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Overview

• Valid Inequalities - Chvatal Rank 1 Cuts

• Reformulations - Combinatorial Bender’s Cuts
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Chvatal-Gomory Cuts

See Fischetti and Lodi [3]

Consider the MIP

min{cx : Ax ≤ b, x ≥ 0, xinteger}

and the polyhedra:

P := {x ∈ R+ : Ax ≤ b}

PI := conv{x ∈ mathrmZ+ : Ax ≤ b} = conv{P ∩ Z}

where A is an n × m matrix and A and b is integer

A Chvatal-Gomory (CG) cut valid for PI is:

⌊uA⌋x ≤ ⌊ub⌋, u ∈ R+
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Rank

The rank h is given as:

h = 0 Original constraints in problem

h = 1 CG cuts with respect to Ax ≤ b

h ≥ 2 CG cuts with respect to Ax ≤ b and other CG cuts

The first Chvatal closure of P is:

P1 := {x ≥ 0 : Ax ≤ b, ⌊uA⌋x ≤ ⌊ub⌋∀u ∈ R+}

Clearly

PI ⊆ P1 ⊆ P

But more interesting is

P1 ⊂ P, PI 6= P

That is, P1 is a better approximation of PI than P

Sometimes P1 = PI , e.g. matching problems (Edmonds blossom

inequalities)
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Separation Problem

Chvatal Rank 1 cuts are NP-hard to separate

Separation Problem:

Given an x∗ ≥ 0 find a CG cut αx ≤ α0 which is maximally

violated by x∗.

MIP model:

max αx∗ − α0

s.t. αj ≤ uAj for j = 1, . . . , n

α0 > ub − 1

ui ≥ 0 for i = 1, . . . , m

α, α0 integer

where αj and α0 are the coefficients of ⌊uAj⌋ and ⌊ub⌋

Course: Recent Research Results Spoorendonk, DIKU



6

Reformulating Separation MIP

Observations:

• When x∗
j = 0 variable does not contribute to violation

• Optimal αj = uAj

• Same holds for x∗ at their upper bound, by complementing

them

• Assume ui < 1, since cuts with ui ≥ 1 are dominating

New MIP formulation:

max
∑

j∈J(x∗)

αjx
∗
j − α0

s.t. fj = uAj − αj j ∈ J(x∗)

f0 = ub − α0

0 ≤ fj ≤ 1 − δ for j ∈ J(x∗) ∪ {0}

0 ≤ fj ≤ 1 − δ for i = 1, . . . , n

αj integer for j ∈ J(x∗) ∪ {0}

where J(x∗ := {j ∈ {1, . . . , n} : x∗
j > 0}

Slacks: fj = uAj − ⌊uAj⌋ in range [0, 1 − ǫ]
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Multiplier Selection

Making the cut sparser and stronger

• Many equivalent CG cuts exist

• Produce CG cuts with few non-zeroes

• Modify objective function to

max
∑

j∈J(x∗)

(αjx
∗
j − α0) −

m
∑

i=1

wiui

with wi = 10e − 4, i.e., a penalty term

Enhancing “collaborative behavior”

• Remove bounds on u variables

• Better performance of MIP heuristics in CPLEX
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Test Results

MIPLIB 3.0

Density of CG cuts:

2-matching Problems
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Remarks on CG Rank 1 cuts

• Future direction for general MIP solving?

• Balas and Saxena [1] improving on these results

• Jepsen et al. [4] used a subset of the CG Rank 1 cuts in a

Branch-and-Cut-and-Price context

• Long separation time – need for faster/better heuristics
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Bender’s Decomposition – revisited

See Martin [5]

• IP master problem

• LP sub-problem

• Fix last master problem solution in sub-problem and use du-

als to generate Bender’s cut

Original Problem:

min cx + fy

s.t. Ax + By ≥ b

y ∈ Y

x ≥ 0

Restricted Bender’s Master Problem:

min z

s.t. z ≥ fy + πi(b − By) i ∈ extreme points

0 ≥ πi(b − By) i ∈ extreme rays

y ∈ Y

Sub-problem:

min cx + fȳ

s.t. Ax ≥ b − Bȳ (dual variable: π)

x ≥ 0
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Combinatorial Bender’s Cuts

See Codato and Fischetti [2]

Motivation:

• big-M constraints are notoriously hard

Idea:

• Reformulate to avoid these constraints

• Use Bender’s idea to derive combinatorial cuts based on big-

M

• Idea is associated with finding a Minimal (or irreducible)

Infeasible Subsystem (MIS)

• Polynomial separation time

Expectations:

• Tighter LP formulation

• Faster solution times on certain structured MIPs
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Conditional constraints

Consider MIP:

min{cx : Fx ≤ g, x ∈ {0, 1}}

plus conditional constraints

xj(i) = 1 ⇒ aiy ≥ bi, ∀i ∈ I

and unconditional constraints

Dy ≥ e

with the continuous variables y

Conditional constraints are often modeled as:

aiy ≥ bi − M(1 − xj(i)) ∀i ∈ I

Conditional constraints can be:

• Time windows in routing problems

• Resource startup indicators in lot sizing problems
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Combinatorial Bender’s Cuts (CB)

Formulate CB as:
∑

i∈C

xj(i) ≤ |C| − 1

where C ⊆ I induces a MIS

That is, a minimal set of rows such that

SLAV E(C) :=

{

aiy ≥ bi, ∀i ∈ C

Dy ≥ e

has no feasible solution
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Separation Problem

Given x∗ ∈ [0, 1] a CB is violated iff
∑

i∈C

(1 − x∗
j(i)) < 1

Hence, the separation problem is

1. Weigh each conditional constraint by 1 − x∗
j(i)

2. Weigh each unconditional constraint by 0

3. Look for minimum-weight MIS

This is NP-hard

Polynomial time heuristic

1. Start with C := {i ∈ I : x∗
j(i) = 1}

2. Verify infeasibility with LP-tools

3. Make C minimal in a greedy way

Simple, but exact when x∗ is integer.
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The Problem

P is a MIP:

z∗ = min cx + dy (1)

s.t. Fx ≤ g (2)

Mx + Ay ≥ b (3)

Dy ≥ e (4)

xj ∈ {0, 1} ∀j ∈ B (5)

xjinteger ∀j ∈ G (6)

The link between x and y is of type:

mi,j(i)xj(i) + aiy ≥ bi ∀i ∈ I (7)
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Master-slave setup

Situation: d = 0

Master:

z∗ = min cx + dy (8)

s.t. Fx ≤ g (9)

xj ∈ {0, 1} ∀j ∈ B (10)

xjinteger ∀j ∈ G (11)

Slave SLAV E(x̃) parameterized by x̃:

aiy ≥ bi − Mx̃ (12)

Dy ≥ e (13)
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Adding CB cuts

Let x∗ be an optimal integer solution to master

• If SLAV E(x∗) is infeasible so is P

• Otherwise look for a MIS and add
∑

i∈C:x∗
j(i)

=0

xj +
∑

i∈C:x∗
j(i)

=1

(1 − xj) ≥ 1

to master

CBs can be separated given any master solution

Separation procedure must be exact for integral solutions top

prove optimality of P
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The other case

Situation: d 6= 0 and c = 0

Modify problem as follows:

• Add

dy ≤ UB − ǫ

to the slave system

• If master solution x∗ is feasible for the slave system, solve

the LP

min{dy : Ay ≥ b − Mx∗, Dy ≥ e}

and update incumbent

• P is optimal when master problem is infeasible

Situation: d = 0 and c = 0

• Cannot be handled by this method
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Reformulation of MIPs

Constraint

mi,j(i)xj(i) + aiy ≥ bi ∀i ∈ I (14)

can restrict applicability of method

• Introduce continuous copies xc of x and link constraints

xc
j = xj, ∀j ∈ B

• Let the master constraints be

Fx ≤ g

and let slave constraints be

Mxc + Ay ≥ b

Dy ≥ e

x = xc

cxc + dy ≤ UB − ǫ

Notes:

• Possible for all MIPs

• Move master constraints to slave by substituting x, Leaves

only CBs in master
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Test Results – 1

Solving Map Labeling and Statistical Analysis problems.

Problems solved to optimality:
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Test Results – 2

Not solved to optimality
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Remarks on CB cuts

• Interesting approach to reformulate hard MIPs

• Does not work well with structure defining conditional con-

straints, e.g., time windows

• Can be used as cutting planes without reformulating original

MIP
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