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Overview

e Branching and Fixing
e Upper bound heuristics

e Test results
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Branching and Fixing

e Tree traversal and Diving
e Strong Branching
e Reduced Cost Fixing

Course: Recent Research Results Spoorendonk, DIKU



Tree Traversal and Diving

Branch node evaluation:
e Fager, solve branch nodes before search direction is chosen

e Lazy, chose search direction then solve branch node

Tree search strategies:
e Best bound search, eager branching
e Breath search, lazy branching

e Depth search

Diving:
e Combining depth first search with any other
e Explore a (part of) sub-tree by diving

e Used to find feasible solutions fast
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Strong Branching

See Achterberg et al. [2]

Combines eager and lazy branch node evaluation:
e Choose a branch node candidate set
e Solve branch nodes given an LP iteration limit

e Choose search direction

Pros:

e Avoids getting stuck in hard solvable nodes (for the time
being)

e Infeasible nodes are often detected
e More candidates can be processed than with eager branching
Cons:

e Stores many half solved LPs, or recalculates LP when pro-
cessing branch node
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Reduced Cost Fixing

See Wolsey [6]

Fix binary variables based on reduced cost

Consider MIP:
min{cx : Az < b,x € B}

and reduced cost ¢

Fix non basic variables with ¢ > 0 to 0 iff:

LB+¢;>UB, VjeB:x2;=0

Note:

e Only valid for true LB, i.e., take care in Branch-and-Price
algorithms

e Can be generalized to integer variables at their lower or upper
bound
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Upper bound heuristics

Why do we need good upper bounds?
e Prune nodes in Branch-And-Bound tree

e Reduced cost fixing of variables in LP
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Approaches

e Rounding

e Feasibility Pump (FP)

e Objective Feasibility Pump (OFP)

e Local Branching (LB)

e Relaxation Induced Neighborhood Search (RINS)
e Guided Dives (GD)
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Rounding

Simple approach
e Round fractional variables to nearest integer

e Check feasibility

Pros:

e [ast to compute

e Simple to implement
Cons:

e High probability for infeasibility
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Feasibility Pump (FP) — 1
See Bertacco et al. [3]

Outline:
e Solve LP relaxation of MIP

min{cx : Az < b,l <x <u}

e Round solution to z, stop if feasible

e Change objective function of LP to minimize on variable dis-
tance from integrality.

Az, &)= |z;— &

jel

e Minimize on integer variables by adding artificial variables d
to measure distance from upper bound u and lower bound [

e Solve sub-MIP
min Az, z) = Z (x; —1;) + Z (uj —x;) + Z d;

jEl:d;=l; JELE j=u; JEL:;<ij<u;
s.t. Az <b
d>x—17
d>1—=x
[ <z<u
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Feasibility Pump (FP) — 2

Notes:

e Can cycle between solutions, handled by restarting with ran-
dom perturbed solution

e A three step procedure:

1. Pumping rounds on binary variables only

2. Include integer variables
3. Process MIP

min{A(z,z) : Az < bl <z <wu,z; € ZVj € I}

Pros:
e Does not need an incumbent
Cons:
e Can be time consuming to solve sub-MIP

e (Quality of integral solutions can be poor
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Objective Feasibility Pump (OFP)

See Achterberg and Berthold [1]

Extends previous method:
e Gradually reduces influence of original objective function
e Replace A(x, x) with
N
el
e Depending on step: ||A|| = /|B| or ||A|| = v/|1]

e « decreased with a fixed factor in each iteration

Aoz, 2) = (1 —a)Alx,2) + «

cr, 0<a<l

Same notes pros/cons as before plus:

Pros:

e Generally finds higher quality solutions than normal Feasi-
bility Pump
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Local Branching (LB) — 1

See Fischetti and Lodi [5]

Solves a sub-MIP problem
e [mproves on the current incumbent

e Considers Hamming distance from a subset of the binary
variable in the incumbent

H(z,a") =) |zj—j]

jeB
e Add constraint

Z (1—2;)+ Z r; <r

jeBm{xj:l} jeBm{x;f:O}
with radius 7 and optimize sub-MIP
e Can be extended to include integer variables
e Adding complementary constraint
H(z,2")>r+1

to LP avoids reexploitation of B
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Local Branching (LB) — 2

Pros:
e Despite the name ”Local Branching”, cuts
H(x,x")>r+1
are globally valid
Cons:
e Adding complementary constraints makes LP dense

e Needs incumbent to improve, i.e., only usable when new IP
solution is found in Branch-and-Bound tree

e Can be time consuming to solve sub-MIP
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Relaxation Induced Neighborhood
Search (RINS) — 1

See Danna et al. [4]

At a node of the Branch-and-Bound tree:
1. Fix variables that have same value as in incumbent

2. Set an objective cut-off based in incumbent value

3. Solve a sub-MIP

Notes:
e Sub-MIP can be large. Only explore part of tree
e RINS is run for each f >> 1 branch nodes
e Cutting planes from original LP can be exploited

e RINS can be regarded as a Large Neighborhood Search method

Course: Recent Research Results Spoorendonk, DIKU



16

Relaxation Induced Neighborhood
Search (RINS) — 2

Pros:

e Loose relaxations are guided by incumbent

e Poor quality incumbents are guided by LP relaxation
Cons:

e Can be time consuming to solve sub-MIPs

e Same RINS sub-MIPs can be constructed in different branch
nodes

e Sub-MIP can be identical to part of branch tree

e An incumbent solution is needed
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Guided Dives

See Danna et al. [4]

Does not solve sub-MIP problems.
e Modified tree traversal strategy
e Choose variable to branch on

e Choose which child node to explore - based on value of branch-
ing variable in incumbent

Pros:
e Fasy to implement
e Surprisingly good results
Cons:
e Calculation of child node candidates before branching

e An incumbent solution is needed

Course: Recent Research Results Spoorendonk, DIKU



18

Test Results — 1

FP and OFP — MIBLIB 3.0

Criginal Feasibiliy Pump

Ohbjective Feasibility Pump

Mame Ohjective Gap % Tims hzr Rst 5t Cbjective Gap% Time |er Rst St
10wz ams el a7 1 6 01 952 3.0 E 79 16 1
afcial 17762 E32 1 8 01 16076 .6 38.6 1 2@ 01
afloe30a 2G40 12001 o 7 11 4108 2645 o 40 01
aflowd ok TEa2 EET.T o 2z 31 2049 ThH.4 o 15 01
airld Eaa&ns 44 15 4 01 57208 2.1 184 51 9 1
aird& 3naa3 171 i 3 01 26942 2.2 8 T 01
arkii] 7. 750642406 22 12 797 &7 3 T.70474= 406 1.6 10 737 62 3
atlanta-ip 166.014 4.7 46 128 23 2 138012 45.3 56 85 &5 1
capG00o -2.3750324-06 31 o 2 0 1 -242701=+406 1.0 o W 01
danoSmip 1000 433 w1 01 T69.25 10.2 B3 TO 11
danoint 93 41.6 1 174 197 3 a7 32.6 3 2B 172 2
disctom -B000 0.0 9 6 01 -50a0 0.0 1 22 01
da - — =3600 268 4 2 - — =3600 284 6 2
fast0507 245 40.8 2 1 01 179 2.8 21 8 01
fibar 4.01694=4-06 889.6 o 6 21 1.20751=4-06 187.5 o o 01
fixneth oza3 1331 o 3 11 4807 20.7 o o 01
mesal-o 4.01411e4-07 0.6 o 158 3 2 266042407 2.8 o o 02
gesal 2824782407 Q.6 1 % 1 2 2.6765224-07 3.8 1 2@ 02
qlaaay 5.2000524-09 3333 0 159 95 2 3.1000324-09 158.3 0 183 45 2
harp2 -6.06020e4-07 17.9 0 4% 13 1 -5R8762e407 24.4 0 368 67 2
Hu G378 444.2 o 1 01 4100 240.8 1 168 17 1
mannaf1 -12891 21 o &6 0 2 -12894 2.1 o] 8 0 2
markshare 1 362 36100.0 o 3 01 194 19300.0 1 66 4 1
markshare2 1523 152200.0 o 2 01 366 36400.0 o 6 1 1
mas74 18602.3 8.4 o 3 02 190331 G61.3 o 106 12 1
mas 76 T2860.6 821 o 2 01 ED0124 18.3 o 107 18 1
misc7 4100 45.9 1 37 6 1 3428 1.9 o 129 24 1
mki -288.01 489 o 3 01 -280.95 48.6 o 13 01
md011 -2.38751e4-07 B6.2 o 1 0 1 -4.56201e+407 16.4 1 1z 01
madglob 308142407 486 o 1 01 2.108T6e 407 1.7 o 63 M 1
momentuml 360238 a7 818 416 186 3 346836 0.0 223 361 118 3
monentumd - - =3600 EO4 130 3 - — =»3600 E22 158 3
momentum? E0OEEE wT T2 148 26 1 420724 13.7 Bgo 173 13 1
macI8-ip 3.02737e4-07 301 M 12 01 3.0205524-07 30.1 B o8l 101
mzzvll -11286 48.0 118 688 114 3 -17688 18.6 112 699 75 3
mzzvdlz -12472 0.3 2 6 1 -15470 24.7 T8 696 117 3
netll 337 BT.5 8 103 B2 1 337 7.5 14 257 &6 2
NOSNDT -6 36.6 o 2 01 -40 2.4 o 3w 02
nsrand-ip TEZ40 2.8 o 2 01 89120 741 1 mw o1
il 19124 134 I 01 178EG 5.8 o 33 1
optl217 -16 0.0 o 3 01 -16 0.0 o 43 1 1
p2756 91972 28440 2799 32 3 80266 2TET.4 3 T o4 03
pkl T8 609.1 o 1 01 83 G54.5 o 7 31
ppo8a 12180 GE.T 1 4 01 10240 48.8 o 1 01
ppl8allITS 10750 46.3 o 2 01 2830 16.1 [u] o 01
protfold -10 G6.7 G683 620 128 3 -12 &0.0 g2 713 106 3
qiu 19456 16642 o 1 01 6G26.709 ET0.9 o] 9 01
rd-rpluac-21 173065 11 37h 637 120 3 171182 0.0 79l B2R 109 3
roll 3000 18812 46.5 0 &8 17 1 244176 839 6 G366 118 3
rout 1720.82 BT 0 o6 38 2 1773.95 G646 o 86 & 2
setlch T2E87.8 338 1 4 01 84167 5 E43 o @ 01
SEVIMaUr R27 M6 1 1 01 445 5.2 3 8 01
ap @far 9.57074e4-08 44.0 i 1 01 9.405662 408 41.5 3 o 01
sipAd - - =3600 2% 2 1 - - =300 17 0 1
swath 1630.8 192.4 3107 13 1 1280.95 120.6 13 23 39 2
L1711y 237R64 29 BEG B& 10 1 195779 1.3 171 30 0 1
timtabl 1.5122Te4-00 or.7 1174 23 2 1.3335824-06 TH.O 1 334 30 2
timiab® 1.9179324-06 BT.7 1477 38 2 1.732622 406 42.6 4 1BET 116 3
trl2-30 269910 106.7 o % 01 163794 26.4 o 4 01
vpm2 19.5 1.8 o 2 01 16.25 10.9 o 1w 01

Table 1. Comparison of original feasibility pump and objective sensitive version

Course: Recent Research Results

Spoorendonk, DIKU



19

Test Results — 2

RINS, LB, GD — includes job-shop scheduling, network flows

Best solution ratio:

Table 2. Ratio solution reached/best known solution

Instance Delauli RINS Local Gunded LEB+RINS 1 LB+RINS 2
CPLEX branching dives
“Small spread” problems - one hour
A1C1851 [.039 006 1.011 1.016 1.0 1.002
AZ2C181 [.0O38 007 L.004) 1.035 1.006 L.0M)
arkiool 1.004) 1.000 L0040 L0000 1.000) L0040
B2C1s1 L.OT0 L.041 1.079 1.047 1.010 1.024
biellal [.004 1.000 1.001 L.{HH) 1.001 L0040
narand_ipx [.006 10400 1.003 L.{HH) 1.00H) L0
railz2sssc .015 LOl6 1.014 1.018 1.007 1.019
raildzsdc 1.007 1.009 1.007 1.005 1.002 L0048
raildsgizc [.010 [.008 1.008 1.014 1.00H) 1.006
rococcBl0-011000 [.041 1.022 1.034 1.022 1.008 1.044
rococoBl0-011001 [.041 1.033 1.025 1.083 1.101 1.079
rococcBll-010000 1.042 .06l 1.118 1042 1.119 1.093
rococoCl0-001000 [.001 L.001 1.001 1.00: L.0O0H) L0040
roll3000 014 1005 1.003 1.016 1.00H) 1.001
Seymour 1.012 1.002 1.009 1.005 1.002 1.002
=pevar 1.012 L.001 1.012 1.006 1.005 1.004)
sp%iic 1.026 1.002 1.012 1.013 1000 1.006
=p98ar 1.007 10402 1.002 1.003 1.002 1.0:03
sp%8ic L.O15 1.003 1.004 1.004 1.002 1.005
trl2-30 1.004) 1.000 L.004) L.04M) 1.004) 1.004)
UMTS 1.001 10400 1.001 1.00: 1000 1.001
“Medium spread” problems - one hour
B1C151 WYE 1011 1.020 1.0Y6 [ E L.OI3
glass4d 1.123 1006 1.130 1.113 1.000) 1.119
1ik2 1.225 1000 1.11a 1.038 L.O0H) L.004)
netlz [.192 1.000 1.192 L.00 1.000) L0040
rococoBll-110001 1.205 1.121 1.254 1.224 1.216 1.148
rococoBl2-111111 [.141 1.029 1.057 1.009 1.084 1.062
rococoCl0-100001 [.180 1.095 1.214 1.132 1.137 1.294
rococoCll-010100 L.173 1081 1.081 1.123 1.053 1.060
rococoCll-011100 1.312 1.055 1.330 1.118 1.055 1.452
rococoCl2-100000 1.270 1.096 1.110 1.268 1.117 1.278
rococoCl2-111100 [.148 1.025 1.125 1.112 1.070 1.081
swath 1.222 1.048 1.154 1.093 1.031 1.048
‘Large spread” problems - two hours
13b7 2375 L061 IIRESN] 1.582 1.028 1.255
1ib9 [.858 1.581 1.995 1.718 1.646 1.809
1ibl0 L.601 1.212 1.693 1.205 1.226 1.500
1ijbl2 2.568 1.512 3083 2.012 2.097 2.418

e LB+RINSI is LB used to improve RINS solution

e LB+RINS2 is LB used in RINS neighborhood
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Test Results — 3

Time to improved solution:

Table 5. Diversification efficiency

Default | RINS | Guided
CPLEX dives
Starting from a poor solution
NMumber of fails (out of 37): no improved solution found in half an hour 1 0 1
Median time {in seconds) to first improved solution
... in the 36 cases where all algorithms succeed 3ods | 2498 30.59
Starting from a good solution
Number of fails (out of 37): no improved solution found in half an hour 32 4 1<
Median time {in seconds) to first improved solution
... in the 5 cases where all algorithms succeed 284.44 9.09 53.19
... in the 23 cases where only RINS and guided dives succeed - 09_56 119.74
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Remarks

e RINS implemented in CPLEX

e Appears to be the best working approach overall
e Hybrid method between LB and RINS implies

e MIBLIB instance swath has value

471.03 — best known UB
1630.20 — by FP
1280.95 — by OFP

in neither case impressive
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