9) are satisfied. Hence,E (L j)\

S

Li∈L i
E (Li) = /0 which

impliesE (L j)⊆
S

Li∈L i
E (Li) and (6) holds. That is, Definition 5 holds andL i dominatesL j .

Using Proposition 7 as a dominance criteria is a relaxation of the dominance criteria of Definition
5 since only a subset of labels satisfying (4), (5) and (6) satisfies inequalities (7), (8) and (9).

It is noted that Condition (8) can be tightened by being lazy with r(Li) and eager withr(L j).
Furthermore, ifk≤ 1 Condition (9) is automatically satisfied so|L i |= 1.

Decreasing extension-functions can always be handled by use of equality on the affected re-
sources, but can be tightened if a lower and an upper bound in known, see Pisinger and Reinhardt
(2006) for further details.

Being more aggressive in REMOVE-DOMINATED, i.e., removing non-dominated labels, yields a
heuristic solution but with likely improved running time.
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3 Weighted Subset Penalties

The Subset Penalties originates from SR–inequalities in the master problem in a Branch-Cut-and-
Price (BCP) algorithm that needs to be handled in the pricingproblem, i.e., in an SPPRC, see Jepsen
et al. (2006). The Weighted Subset Penalties are a generalization of these and can handle Chvatal
Rank 1 cuts:

∑
p∈P

⌊

∑
i∈T

wiαip

⌋

λp≤

⌊

∑
i∈T

wi

⌋

(10)

Given a set of subsets of nodesT̂ : T ∈ T̂ ∧ T ⊆V, for eachT ∈ T̂ a penaltyσT has to be paid
for every whole visit toT, where each nodet ∈ T is weighted withwt .

Definition 8. A Weighted Subset Penalty is an extra costσT that have to be paid for path P for every
whole visit to a set T∈V of weighted nodes resulting in an extra cost of:

cT(P) = σT

⌊

∑
i∈V(P)∩T

wi

⌋

(11)

P can contain cycles soV(P) can be a multiset (several occurrences of the same element).The
∩-operator on multisets here results, forni occurrences of elemente∈ I andn j occurrences of element
e∈ J, in ni ×n j occurrences of elemente∈ I ∩J.

We analyze how these additional costscT for ∀T ∈ T̂ can be handled in the label-setting algorithm.
The cost of a labelL can be expressed as:

ĉ(L) = c(L)+ ∑
T∈T̂

σT

⌊

∑
i∈V(L)∩T

wi

⌋

(12)

A new resourcemT can be used to compute the coefficient of penaltyσT for label L, i.e., mT(L) =

∑i∈V(L)∩T wi, the weighted amount of visit toT along partial pathL. Note that the consumption of
resourcemT is wi for each e.g. outgoing edge of the involved nodesi ∈ T. Therefore the usual
dominance criteria of Proposition 7 can be used. Note that incaseL i dominatesL j then for allLi ∈ L i

holds:c(Li)≤ c(L j) andmT(Li)≤mT(L j) ∀T ∈ T̂ soĉ(Li)≤ ĉ(L j) sinceσT > 0 for all T ∈ T̂. Hence
the penalty term must only be considered on the last edge to the target node to compute the reduced
cost ĉ(P) of pathP. This will not ruin the non-decreasing structure of the costfunctions, however,
further labels can be eliminated by exploiting the structure of (12).

For a labelL let

TT(L) =

(

∑
i∈V(L)∩T

wi

)

mod 1

be the number of weighted visits made toT since the last penalty was paid for visitingT a whole
number of times. RecallE (L) as the set of feasible extensions from the labelL to the target nodeo′

and note that when the set of labelsL i dominates labelL j , their common extensions areE (L j) due
to (6). The following cost dominance criteria is obtained for a comparison of two labels and a single
Weighted Subset Penalty:

Proposition 9. If T (Li)≤ T (L j) andĉ(Li)≤ ĉ(L j), then label Li dominates label Lj on cost.
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Proof. Consider any common extensionε∈ E (L j). The comparison of the number of future penalties
for the two labels is:

⌊

∑
i∈ε∩T

wi + T (Li)

⌋

≤

⌊

∑
i∈ε∩T

wi + T (L j)

⌋

sinceT (Li)≤ T (L j). HenceL j will always pay at least the same penalties asLi using their common
extensions and the current cost ˆc(Li) of Li can be used during dominance.

Proposition 10. If T (Li) > T (L j) andĉ(Li)+ σT ≤ ĉ(L j), then label Li dominates label Lj on cost.

Proof. Consider any common extensionε∈ E (L j). The comparison of the number of future penalties
for the two labels are:

⌊

∑
i∈ε∩T

wi + T (Li)

⌋

≥

⌊

∑
i∈ε∩T

wi + T (L j)

⌋

since 0≤ T (L j) < T (Li) < 1. Applying an additional penalty toLi gives:

1+

⌊

∑
i∈ε∩T

wi + T (Li)

⌋

≤

⌊

∑
i∈ε∩T

wi + T (L j)

⌋

Adding one additional penaltyσT to the cost ofLi during dominance ensures thatL j always pays at
least the same penalties asLi using their common extensions.

Observe that, ifT (Li)+ ∑i∈ε∩T wi < 1 for all ε ∈ E (L j), it is not possible to visitT enough to
trigger a penalty, i.e., the temporary penalty to the cost ofLi can be disregarded.

The new dominance criteria is as follows:

Proposition 11. Let Q= {q : Tq(Li) > Tq(L j)}. Then labelsL i dominates label Lj if:

v̄(Li) = v̄(L j) ∀Li ∈ L i (13)

c(Li)− ∑
q∈Q

σq≤ c(L j) ∀Li ∈ L i (14)

r(Li)≤ r(L j) ∀r ∈R\{c}, ∀Li ∈ L i (15)

E (L j)⊆
[

Li∈L i

E (Li) (16)

Proof. The validity of (14) follows directly from Propositions 9 and 10. The validity of (13), (15) and
(16) is equivalent to the proof of Proposition 7.
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4 Bidirectional Search

The concept of bidirectionality is to look for the shortest path from nodeo to nodeo′ by finding
paths fromo to ‘the middle’ and ‘reverse paths’ fromo′ to ‘the middle’. The paths meeting in ‘the
middle’ is then spliced together, and thereby a shortest path is obtained. ‘The middle’ is defined by
the consumption of a monotone resourcermono, i.e. crmono is either non-negative or non-positive with
only non-zero cycles.

The reason for doing this for ESPPRC is to halve the exponential factor in the worst case number
of labels, e.g.O(V!2V) can be reduced toO(V

2 !2V/2) by selectingrmono as the number of visited
nodes. Fork-cyc-SPPRC and pure SPPRC the theoretical worst case numberof labels is not affected
but a better practical running time is hoped for. For PESPPRCthe running time is dependent on the
number of nodes inSand will be somewhere in between the running time for SPPRC and ESPPRC.

The bidirectional algorithm consist of the following threeparts:

• Finding the shortestforward path froms to t the same time as finding the shortestbackward
‘reverse path’ fromt to s.

• Combine a forward labelL f and backward labelLb with v̄(L f )= v̄(Lb) to obtain a pathP(L f ,Lb).

• Stop at the ‘middle’, e.g. stop when the consumption of resource rmono in a label reaches
xstop= ⌈maxv∈V(brmono(v))/2⌉.

Forward and Backward Paths

The algorithm from Section 2 and Section 3 can be reversed by starting with a labelLb in nodet with
the consumption of each resource set to the upper boundr(L) = br(t) for all r ∈ R. Then go towards
nodes and treat extensions and dominance equivalently – this of cause is only possible if there exist
an inverse of the extension function. The algorithm from Section 2 and Section 3 will be referred to
as theforward algorithmand the reversed counterpart will be referred to as thebackward algorithm.
Using equivalent argumentation as for the forward algorithm it is clear that the backward algorithm
also yields optimal solutions to the problems.

The bidirectional algorithm works by running a forward algorithm together with a backward algo-
rithm keeping two sets of labels: The forward labelsL f and the backward labelsL b. The following
pseudocode shows how the bidirectional algorithm works.
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BIDIRECTIONAL-LABEL-SETTING(G,s, t)

1 Ls← FIRST-LABEL-FORWARD(s)
2 Lt ← FIRST-LABEL-BACKWARD(t)
3 PQf .ENQUEUE(Ls)
4 PQb.ENQUEUE(Lt )
5 while PQf 6= /0 or PQb 6= /0
6 do if PQf .MIN ().VALUE () < xstop− PQb.MAX ().VALUE ()
7 then REMOVE-DOMINATED(PQf )
8 L← PQf .DEQUEUE()
9 else REMOVE-DOMINATED(PQb)

10 L← PQb.DEQUEUE()
11 for each nodev∈ EXTENDABLES(L)
12 do Lv← EXTEND-LABEL(L,v)
13 for each labelL ∈ SPLICEABLE(Lv)
14 do path← SPLICE(Lv,L)
15 STORE-SOLUTION(path,sol)
16 return sol

The functions in the pseudocode have knowledge about the direction (forward or backward) and be-
haves accordingly. Line 6 lets the two directions grow in parallel.

It is clear that the algorithm will find at least two optimal paths. One is found going forward and
one is found going backwards. These two paths may be identical.

Splicing the Paths

At any time during the execution of the algorithm above thereare two sets of labelsL f
v : L∈ L f ∧ v̄(L)=

v andL b
v : L ∈ L b ∧ v̄(L) = v belonging to each nodev∈V. Consider a labelL f ∈ L

f
v and a label

Lb ∈ L
b
v . If the sub-pathLb is in the extensionLb ∈ E (L f ) of L f , the two labels can be combined to

form a feasible solutionP, this is denotedsplicing. Since a path may use several nodes, a given path
P may be the product of several different splicings, e.g. one for each of the|P| nodes inP.

For obvious reasons it is desirable only to get unique paths,so when searching for a pathP two
labelsL f ∈ L

f
v andLb ∈ L

b
v in P is only spliced when at an unique nodev∈V(P). One way to find

this unique nodev to splice at was proposed by Righini and Salani (2004) and is defined as the node
v∈V(P) whereL f andLb are as close as possible to having the same consumption ofrmono, a tie is
broken arbitrarily, e.g.L f takes priority.

Following we propose another way to find the unique nodev. If more than half the upper limit

xstop=

⌈

maxv∈V(brmono(v))
2

⌉

of resourcermono is consumed on pathP, one edge(i, j) ∈ E(P) either crossesxstop or ends atxstop,
choosing nodej as the splicing point forP will be unique. If the consumption ofrmono(P) ≤ xstop

choosing the first (or the last) node ofP as splicing point will be unique.

Stop at the Middle

It is clear that at least one sub-path from the forward algorithm or one sub-path from the backward
algorithm has to contain the edge(i, j) ∈ E(P) that crosses the middle if it is crossed, and at least one
of them has to contain the first (or last) edge.
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From the description of splicing nodes above, it is clear that there is no reason, for the algorithm
without the responsibility, to extend a label if a consumption of more thanxstop will be obtained. For
the algorithm with the responsibility, there is no reason toextend a label further when a consumption
of xstop is obtained. Therefore both algorithms can be stopped early, and the optimal pathP is found.

Proposition 12. The bidirectional algorithm returns an optimal solution for any value of xstop.

Proof. Without loss of generality assume that the forward algorithm crossesxstop if rmono(P) > xstop,
the last node is chosen for splicing ifrmono(P)≤ xstop, and the optimal pathP is unique. LetP= v1→
. . .→ vn, let Li

f : v̄(Li
f ) = vi , ∀vi ∈V(P) be the labels representingP for the forward algorithm, and

let Li
b : v̄(Li

b) = vi , ∀vi ∈V(P) be the labels representingP for the backward algorithm.
The proof is by contradiction. Assume that the optimal pathP is not found. This can only happen

in three cases:

1) For some nodev∈V(P) neitherLv
f nor Lv

b is created.

2) For some nodev∈V(P) neitherLv
f nor Lv

b exist after domination.

3) There is no nodev∈V(P) where bothLv
f andLv

b exist after domination.

It will now be show that none of the three cases can happen.

Since both the forward and the backward algorithm findP, for ‘Case 1’ to happen, the stopping
criteria must have stopped both of them before nodev was reached. This means thatrmono(Lv

f ) >
xstop> rmono(Lv

b)⇒ Lv
f /∈ E(Lv

b) which contradict thatP is feasible.

For ‘Case 2’ to happen at least one ofLv
f andLv

b must have been deleted during domination, which
is in contradiction with Definition 5 or thatP is unique and optimal.

‘Case 3’ can be divided into two case: one wherermono(P)≤ xstop and another wherermono(P) >
xstop.

If rmono(P) ≤ xstop, then the splicing must be done atvn. Ln
b clearly exist, soLn

f must be absent.

This can only happen whenrmono(L
n−1
f ) > xstop which contradict thatrmono(P)≤ xstop.

If rmono(P) > xstop, then there must be a nodevi ∈ V(P) whereLi
b cannot be extended more

due tormono(Li
b)− rmono(e(vi−1,vi)) = rmono(L

i−1
b ) < xstop. SinceLi

f does not exists,rmono(L
i−1
f ) >

xstop. This means thatrmono(L
i−1
f ) > xstop> rmono(L

i−1
b )⇒ Li−1

f /∈ E(Li−1
b ) which contradicts thatP is

feasible.

Since any value ofxstop yields an optimal solution,xstop can be adjusted to balance the amount of
labels created by the forward and the backward algorithms respectfully. As long asxstop≤min(PQb)
the value ofxstop can be raised.

5 Computational Results

The results in Table 1 were obtained by running the bi-directional algorithm withk = 3 in conjunction
with CVPR in a branch-and-cut-and-price framwork.

Labels Time (s)

Instance Mono Bi Mono Bi Cliques
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A-n44-k6 2677 2370 0.32 0.23 0
A-n44-k6 8558 5868 3.01 1.53 14
A-n45-k7 4540 3928 0.70 0.50 0
A-n45-k7 12290 8441 4.61 2.48 16
A-n53-k7 5576 5330 1.18 0.80 0
A-n53-k7 17020 12897 12.69 5.61 17
B-n45-k6 14344 12853 5.57 3.26 0
B-n45-k6 54738 33469 126.98 32.70 32
P-n55-k15 6653 6875 1.12 0.94 0
P-n55-k15 9839 9576 3.31 2.50 13
P-n60-k10 4149 3367 0.58 0.37 0
P-n60-k10 18303 8985 5.43 1.81 34

Table 1:k-cyc-SPPRC with k=3

In Table 2 is shown the results obtained by running the bi-directional algorithm with elementarity
in conjunction with VPRTW in a branch-and-cut-and-price framwork.

Labels Time (s)

Instance Mono Bi Mono Bi Cliques

r206-i1 10196 7642 0.37 0.76 0
r206-i2 9005 7165 0.30 0.65 0
r206-i3 8809 6904 0.31 0.58 0
r206-i4 20811 12854 1.34 1.87 14
r206-i5 27491 13833 2.28 2.63 14
r206-i6 77546 41435 17.39 12.68 42
r206-i7 243204 96942 304.67 65.87 64
r206-i8 159785 69437 109.27 38.31 66
r206-i9 149572 66405 92.91 36.65 60
r206-i10 152166 66873 100.10 37.57 63
r206-i11 150864 66904 96.63 37.56 63
r206-i12 169239 71288 130.43 45.17 74

c203-i1 159655 57619 107.22 10.27 0
c203-i2 220308 63737 222.76 12.50 0
c203-i3 119710 40551 31.73 6.82 0
c203-i4 81265 29904 16.23 3.37 0
c203-i5 150753 45410 77.20 6.40 0
c203-i6 69351 27717 6.71 2.51 0
c203-i7 71317 27863 7.51 2.38 0

Table 2: ESPPRC
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References Petersen

6 Concluding Remarks

Handling Subset Penalty Constraints does not come for free,but in hard problems they are worth the
effort.

Bi-directional algorithm improves the running time of the pricing problem in most instances es-
pecially the difficult.
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