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Introduction

Shortest path problem with resource constrains:

e Weighted directed grapB(V,E)
e NodesV, edge<£ and resourceR
e For each edge € E and resource € R
— Lower limit a;(e)
— Upper limitb; (e)
— Consumptiorc; (e)
e Pathp satisfies the limits for all resources R.
e ODbjective: Find shortest paghfromscV tot €V

Note: Upper and lower limits and consumptions on the nodes
can be “pushed” onto the edges
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Mathematical model of ESPPRC

Only one resource considered (e.g. time)
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Various relaxations

Difficult: Negative cost cycles may appear. Hard to find ele-
mentary paths

Make the shortest path problem easier to solve (in e.g. VRP
context)

¢ Allow nodes to be visited multiple times
e Not all routes are feasible due to cycling

— Cannot be part of an optimal solution
—Handled in the master problem

The relaxation can be done in several grades:

e Disallow all cycles (elementary)

OVANS IRl AN G

e Allow all cycles
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Various relaxations (continued)

¢ Disallow small cycles, i.e. smaller th&edges

o— L) () @

¢ Disallow certain customers on all cycles

¢ Disallow all small cycles and certain customers on all cy-
cles
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Various relaxations (continued)

Disallowing small cyclesqize< k), k-cyc-SPPRC by Irnich
and Villeneuve (2006)

Disallow certain customers on all cycles, say allS V
Partial ESPPRC, suggested by Dumitrescu and Boland (2005)

Disallowing all cycles$=V) ESPPRC, Beasley and Christofides
(1989), Chabrier (2005), Danna and Pape (2005), Dumitrescu
(2002), Feillet et al. (2004)

Combiningk-cyc-SPPRC and Partial ESPPRC is new
Nodes inSmodeled as resources (node resources)
k-cyc-SPPRC taken care of explicitly (Hole Sets)

Note: if for u,v € V no feasible patl’ with ue Pandve P
can exist them andv can share resource bit
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Label setting
Concepts of label setting

e Find shortest path from nodgo nodet
e GraphG(V, E) may contain cycles of negative cost
e Create all possible paths

e Equivalent to dynamic programming with sparse repre-
sentation

Labels at node represent partial paths frogto v.

Attributes for a labelL.:

V(L) The nodeL belongs to
p(L)

r(L) The accumulated consumption of resoureeR

T(L) Ordered set of lasgt— 1 visited nodesk-cyc-SPPRC)

The parent oL (the label extended to make
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Label setting (continued)

Assumptions:

Vr € Rstrongly bounded from above
Vr € Rweakly bounded from below (wait for lower bound)

Extension functiort is non-decreasing, i.e.,
x<y=c(x) <cly) WXy

At least one resourag, has a monotone cost function

l.e. L, extended by edge= (u,v) to becomd., must satisfy
r(Ly) < bx(e), vwreR (9

r(Ly) =max{r(L,)+c(e),a(e)}, Vre R (10)
V& W, vwe m(L,) (11)
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Label setting (continued)

Find shortest path by complete enumeration (alternativgly
filling a dynamic programming table)

1 Make the first label

2 Find untreated labels with smallest accumulated consump-
tion of r, and extend it to make new labels

3 If more untreated labels exist go to step 2 else stop

ENUM-LABEL-SETTING(G, S,1)

1 Lint «— FIRST-LABEL(S)

2 PQ.ENQUEUHLnit)

3 while PQ#£0

do L «+— PQ.DEQUEUK)

for each noder € EXTENDABLES(L)
do L, «+ EXTEND-LABEL(L,V)
if v(L,) =t
then STORE-SOLUTION(L,, sol)

if v(L,) #t

10 then PQ.ENQUEUE(L,)

11 return sol

O© oo ~NO 01 b~

Procedure Extend-Labél, v) creates new label, with
V(Lv) =v,p(Ly) = Lir(Ly) =r(L) + ¢ (v(L),v) VreR
andri(L,) updated according to

Extendables returns the nodes that can be extended to
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Label setting (example)
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Graph of an instance of the shortest path problem
with a time constraint. T he path has to consume
less than 20 units of time. Notation on the graph

(cost, time).
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Domination

Exponential number of labels

All labels not necessarily in optimal solution, so some may
not be necessary to consider

Reduce running time by fathoming labels not leading to uaiqu
optimal solution

Definition 1. The set of all feasible paths from labkelto
nodeu considering the resource consumption of labe$
defined asr (L,u)

Definition 2. The set of all feasible paths from labkelto
nodeu considering the cycle restrictions-€ycle elimination
and the partial elementarity) is defined tofe., u)

Definition 3. All feasible extensions of lab&l is defined as:
£(L) =7 (LH)Ns(LY)
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Domination (continued)

Definition 4. A set of labelsz; dominates labdl; if:

\_/(Li) = \_/(Lj) VL € ;i (12)

(_Z(Li) < C(Lj) VL € ;i (13)

z(Lj) < (J £(L) (14)
LieL;

Vee £(Lj) 3dLiesi:eex(Li)Ac(Li) <c(Lj)

In other words; IfL; is dominated then it is not part of an
unique optimal solution

Let #(L) = P(L)Ue: Ve € £(L) be the set of paths that
Includes labelL

Proposition 5.For any path pc 2 (L) if £ <4omL then there
exist an alternative path’pvhere ¢p’) < c(p)

Proof. By Definition 4 there existg’ such that:

£(L) C (L")
Thus for anye € E(L) there exists some labk] € L’ where
e € £(L;). For any pathp € (L) wherep=P(L)Uc¢ it
follows that there exist somp’' = P(Lj)Ue:Lje L' Ne €
£ (L;) and sincee(L;) < c(L) it follows thatc(p’) <c(p) [
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Domination (continued)

To determine if (14) holds can be cumbersome

Sufficient criteria for (14) that can be calculated faster is
sought

If r(Li) <r(L;) Vr € Rthen no resources are limiting exten-
sions ofL; compared td_;

Elementary SPPRC

Proposition 6 (Sufficient condition).For ESPPRC a label
Li dominates label Lif:
V(L) = V(L) (15)
r(Li) <r(L;) Vr e R (16)

Condition (14) is satisfied with (16) since elementary re-
guirement modeled with resources
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Domination (continued)

Feillet et al. (2004) suggested eager update of node res®urc
Instead of lazy, i.e. marking notes when not reachable in-
stead of visited

Definition 7. Given labelL with v(L) = u then nodev € V
IS unreachablaf v is visited byL or if a resource window is
violated, e.g.:

dr e R r(L) + 1y (u,v) > b (v)

wherel,(u,v) is a lower bound on the consumption of re-
sourcer on all feasible paths fromtov.
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Domination (continued)

Only brief description given fok-cyc-SPPRC

Cycles of constant sizZkecan be avoided without increasing
complexity of algorithm (no more than a constant factor)

NOTE: Constant factor is large and grows with:
e Running time:O(kki®)
e SpaceO(k!?)

Intuitively simple — algorithmically complicated

Li: w

— v = w — u/v — v
L2: & — 4 /v - w — u — v
Lﬁ_, . U = U — w = u — U
Lﬁ_, v — ufv — w — v — U
28 @ — & — w —» m —» @
Lg e — U — W  — U — u( >k )
LE! e — v —%: A —s U —
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Domination (continued)

Algorithm works by set operators on implicit set of exten-
sions:

N Intersection
C Subset of

Set of extensions of lab&l only consideringk-cyc-SPPRC
defined by (L)

Hole setdH (L) is the set complement (L)

Using De Morgans rule:

£(L)C |J E(L) < [ H(L) CH(L)

LieL LieL
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Domination (continued)

Combining k-cyc-SPPRC and Partial ESPPRC

Relaxed dominance criteria:

Proposition 8 (Sufficient condition).A set of labels; dom-
inates label I if:

\_/( ) — \_/(LJ) VL € z; (17)

r(L )gr( J) Vr e RVL; € £ (18)

Z(L)C | ZEWL) (19)
LicLi

and node resources are set according to Definition 7.

The C-operator and J-operator on ordered sets defined as
by Irnich and Villeneuve (Hole Sets)

Note: Ttonly defined orv ¢ Sto restrict solution space

Note: Condition (18) can be tightened by being lazy with
r(Lj) and eager with(L;)

Note: If kK < 1 Condition (19) is automatically fulfilled, so
Li| =1
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Subset penalty

Introduced by (Jepsen et. al 2006)
GivenT CV,|T|=n,0<k<nandoc >0

A penaltyo must be payed for eadhvisits to the nodes In
T.

Apology: k here is unrelated to thein k-cyc-SPPRC

Let E(L) be the edges and(L) the nodes visited on the
partial path of labeL. Cost ofL.:

c(L) = Z ce+o{

T ﬂV(L)IJ
ecE(L)

K

Previous dominance criteria of Proposition 8 invalidaieds
penalty depending on both visited and unvisited nodes

l.e. if labelL; dominates label; regarding Proposition 8
thenc(L;) < ¢(L;) could be true later due to penalties payed
by L; but not byL;
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Subset penalty (continued)

It suffices to consider if labdl; is closer to paying a penalty
than labelL;

Let7 (L)=|TNV(L)| modk be the number of visits made
to T since the last penalty was payed

Cost dominance criteria for a single subset penalty:
Proposition 9.1f 7 (L;) <7 (L;) label L may dominate label
L; disregarding any additional penalties.

since:

REECIELCI PR ESO P

Proposition 10.1f 7 (L;) > 7 (L) label L may dominate la-
bel L if a temporary penalty is added to the cost of L

since: 0< 7 (Lj) < 7(Li) < k—1 applying an additional
penalty tolL; gives:

ot VTHE(L])‘JFT(LOJ o< VTﬂf(Lj)\JrT(Lj)J s

K K

Note: if 7 (L) + |TNZ(L;)| < kit is not possible for to
visit T enough times to trigger penalty
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Subset penalty (continued)
Example:

T={i,j,h},n=3, k=2, 0=2
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Subset penalty (continued)

The new dominance criteria is as follows:

Proposition 11 (Sufficient condition).Let Q be the set of
all subset penalties where

o>0AT(Li)>T(Lj)

A set of Iabelsai dominates label |if:

v( (LJ) VL€ ;j (20)

Z} § VLie i (21)

r(L) <r(L ) Vr e R\{T},VLie ; (22)

(L)< | (L) (23)
LieL;

and node resources are set according to Definition 7.
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Bi-directionality

Problem: Find the shortest path from n&le nodet

Using ideas from Dijkstra’s shortest path algorithm (Rrghi
and Salani 2004)

The running time is dependent on the ‘length of the path’, i.e
a function of the area of the biggest cycle in the figure

/////
/////

,,,,,,,

1

\
\\\\\\\\\\\\\\\\
/////
/////

Speed up algorithm by making it bi-directional
e Start two paths. One going froetowardst and another
going in the opposite direction from
e Splice the paths at ‘the middle’
e Not used withk-cyc-SPPRC before
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Bi-directionality (continued)

The running time is now a function of the areas of the two
biggest cycles
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The function can be polynomial or exponential depending
on the grade of relaxation

time 1/2
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Bi-directionality (continued)

Concepts

Motivation:

e Number of labels dependent on length of path
¢ Half the length of sub-paths

The bi-directional algorithm consist of the following tlere
parts:

e Finding the shortest forward path frosto t the same
time as finding the shortest backward ‘reverse path’ from
ttos

e Combine a forward labdls and backward labdl, with
v(L¢) = v(Lp) to obtain a pathP(L¢, L)

e Stop at the ‘middle’, e.g., stop when the consumption of
resourcen, in a label reachessop= | by, (t)/2]

If lack of monotone resourag, can be the number of visited
nodes
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Bi-directionality (continued)

Start one forward labéls (directions~-t) in nodesand one
backward label, (directiont ~ s) in nodet

First forward label is initialized as in monodirectionagjai
rithm to lower bound of nods, i.e.,r(L;) = a(s),Vr € R

First backward label is initialized to upper bound of resmgr
In nodet, i.e.,r(Lp) = by (t),vr e R

Update backward-nodes reverse of forward-nodes
Let L} andL represent some later extension,gfandL

Stop extending labels when ‘the middle’ reached e.g. when
r(Ly) <b(t)/2 orr(L%) > b(t)/2 for some monotone re-
sourcem € R
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Bi-directionality (continued)

Splice forward label} and backward labdl; somewhere
unigue when:

V(L) = V(L) (24)
b € E(LF) (25)

Somewhere unique could be whef at ‘the middle’ or at
nodes

L, € £(L%) is equivalent to

r(Ly) <r(Lp) vr € R (26)
£i(L) # £ (L) Vit j <k (27)
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Bi-directionality (continued)

Pseudocode

BIDIRECTIONAL-LABEL-SETTING(G, s,t)

OO ~NOOOULEA, WDN B

el ol
g wWNRERO

16 return

Lt «— FIRST-LABEL-FORWARD(S)
Ly «— FIRST-LABEL-BACKWARD (1)
PQ;:.ENQUEUE(L¢)
PQy.ENQUEUELy)
while PQs # 0 or PQ, # 0
do if PQf.MIN().VALUE () < Xstop— PQp.MAX ().VALUE ()

then REMOVE-DOMINATED (PQ)
L +— PQ¢.DEQUEUK)
else REMOVE-DOMINATED(PQy)
L +— PQy,.DEQUEUK)
for each node € EXTENDABLES(L)
do L, < EXTEND-LABEL(L,V)
for each label € SPLICEABLE(L,)
do path« SpLIcE(L,,L)
STORE-SOLUTION(path sol)
sol

Bjarn Petersen

28



Bi-directionality (continued)

Two separate queues. One for forward labels and one for
backward labels

Forward extends labels to the ‘middle’ or directly across
Backward extends labels to the ‘middle’ but no further

Extendables(L) secures that labels that have reached tde ‘m
dle’ are not extended further

Procedure Extend-Labglyarg(L,V) creates a new labél,
from L where

o V(L) =V,
e p(Ly) =L,
oer(Ly) =r(L)+c(v(L),v) VreR

Procedure Extend-LahglwardL,V) Creates a new labél,
from L where

o V(L) =V,

e p(Ly) =L,
oer(Ly)=r(L)—c(vv(L)) VreR
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Bi-directionality (continued)

The procedure Store-Solutigfyard(L, Sol) checkd. against
all backward labelg; with v(L;) = v(L). If L; € £ (L) the two
labels combined is a feasible path

The procedure Store-Soluti@uward L, SOl) checkd. against
all forward labeld_; with v(L;) = v(L). If L € £ (L;) the two
labels combined is a feasible path

Li € £(L;) whenr(L;) <r(L;) : Vr € Rand the sets of re-
cently visited nodest(L;) andm(L;) fit each other
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Bi-directionality (continued)
Unique splicing
A pathp=v; — ... — V,can potentially be spliced at several
nodesv;: 1<i<n
It is desirable to find each path only once

Any way of choosing the node uniquely will do

If more thanxso, Of resourcery, is consumed on patip
(rm(p) > Xstop)» ONe edgee(i, j) € p either crosseSs;op OF
ends asop Choosing nodg will be unique forp

If rm(P) < Xstop ChoOsINg the first (or last) node pfwill be
unique

Bjarn Petersen 31



Bi-directionality (continued)

Proof of correctness

WIlog let pathP = v, — ... — v, be optimal and unique

For allv; € P:

1) label atv; on P for forward algorithm
L}) label atv; on P for backward algorithm

Proof by contradiction. Assume thRtis not found. This
can only happen in three cases:
1) For some node € V (P) neitherL¥ norLy is created.

2) For some nodec V (P) neitherLY norL| exist after dom-
Ination.

3) There is no node € V(P) where bothLY and L} exist
after domination.

It will now be show that none of the three cases can happen
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Bi-directionality (continued)

Case 1. Both forward and backward algorithm firfé] so
stopping criteria must have stopped both of them before node
v was reached:

Fmond L) > Xstop> rmond Lp) = L € E(Lp)
which contradict thaP is feasible

Case 2:At least one oL} andL} must have been removed
during domination, which is in contradiction with Definitio
4 or thatP is unique and optimal

Case 3:Divides into two case: one whergondP) < Xstop
and another whemnond P) > Xstop

1) If rmond P) < Xstop then the splicing must be donevat Li
clearly exist, sd_} must be absent. This can only happen

whenr mond LT 1) > XstopWhich contradict thatyend P) <

Xstop

2) If rmond P) > Xstop then there must be a nodec V (P)
where L] cannot be extended more due rigond L) —
Fmond €Vi—1,Vi)) = Fmond Lb 1) < Xstop Sincel’ does not
exists,Imond Ly 1) > Xstop This means thatyend L' ) >
Xstop > Mmond Ly, +) = Lt ¢ E(Ly ™) which contradicts
thatP is feasible
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Test Data

Different relaxations

S={vieV |i mod2# 0}

RC206.100-1t125

SPPRC type t(mono) t(bi) value revisits
SPPRC 14 14 -4519.5 45
2—cyc-SPPRC 28 17 -1624.5 30
3—yc-SPPRC 64 30 -797.5 16
4—cyc-SPPRC 410 152 -507.5 11
5-cyc-SPPRC 0586 3434 -269.0 8

3—cyc-SPPRC & S 154 90 -228.5 9
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Test Data (continued)

Bi-directional
Instance T';-.-“DE‘ L Mono L Bi T Mono T BI
r206-11 ESPPRC 77546 41435 17.39 12.68
r206-12 ESPPRC 243204 96942 304.67 65 .87
r206-13 ESPPRC 159785 69437 109.27 38.31
r206-14 EsSPPRC 149572 66405 892.91 36.65
r206-15 EsSPPRC 152166 66873 100.10 3757
r206-16 EsSPPRC 150864 66904 96.63 37.56
r206-17 EsSPPRC 169239 T1288 130.43 4517
c203-11 ESPPRC 159655 57619 107.22 10.27
c203-12 ESPPRC 220308 63737 222.76 12.50
c203-13 ESPPRC 119710 40551 31.73 6.82
c203-14 ESPPRC 81265 29904 16.23 3.37
c203-15 ESPPRC 150753 45410 T7.20 6.40
c203-16 ESPPRC 69351 27717 6.71 2.51
c203-17 EsSPPRC T1317 27863 7.51 2.38
A-nd4-k6-i39 k=2 4259 3008 0.80 0.56
A-nd4-k6-i63 k=3 8558 HE68 3.01 1.53
A-ndb-k7-i65 k=2 13287 T427 4.08 1.91
A-n45-k7-iEbE E=3 12290 2441 4.61 2.48
A-n53-k7-1i87 E=2 11141 7447 3.93 2.02
A-n53-k7-1107 E=3 17020 12897 12.69 5.61
T B-nd5-k6-i72 k=2 43341 10141 19.85 10 .29
BE-n4b-k&6-i89 E=3 54738 33469 126.98 32.70
P-n5b-ki15-i29 E=2 7843 7713 2.01 1.64
P-n5b-ki15-i32 E=3 9839 ahTo 3.31 2.50
P-n60-ki0-145 E=2 5995 3879 1.09 0.6e7
P-n60-ki0-153 E=3 18303 20985 5.43 1.81
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Assignments

Ex1) Find another criteria for identifying a unique nodepbce
at

Ex2) Referee the article
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