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Integer programming

minimize cx

subjectto Ax="b
x>0
XeZ

Solved through branch-and-bound, using lower bounds
e LP-relaxation can be solved efficiently
o Natural way of formulating ILP models

Many problems cannot be formulated as linear models, or
the formulation is inefficient.

Interior point methods
Interior point methods can be extended to a number of
cones (self-dual homogeneous cones)

e R" (linear programming)

e vectorized symmetric matrices over real numbers
(semidefinite programming)

e vectorized Hermitian matrices over complex numbers
e vectorized Hermitian matrices over quaternions
e vectorized Hermitian 3 x 3 matrices over octonions

Grotschel, Lovasz and Schrijver [3]:
semidefinite programming solved in polynomial time

o semidefinite relaxations attractive tool
e Modeling part not well-developed

Concrete semidefinite optimizers: Sturm [6], Toh, Tutuncu
and Todd [7], Fujisawa, Kojima and Nakata [2].

Semidefinite programming, definitions

a1
e vector a = a' = (a,...,an)

an
e inner product between matrices A,B € R™"

<A,B> = iiéaijbij.

o vector product of two vectors a,b € R" is
n

aTb::J;ajb,-

albl e albn
ab’:=| ;
anbl et anbn
o diag(A) vector of diagonal elements of A € R™"
aip -+ Qin an
diag(A) :=diag | : Pl =1
anl e ann ann

e Diag(a) diagonal matrix of vector a € R"
a 0 --- 0
Diag(a) = Diag(ay,...,an) = O f"‘_z 0
00 0 a




Semidefinite programming

e Matrix A € R™" is positive semidefinite
vyeR":yTAy>0 1)

. &< A pos. semidef. and symmetric

11
A:<1 1)*0

obviously symmetric
moreover y" Ay > 0 since

11
YAy = (Y1 ¥2) 1 1)(52)

— Y1ty
= )yt

= (Y2 +Yy2) + (Yiy2 +Y3)
= (y1+Y2)?>0

Example

Example

aia; --- adidn
A=aa' = ; :
andi --- 8ndn
is positive semidefinite (and symmetric) since

yTAy=y"(aa")y = (y'a)(@'y) = (a'y)*>0

Example
aq 0 - 0
A =Diag(ay,...,an) = 0 _a.z 0
0 0 0 a,

is positive semidefinite ifand only ifa; > 0,i=1,...,n
to prove “if” note

n
y' Ay = ;y?ai >0
to prove “only if” choosey = (0,...,1,...,0)

Cone

The set of semidefinite matrices is a cone (see exercise)

Properties of semidefinite matrices

Observations from linear programming:
g --- A
A= : : =0
dn1 -+ dmn
All square submatrices are again positive semidefinite

Diagonal elements a;; > 0 (see exercise)

AL O - 0
0 A - :
AL=0A2 =0, A=0 & [ 5 72T Lm0
0 0 0 A

Characterisation of positive semiefinite matrices

Proposition 1 The following are equivalent

1 A € R™" s positive semidefinite

2 EigenvaluesAj >0fori=1,...,n

3 3C € R™"such that A= CTC and rank(C) = rank(A)
A € R™™: eigenvector v # 0, eigenvalue A

A = PAPT eigenvalue decomposition of A

Proof

e 1 =2 Letve R"be an eigenvector with |v| =1 cor-
responding to A. Since A is pos. semidef. vTAv > 0
and v (Av) =vIAV = ATy = Alv2 = A

e 2 = 3 Let A= PAPT eigenvalue decomp. of A

, (VR o
N2 =
0 VAn

C:=AZPT
CTC = (PA2)(AZPT) = PAPT = A
e 3= 1Show: Wy € R":yTAy >0
Giveny € R" letw =Cy
y'Ay=y'(CTC)y = (y'CT)(Cy) =w'w >0




Semidefinite programming

Linear optimization problem in standard form

maximize cx
subjectto a;x = by,

amX:bmv
X=(Xg,...,Xn) >0

Semidefinite optimization problem in standard form

maximize (C,X)
subjectto (A;,X) = by,

<Am7x> = bm7
X>=0

where X = (X;j) € R™",C e R™", A ¢ R™", and b; € R.
Grotschel, Lovasz and Schrijver [3] polynomial algorithm

Several semidefinite matrices

Problem defined in several matrices
maximize y%_,(Cj,X))
subjectto 3, (Agj, X)) = by,

Y51 (Amj, Xj) = b,
X1=0,.... X0

Remind that
X1=0,X%>0,....%>=0 <& 0 .X2 O <o
00 0 X
Defining
X 0 0 AL 0 -~ 0
0% 0 A2
X _
o, 00 A )
0 0 0 X 0 0 0 A
and noting that
0 Ap . 0 X . i K
WX ’ = X
(A, X) < o0 ’ o0 > ]Zl<A” J>
0 0 0 Ay 0 0 0 X

Semidefinite optimization problem in standard form
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Embedding LP in semidefinite programming

Linear optimization problem
minimize ¥, c¢;x;
subject to Yi—1d1jXj = b,
zlj(zl amjXj = bm
X1y..vyXm >0
Define matrices
* Ajj = (aij)
o Xi=(x)
Nonnegativity constraint

X =0 yXy>0&xy?>0sX >0

We may use all LP-constraints as usual
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Rank of matrices

rank(A) < number of linearly independent columns of A

Proposition 2 matrix X € R™"

1. X >=0andrank(X) =1

<=
2. X = xx' for some vector x € R"

Xy oo Xin X1X1 - X1Xn
X = : : XX = : :
an s Xnn XnX1 -+ XnXn

Proof

e 1= 2 From Prop. 1: X = CTC where C = AZPT
Since rank(X) = 1 only one eigenvalue A; # 0

) 0 P - Pn1 0 -+ 0
C-/\zPT_< VA )( 5>—<cl Cn)
0 P --+ Pm 0 -+ 0
setx = (Cy,...,Cn). Then X =CTC = xxT.
e 2 = 1 Construct matrix

X1 - Xn xx 0 ... 0 X1 o Xn
c=| 0 0 cTc—<; : ) LR
0 .- 0 X 0 ... 0 0 --- 0

Since rank(C) =1fromProp.1: X = 0 Arank(X) =1

12




Quadratic functions

If objective function or constraint

n n
zl ZlCinin =x"Cx
i=1]=

3 matrix X = xx" where X = 0 and rank(X) = 1 such that

X>:iiicijxij

since Xjj = xiX;j we get

.iiCinin = <C,X>
i=1j=

X»0
rank(X) =1
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The Quadratic Knapsack Problem
aR

PP
PP

e N={1...,n}items

e item j € N has weight w;

o knapsack capacity ¢

o profit matrix P = (pjj)

o pij+ p;ji profit achieved if items i and j are selected

Binary variable x; = 1 < item j is selected

maximize %%pijxixj
ieN je

subject to %wjxj <c, 2
j€

x€{0,1}, jeN.

14

Upper Bounds
LP-relaxation
maximize ; EN PijXiX;
ieN je
subject to wajx,- <c,
j€

OSXJ'SL jEN.

objective function is not linear
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Bounds from Linearisation

Variablesyjj=1<x=1andx; =1
Vii <Xi,  VYij <X,  Xi+X <14y,
ILP model
maximize Zw prijyij
ieN je
subject to ZijXj <c,
Yij < Xi, I
Yij < Xj, I, ]
Xi+Xj§1+yija Ia_
Xj,Yij € {0,1}, [
LP-relaxation

maximize ZJ Z\J PijVij

subject to wa iXj <c,

leSXh j€N7
Vij <Xj, ieN,
Xi+Xj <14+vij, IJEN
0<x; <1, JEN,
Yij >0, i,jeN.

Upper bound U
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Bounds from Semidefinite Relaxation

Obijective function of QKP

X Px = pijXix; = (P,X)
Formulation of QKP

maximize (P,X)

subjectto (Diag(w),X) <c,
X =0,
rank(X) =1,
Xii € {O, 1}.

Dropping rank(X) = 1 constraint, relax last constraint

maximize (P,X)

subjectto (Diag(w),X) <c,
0<Xi<1
X =0,

Upper bound U°

HRW
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Max-cut problem

Graph G = (V,E,a), splitV = {U,V\U}

] 1ifieu 1-xX; [ 1 ifx#X
"7 -1 ifiev\U 2 10 ifx=x;
Model

1—Xin

maximize ajj
2317

subjectto x € {—1,1}"
Rewriting objective

%Zaij(l—xixj) =

i<j

o
=
[N

x

X
N

M= -

n n
ZainiXi — Zainin
i=1 \J= I=

x" (Diag(Ae) — A)x

B ULl S Bl Y ]
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Max-cut problem
Setting C = 1(Diag(Ae) — A) we get objective
1
z;aij(l —XiXj) = X"Cx = (C,xx")
Semidefinite program

maximize (C,X)

subjectto diag(X)=e
X =0,
rank(X) =1,

Since diag(X) = e we have
Xii =1 =XiXi
Drop rank(X) = 1, semidefinite relaxation

maximize (C,X)
subjectto diag(X)=e
X=0
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Quadratic 0-1 programming

Problem

max x'Cx
xe{0,1}"

Semidefinite program
maximize (C,X)
subjectto X =0,
rank(X) =1,
Xii S {0, 1}

Drop rank(X) = 1, LP-relax X;; € {0,1}

Semidefinite relaxation

maximize (P,X)
subjectto 0 < X; <1
X>=0

20




Tighter bounds for QKP

Proposition 3 If X = 0 and rank(X) = 1 and X;; € {0,1}
then also
X — diag(X ) diag(X)" > 0. (3)

Proof

e X = xx" due to Proposition 2

X1 -+ Xin X1X1 -+ X1Xn
X=1| : : xx" = ; :
an cee Xnn XnX1 -+ XnXn

e diag(X) = diag(xx") = x when x € {0,1}"
o WeER™ (X+V)(x+Vv)T =0

choose v = —diag(X)

(X+V)(x+V)T =

XXT 4+ uxT +xvT+wh =

X +vdiag(X)T +diag(X)vT + w' =

X + (v+diag(X))(v+diag(X))" — diag(X)diag(X)" =

X —diag(X)diag(X)" =0
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Tighter bounds for QKP

Proposition 4
X —diag(X)diag(X)" =0 < X >0

h
where o ( 1 diag(X)T>
=\ diag(x) X :

Proof

Define the regular matrix B as

B— (é —dialg(X)T ) ,

and observe that

BXB = ( — ding(x) ' ) ( diag(X) tiag )" ) ( 5 e )

1 0
- ( 0 X —diag(X)diag(X)" )

Using ¥ = B~y we have
y'Xy=y'(B™")"BTXBB 'y =y'B'XBY,
hence: X =0 < B'™XB >0
B'™XB >0 < 1>0andX —diag(X)diag(X)" =0
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Tighter bounds for QKP (bound 1)

Relax QKP to QKP’
maximize (P,X)
subjectto (Diag(w),X) <c,
X — diag(X)diag(X)" > 0,
rank(X) =1,
Xii € {0,1}
Drop rank(X) = 1 and relax last constraint to 0 < X;; <1
maximize (P,X)
subjectto (Diag(w),X) <c,
X —diag(X)diag(X)" > 0,
Xi<1
upper bound U

23

Tighter bounds for QKP (bound 2)
ew'x=x"w
eW'x<c=wxxTw<c?

o wixxTw = (wwT",xx")
o relax xx' to X
relaxation

maximize

P,X)
subject to T

(
(ww',X) < ¢?,
X —diag(X)diag(X)" =0

upper bound U2,
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Tighter bounds for QKP (bound 3)

The third semidefinite relaxation is based on the observa-
tion that w'x < ¢ can be multiplied by the real number w'x
on both sides gives the constraint (w'x)? < w'xc, leading
to the inequality

0<wix(c—x"w)=w'x(1,x") ( _CW )
(4)

:(O,WT)<)1(>(1,XT)<_CW).
Setting X' = )1(

pression in (4) can be written

<<_°W>(o,wT),x’>. ®)

This leads to the following relaxation:

(1,xT ) =xXT the right hand side ex-

Tighter bounds for QKP (bound 4)
The last relaxation is obtained by multiplying the capacity
constraint with each of the variables x; for i € N getting
xiWTx < xic. By writing the vector product explicitly we
get the sum
WjXiXj < XiC. (7)
By introducing in (7) X;; for x;xj and X;; for x; we get
wiXij < XjC, (8)
JEZ‘ kA ii
which leads to the following relaxation:

maximize (P,X)
subject to %ijij—xiicgo, forieN, (9)
IE

X —diag(X)diag(X)" =0,

o giving the bound U# .
maximize (P,X)
. c
subject to << —w) (o,w' ),X’> >0, (6)
X —diag(X)diag(X)" > 0.
Solving the above problem gives bound U3 _ .
25 26
Strength of bounds for QKP NI RS R sy [ oS T Dons,

Helmberg, Rendl and Weismantel [4] together with Bau-
vin and Goemans [1] prove that

ut >u? >u?d

HRW HRW

>Ug,

Computational Experiments

Randomly generated instances by Gallo, Hammer and Sime-
one
Let A be the density of an instance

e weight wj is randomly distributed in [1,50] while

e profits p;j = pj; are nonzero with probability A, and
in this case randomly distributed in [1,100].

e capacity c is randomly distributed in [50, 3'_; w]

Implementation and experimental study was carried out
by Rasmussen and Sandvik [5]
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75| 40 [ 0.000 3522 | 0001 3400 | 0002 2782 [ 0.00I 2733 | 0.000 2645

50| 40 [ 0.000 35.76 | 0.000 3491 [ 0.00I 26.01 | 0.001 2548 | 0.000 24.95 |

75|40 [ 0.000 3510 | 0000 28.80 | 0000 1848 [ 0.000 18.00 | 0.000 1755

95| 40 [ 0.000 6384 | 0001 3523 [ 0003 1733 [ 0000 1672 [ 0.000 16.15

100 40 0:001 23:67 0:001 15.247170.00T 9.64 | 0.001 9.32"1 0.000 9.15

avrg | 0.001 3399 [ 0.002 19.23 [ 0.004  9.80 [ 0.004  9.71 [ 0.004 962
[ Tomravig | 0.001 3362 | 00027 26.23 | 0.004 19.16 | 0.005 1906 | 0.003 1837

Table 1: Bounds from upper plaﬂgs (Intel Pentium 111, 933 MHz).




Uchm Uy BFS Ucps Ugc
A n|time dev|tinme dev|tinme dev A njtime dev| time dev
5140 0.0 0380 037027 36 074 5 40 00 123 252 070
60 0.0 065 06 037 9.6 049 60 0.1 141 160.0 0.45
80 0.0 045 14 029| 158 043 80 0.2 156
100 0.0 032 20 016| 248 031 100 04 132
120 0.0 0.28 3.2 017| 404 0.30 120 0.7 137
140 0.0 056 22 053| 756 070 140 15 215
160 0.0 0.13| 125 0.08| 765 0.14 160 21 149
180 0.0 0.14 73 011| 950 017 180 3.7 164
200 0.1 0.08]| 220 0.05]|111.0 0.09 200 4.8 144
avrg 0.0 038 5.7 0.2 50.2 0.37 avrg 15 151 926 057
5 40 0.0 307 06 23 37 165 25| 40 0.0 29T 355 22T
60 0.0 058 18 037 85 035 60 0.1 092| 3264 0.38
80 00 102 65 0.77| 16.1 0.65 80 03 134
100 0.0 248 3.0 244| 300 068 100 0.7 279
120 0.1 057 49 053| 386 0.26 120 1.0 093
140 01 146 24 146| 594 061 140 21 196
160 02 050| 647 047| 622 0.16 160 25 101
180 02 074| 348 073| 935 027 180 45 118
200 0.3 147| 203 1471223 0.36 200 7.7 191
avig| 0.1 132] 155 1.18| 483 055] avrg T 1.66] 180 1.30
50 40 00 370 1T 33 37 133 50 40 01 329 . )
60 0.0 285 3.1 270 8.4 067 60 02 211| 699.3 0.84
80 0.0 082 94 069| 147 038 80 0.3 085
100 0.1 361| 154 357| 247 050 100 0.7 240
120 02 140| 485 1.35| 361 035 120 12 131
140 03 133| 284 132| 473 019 140 22 145
160 05 1161649 1.12| 66.1 020 160 29 0.89
180 0.6 157| 279 157| 848 021 180 52 157
200 0.8 083| 438 0.83)107.0 0.16 200 6.0 0.84
avrg 0.3 192 381 183 437 044 avrg 1 164 3776 1.27
75 40 0.0 39 33 336 37 158 75140 01 245 2947159
60 00 215 6.4 188 8.1 081 60 0.1 139| 1164 0.80
80 0.1 152 20 152| 135 023 80 03 103| 9788 0.22
100 02 196| 151 1.93| 233 041 100 05 121|21109 041
120 0.3 1.89| 1955 1.80| 31.2 0.49 120 0.8 0.73|2982.4 0.47
140 05 194| 306 1.94| 475 019 140 17 111
160 0.7 124|5068 121| 631 0.18 160 25 084
180 0.8 180| 144 180| 778 0.12 180 36 078
200 3.7 203]| 179 2.03]| 1025 0.17 200 42 078
avrg 0.7 205| 880 194 412 046 avrg 15 11512436 0.70
95 40 0.0 930 04928 38 160 95| 40 01 269 177 159
60 0.0 4.21 06 4.21 8.4 068 60 0.1 125| 1022 0.68
80 01 259| 112 254| 146 071 80 03 112 4458 0.70
100 0.2 163| 131 1.62| 21.0 046 100 0.4 0091|13465 0.46
120 04 171| 894 169| 327 028 120 0.7 0.66
140 05 182| 1132 181| 415 022 140 13 0.65
160 0.8 218| 2216 218| 629 033 160 21 063
180 1.0 206| 151 206| 80.8 0.32 180 32 071
200 12 3.38)563.3 3371037 0.5 200 4.7 054
avrg 05 321 1142 320 410 053] avrg 14 102 4780 0.86
100 40 00 422 20 408 .6 155 100 40 01 189 248 155
60 0.0 214| 112 205 8.2 0.99 60 01 117 151.1 0.98
80 0.1 222| 204 220| 140 053 80 03 0.74| 397.7 051
100 02 290 4.4 290| 220 027 100 0.5 0.61[1990.1 0.27
120 04 223| 200 222| 331 0.38 120 09 074
140 0.6 1931227 1.92| 479 026 140 13 053
160 0.8 225|9787 221| 60.0 031 160 19 0.50
180 10 254 .1 254| 783 024 180 29 046
200 14 166| 798 1.66| 103.1 0.50 200 4.2 0.66
avrg 0.5 2451400 24 411 0.56 avrg 13 081 6409 083]
fotal avrg 03 189 669 1.80| 443 049 fotal avrg 17 1.30] 6314 087

Table 2: Bounds based on Lagrangian relaxation (left table) and bounds from Lin-
earisation (right table). (Intel Pentium II&9933 MHz).

o>
s
3
o’
8
2
3
o
8
2

3

o
8
2
3
o
8
2
3
a’
@
2

%40 38 1736 72 104 [ 47 2% 54207 | 178 295

S0 40 [ 38 2046 1 122 51 185 57183

7540 [ 40 2146 70 1204 51 188 54 187 | 198 187

0 40 [ 37 17.04 21 1059 58 166 59166 [ 211 166

avrg | 2627 19.66 65 1181 | 4804 061 | 5144 0.0 | 16001 060
| Tomravg | 2624 1843 | 2952 1048 | 4328 0.79 | 4787 0.8 | 14444 08

Table 3: Bounds from Semidefinite Pr%%ramming. (Intel Pentium 111, 933 MHz).

Approximation algorithms

e Should run in polynomial time
e Bounds from semidefinite programming

e Semidefinite optimization can be solved in polyno-
mial time
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