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Introduction

Shortest path problem with resource constrains:

•Weighted directed graphG(V,E)

• NodesV, edgesE and resourcesR

• For each edgee∈ E and resourcer ∈ R

– Lower limit ar(e)

– Upper limitbr(e)

– Consumptioncr(e)

• Pathp satisfies the limits for all resourcesr ∈ R.

• Objective: Find shortest pathp from s∈V to t ∈V

Note: Upper and lower limits and consumptions on the nodes
can be “pushed” onto the edges
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Mathematical model of ESPPRC

Only one resource considered (e.g. time)

min ∑
(i, j)∈E

ci j xi j (1)

s.t. ∑
(s,i)∈δ+(s)

xsi = 1 (2)

∑
(i,t)∈δ−(t)

xit = 1 (3)

∑
(i, j)∈δ+(i)

xi j ≤ 1 ∀i ∈V \{s, t} (4)

∑
( j,i)∈δ−(i)

xji = ∑
(i, j)∈δ+(i)

xi j ∀i ∈V \{s, t} (5)

∑
( j,i)∈δ−(i)

(Tji + τ jixji)≤ ∑
(i, j)∈δ+(i)

Ti j ∀i ∈V \{s, t} (6)

ai jxi j ≤ Ti j ≤ bi j xi j ∀(i, j) ∈ E (7)
xi j ∈ {0,1} ∀(i, j) ∈ E (8)

Cost of resourcec(e(i, j)) = τi j
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Various relaxations

Difficult: Negative cost cycles may appear. Hard to find ele-
mentary paths

Make the shortest path problem easier to solve (in e.g. VRP
context)

• Allow nodes to be visited multiple times

• Not all routes are feasible due to cycling

– Cannot be part of an optimal solution

– Handled in the master problem

The relaxation can be done in several grades:

• Disallow all cycles (elementary)

ts

• Allow all cycles

ts
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Various relaxations (continued)

• Disallow small cycles, i.e. smaller thank edges

ts

• Disallow certain customers on all cycles

ts

• Disallow all small cycles and certain customers on all cy-
cles

ts
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Various relaxations (continued)

Disallowing small cycles (size≤ k), k-cyc-SPPRC by Irnich
and Villeneuve (2006)

Disallow certain customers on all cycles, say all inS⊆ V
Partial ESPPRC, suggested by Dumitrescu and Boland (2005)

Disallowing all cycles (S=V) ESPPRC, Beasley and Christofides
(1989), Chabrier (2005), Danna and Pape (2005), Dumitrescu
(2002), Feillet et al. (2004)

Combiningk-cyc-SPPRC and Partial ESPPRC is new

Nodes inSmodeled as resources (node resources)

k-cyc-SPPRC taken care of explicitly (Hole Sets)

Note: if for u,v∈V no feasible pathP with u∈ P andv∈ P
can exist thenu andv can share resource bit
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Label setting

Concepts of label setting

• Find shortest path from nodes to nodet

• GraphG(V,E) may contain cycles of negative cost

• Create all possible paths

• Equivalent to dynamic programming with sparse repre-
sentation

Labels at nodev represent partial paths froms to v.

Attributes for a labelL:

v(L) The nodeL belongs to

p(L) The parent ofL (the label extended to makeL)

r(L) The accumulated consumption of resourcer ∈ R

π(L) Ordered set of lastk−1 visited nodes (k-cyc-SPPRC)
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Label setting (continued)

Assumptions:

∀r ∈ Rstrongly bounded from above

∀r ∈Rweakly bounded from below (wait for lower bound)

Extension functionc is non-decreasing, i.e.,
x≤ y⇒ c(x)≤ c(y) ∀x,y

At least one resourcerm has a monotone cost function

I.e. Lu extended by edgee= (u,v) to becomeLv must satisfy

r(Lu)≤ br(e), ∀r ∈ R (9)
r(Lv) = max{r(Lu)+cr(e),ar(e)}, ∀r ∈ R (10)
v 6∈ w, ∀w∈ π(Lu) (11)
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Label setting (continued)

Find shortest path by complete enumeration (alternativelyby
filling a dynamic programming table)

1 Make the first label

2 Find untreated labels with smallest accumulated consump-
tion of rm and extend it to make new labels

3 If more untreated labels exist go to step 2 else stop

ENUM-LABEL-SETTING(G,s, t)

1 Linit ← FIRST-LABEL(s)
2 PQ.ENQUEUE(Linit )
3 while PQ 6= /0
4 do L← PQ.DEQUEUE()
5 for each nodev∈ EXTENDABLES(L)
6 do Lv← EXTEND-LABEL(L,v)
7 if v(Lv) = t
8 then STORE-SOLUTION(Lv,sol)
9 if v(Lv) 6= t

10 then PQ.ENQUEUE(Lv)
11 return sol

Procedure Extend-Label(L,v) creates new labelLv with
v(Lv) = v, p(Lv) = L, r(Lv) = r(L)+cr(v(L),v) ∀r ∈ R
andπ(Lv) updated according tok

Extendables returns the nodes that can be extended to
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Label setting (example)

Bjørn Petersen 11



Domination

Exponential number of labels

All labels not necessarily in optimal solution, so some may
not be necessary to consider

Reduce running time by fathoming labels not leading to unique
optimal solution

Definition 1. The set of all feasible paths from labelL to
nodeu considering the resource consumption of labelL is
defined asF (L,u)

Definition 2. The set of all feasible paths from labelL to
nodeuconsidering the cycle restrictions (k-cycle elimination
and the partial elementarity) is defined to beS (L,u)

Definition 3. All feasible extensions of labelL is defined as:

E (L) = F (L, t)∩ S (L, t)
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Domination (continued)

Definition 4. A set of labelsL i dominates labelL j if:

v(Li) = v(L j) ∀Li ∈ L i (12)
c(Li)≤ c(L j) ∀Li ∈ L i (13)

E (L j)⊆
[

Li∈L i

E (Li) (14)

∀ε ∈ E (L j) ∃Li ∈ L i : ε ∈ E (Li)∧c(Li)≤ c(L j)

In other words; ifL j is dominated then it is not part of an
unique optimal solution

Let P (L) = P(L)∪ ε : ∀ε ∈ E (L) be the set of paths that
includes labelL

Proposition 5.For any path p∈ P (L) if L ≺domL then there
exist an alternative path p′ where c(p′)≤ c(p)

Proof.By Definition 4 there existsL ′ such that:

E (L)⊆ E (L ′)

Thus for anyε ∈ E(L) there exists some labelLi ∈ L
′ where

ε ∈ E (Li). For any pathp ∈ P (L) where p = P(L)∪ ε it
follows that there exist somep′ = P(Li)∪ ε : Li ∈ L

′∧ ε ∈
E (Li) and sincec(Li)≤ c(L) it follows thatc(p′)≤ c(p)
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Domination (continued)

To determine if (14) holds can be cumbersome

Sufficient criteria for (14) that can be calculated faster is
sought

If r(Li)≤ r(L j) ∀r ∈R then no resources are limiting exten-
sions ofLi compared toL j

Elementary SPPRC

Proposition 6 (Sufficient condition).For ESPPRC a label
Li dominates label Lj if:

v(Li) = v(L j) (15)
r(Li)≤ r(L j) ∀r ∈ R (16)

Condition (14) is satisfied with (16) since elementary re-
quirement modeled with resources
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Domination (continued)

Feillet et al. (2004) suggested eager update of node resources
instead of lazy, i.e. marking notes when not reachable in-
stead of visited

Definition 7. Given labelL with v(L) = u then nodev ∈ V
is unreachableif v is visited byL or if a resource window is
violated, e.g.:

∃r ∈ R r(L)+ lr(u,v) > br(v)

where lr(u,v) is a lower bound on the consumption of re-
sourcer on all feasible paths fromu to v.
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Domination (continued)

Only brief description given fork-cyc-SPPRC

Cycles of constant sizek can be avoided without increasing
complexity of algorithm (no more than a constant factor)

NOTE: Constant factor is large and grows with:

• Running time:O(kk!3)

• Space:O(k!2)

Intuitively simple – algorithmically complicated
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Domination (continued)

Algorithm works by set operators on implicit set of exten-
sions:

∩ Intersection

⊆ Subset of

Set of extensions of labelL only consideringk-cyc-SPPRC
defined byE (L)

Hole setsH(L) is the set complement toE (L)

Using De Morgans rule:

E (L)⊆
[

Li∈L

E (Li)⇔
\

Li∈L

H(L)⊆ H(Li)
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Domination (continued)

Combining k-cyc-SPPRC and Partial ESPPRC

Relaxed dominance criteria:

Proposition 8 (Sufficient condition).A set of labelsL i dom-
inates label Lj if:

v(Li) = v(L j) ∀Li ∈ L i (17)
r(Li)≤ r(L j) ∀r ∈ R,∀Li ∈ L i (18)

E (L j)⊆
[

Li∈L i

E (Li) (19)

and node resources are set according to Definition 7.

The⊆-operator and
S

-operator on ordered sets defined as
by Irnich and Villeneuve (Hole Sets)

Note: π only defined onv /∈ S to restrict solution space

Note: Condition (18) can be tightened by being lazy with
r(Li) and eager withr(L j)

Note: If k≤ 1 Condition (19) is automatically fulfilled, so
|L i|= 1
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Subset penalty

Introduced by (Jepsen et. al 2006)

GivenT ⊆V, |T|= n, 0< k≤ n andσ≥ 0

A penaltyσ must be payed for eachk visits to the nodes in
T.

Apology: k here is unrelated to thek in k-cyc-SPPRC

Let E(L) be the edges andV(L) the nodes visited on the
partial path of labelL. Cost ofL:

c(L) = ∑
e∈E(L)

ce+σ
⌊

|T ∩V(L)|

k

⌋

Previous dominance criteria of Proposition 8 invalidated since
penalty depending on both visited and unvisited nodes

I.e. if label Li dominates labelL j regarding Proposition 8
thenc(L j) < c(Li) could be true later due to penalties payed
by Li but not byL j
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Subset penalty (continued)

It suffices to consider if labelLi is closer to paying a penalty
than labelL j

Let T (L) = |T∩V(L)| modk be the number of visits made
to T since the last penalty was payed

Cost dominance criteria for a single subset penalty:

Proposition 9.If T (Li)≤ T (L j) label Li may dominate label
L j disregarding any additional penalties.

since:
⌊

|T ∩E (L j)|+T (Li)

k

⌋

σ≤
⌊

|T ∩E (L j)|+T (L j)

k

⌋

σ

Proposition 10.If T (Li) > T (L j) label Li may dominate la-
bel Lj if a temporary penaltyσ is added to the cost of Li.

since: 0≤ T (L j) < T (Li) ≤ k− 1 applying an additional
penalty toLi gives:

σ+

⌊

|T ∩E (L j)|+T (Li)

k

⌋

σ≤
⌊

|T ∩E (L j)|+T (L j)

k

⌋

σ

Note: if T (Li) + |T ∩E (L j)| < k it is not possible forε to
visit T enough times to trigger penalty
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Subset penalty (continued)

Example:

T = {i, j,h}, n = 3, k = 2, σ = 2

x x x x x

x

s i
j

h t

v

−1 −1 −1 −1

1 0

−1

L v(L) c(L) V(L) TS(L)
L1 j 0 {s, i, j} 0
L2 j −1 {s, j} 1
L3 j 1 {s,v, j} 1

Bjørn Petersen 21



Subset penalty (continued)

The new dominance criteria is as follows:

Proposition 11 (Sufficient condition).Let Q be the set of
all subset penalties where

σ > 0∧T (Li) > T (L j)

A set of labelsL i dominates label Lj if:

v(Li) = v(L j) ∀Li ∈ L i (20)

c(Li)+ ∑
q∈Q

σq≤ c(L j) ∀Li ∈ L i (21)

r(Li)≤ r(L j) ∀r ∈ R\{c},∀Li ∈ L i (22)

E (L j)⊆
[

Li∈L i

E (Li) (23)

and node resources are set according to Definition 7.
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Bi-directionality

Problem: Find the shortest path from nodes to nodet

Using ideas from Dijkstra’s shortest path algorithm (Righini
and Salani 2004)

The running time is dependent on the ‘length of the path’, i.e
a function of the area of the biggest cycle in the figure

s t

Speed up algorithm by making it bi-directional

• Start two paths. One going froms towardst and another
going in the opposite direction fromt

• Splice the paths at ‘the middle’

• Not used withk-cyc-SPPRC before
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Bi-directionality (continued)

The running time is now a function of the areas of the two
biggest cycles

s t

The function can be polynomial or exponential depending
on the grade of relaxation

time

ts

1/2
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Bi-directionality (continued)

Concepts

Motivation:

• Number of labels dependent on length of path

• Half the length of sub-paths

The bi-directional algorithm consist of the following three
parts:

• Finding the shortest forward path froms to t the same
time as finding the shortest backward ‘reverse path’ from
t to s

• Combine a forward labelL f and backward labelLb with
v(L f ) = v(Lb) to obtain a pathP(L f ,Lb)

• Stop at the ‘middle’, e.g., stop when the consumption of
resourcerm in a label reachesxstop= ⌈brm(t)/2⌉

If lack of monotone resourcerm can be the number of visited
nodes
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Bi-directionality (continued)

Start one forward labelL f (directions t) in nodesand one
backward labelLb (directiont s) in nodet

First forward label is initialized as in monodirectional algo-
rithm to lower bound of nodes, i.e.,r(L f ) = ar(s),∀r ∈ R

First backward label is initialized to upper bound of resources
in nodet, i.e.,r(Lb) = br(t),∀r ∈ R

Update backward-nodes reverse of forward-nodes

Let L′f andL′b represent some later extension ofL f andLb

Stop extending labels when ‘the middle’ reached e.g. when
r(L′b) ≤ br(t)/2 or r(L′f ) > br(t)/2 for some monotone re-
sourcerm∈ R

Bjørn Petersen 26



Bi-directionality (continued)

Splice forward labelL′f and backward labelL′b somewhere
unique when:

v(L′f ) = v(L′b) (24)

L′b ∈ E (L′f ) (25)

Somewhere unique could be whenL′b at ‘the middle’ or at
nodes

L′b ∈ E (L′f ) is equivalent to

r(L′f )≤ r(L′b) ∀r ∈ R (26)

E i(L
′
f ) 6= E j(L

′
b) ∀i + j < k (27)
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Bi-directionality (continued)

Pseudocode

BIDIRECTIONAL-LABEL-SETTING(G,s, t)

1 L f ← FIRST-LABEL-FORWARD(s)
2 Lb← FIRST-LABEL-BACKWARD(t)
3 PQf .ENQUEUE(L f )
4 PQb.ENQUEUE(Lb)
5 while PQf 6= /0 or PQb 6= /0
6 do if PQf .MIN ().VALUE () < xstop− PQb.MAX ().VALUE ()
7 then REMOVE-DOMINATED(PQf)
8 L← PQf .DEQUEUE()
9 else REMOVE-DOMINATED(PQb)

10 L← PQb.DEQUEUE()
11 for each nodev∈ EXTENDABLES(L)
12 do Lv← EXTEND-LABEL(L,v)
13 for each labelL ∈ SPLICEABLE(Lv)
14 do path← SPLICE(Lv,L)
15 STORE-SOLUTION(path,sol)
16 return sol
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Bi-directionality (continued)

Two separate queues. One for forward labels and one for
backward labels

Forward extends labels to the ‘middle’ or directly across

Backward extends labels to the ‘middle’ but no further

Extendables(L) secures that labels that have reached the ‘mid-
dle’ are not extended further

Procedure Extend-Labelf orward(L,v) creates a new labelLv

from L where

• v(Lv) = v,

• p(Lv) = L,

• r(Lv) = r(L)+cr(v̄(L),v) ∀r ∈ R

Procedure Extend-Labelbackward(L,v) creates a new labelLv

from L where

• v(Lv) = v,

• p(Lv) = L,

• r(Lv) = r(L)−cr(v, v̄(L)) ∀r ∈ R
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Bi-directionality (continued)

The procedure Store-Solutionf orward(L,sol) checksL against
all backward labelsLi with v(Li) = v(L). If Li ∈E (L) the two
labels combined is a feasible path

The procedure Store-Solutionbackward(L,sol) checksL against
all forward labelsLi with v(Li) = v(L). If L ∈ E (Li) the two
labels combined is a feasible path

Li ∈ E (L j) when r(L j) ≤ r(Li) : ∀r ∈ R and the sets of re-
cently visited nodesπ(Li) andπ(L j) fit each other
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Bi-directionality (continued)

Unique splicing

A pathp= v1→ . . .→ vn can potentially be spliced at several
nodesvi : 1≤ i ≤ n

It is desirable to find each path only once

Any way of choosing the node uniquely will do

If more thanxstop of resourcerm is consumed on pathp
(rm(p) ≥ xstop), one edgee(i, j) ∈ p either crossesxstop or
ends atxstop. Choosing nodej will be unique forp

If rm(p) < xstop choosing the first (or last) node ofp will be
unique
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Bi-directionality (continued)

Proof of correctness

Wlog let pathP = v1→ . . .→ vn be optimal and unique

For all vi ∈ P:

Li
f ) label atvi on P for forward algorithm

Li
b) label atvi on P for backward algorithm

Proof by contradiction. Assume thatP is not found. This
can only happen in three cases:

1) For some nodev∈V(P) neitherLv
f nor Lv

b is created.

2) For some nodev∈V(P) neitherLv
f norLv

b exist after dom-
ination.

3) There is no nodev ∈ V(P) where bothLv
f and Lv

b exist
after domination.

It will now be show that none of the three cases can happen
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Bi-directionality (continued)

Case 1: Both forward and backward algorithm findP, so
stopping criteria must have stopped both of them before node
v was reached:

rmono(L
v
f ) > xstop> rmono(L

v
b)⇒ Lv

f /∈ E(Lv
b)

which contradict thatP is feasible

Case 2:At least one ofLv
f andLv

b must have been removed
during domination, which is in contradiction with Definition
4 or thatP is unique and optimal

Case 3: Divides into two case: one wherermono(P) ≤ xstop

and another wherermono(P) > xstop.

1) If rmono(P)≤ xstop, then the splicing must be done atvn. Ln
b

clearly exist, soLn
f must be absent. This can only happen

whenrmono(L
n−1
f ) > xstopwhich contradict thatrmono(P)≤

xstop

2) If rmono(P) > xstop, then there must be a nodevi ∈ V(P)
where Li

b cannot be extended more due tormono(Li
b)−

rmono(e(vi−1,vi)) = rmono(L
i−1
b ) < xstop. SinceLi

f does not
exists,rmono(L

i−1
f ) > xstop. This means thatrmono(L

i−1
f ) >

xstop > rmono(L
i−1
b ) ⇒ Li−1

f /∈ E(Li−1
b ) which contradicts

thatP is feasible
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Test Data

Different relaxations

S= {vi ∈V | i mod 26= 0}

RC206.100-it125

SPPRC type t(mono) t(bi) value revisits

SPPRC 14 14 -4519.5 45
2–cyc–SPPRC 28 17 -1624.5 30
3–cyc–SPPRC 64 30 -797.5 16
4–cyc–SPPRC 410 152 -507.5 11
5–cyc–SPPRC 9586 3434 -269.0 8
3–cyc–SPPRC & S 154 90 -228.5 9
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Test Data (continued)

Bi-directional
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Assignments

Ex1) Find another criteria for identifying a unique node to splice
at

Ex2) Referee the article
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