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Integer programming

minimize cx

subjectto Ax=b
x>0
XEZ

Solved through branch-and-bound, using lower bounds
o LP-relaxation can be solved efficiently
o Natural way of formulating ILP models

Many problems cannot be formulated as linear models, or
the formulation is inefficient.

Interior point methods
Interior point methods can be extended to a number of
cones (self-dual homogeneous cones)

e R" (linear programming)

e vectorized symmetric matrices over real numbers
(semidefinite programming)

o vectorized Hermitian matrices over complex numbers
e vectorized Hermitian matrices over quaternions
e vectorized Hermitian 3 x 3 matrices over octonions

Grotschel, Lovasz and Schrijver [3]:
semidefinite programming solved in polynomial time

o semidefinite relaxations attractive tool
e Modeling part not well-developed

Concrete semidefinite optimizers: Sturm [6], Toh, Tutuncu
and Todd [7], Fujisawa, Kojima and Nakata [2].

Semidefinite programming, definitions

ap
evectora=| : a' = (ay,...,an)
dn

e inner product between matrices A,B € R™"

(A,B) = iiaijbij.

o vector product of two vectors a,b € R" is
n

a'b:= J;ajbj

aiby -+ by
ab" =1 :
anbl e anbn
o diag(A) vector of diagonal elements of A € R™*"
i - A an
diag(A) :=diag | : : =1
an1 '+ ann Ann
e Diag(a) diagonal matrix of vector a € R"
a; 0o --- 0
Diag(a) = Diag(ay, . ..,a,) = 0 & 0

00 0 a




Semidefinite programming
o Matrix A € R™" is positive semidefinite
YWeR" :yTAy >0 €))
° & A pos. semidef. and symmetric

Example

obviously symmetric
moreover y' Ay > 0 since

11
YAy = (Y1 y2) 11><£>

_ Yi+Y2
= (N y2) y1+Y2>

= (Y3 4yy2) + (Yiy2 +y3)
= (Y1+Y2)? >0

Example

aia; -+ aian
A=aa' = ; :
apdy '+ aApdn
is positive semidefinite (and symmetric) since

y'Ay =y (aa")y = (y'a)(a’y) = (a'y)*> 0

Example
a 0 ..- 0
A =Diag(ay,...,a,) = 0 a'z 0
0 0 0 a

is positive semidefinite ifand only ifa; > 0,i=1,...,n
to prove “if” note

n
szgﬁmzo
to prove “only if” choose y = (0,...,1,...,0)

Cone

The set of semidefinite matrices is a cone (see exercise)

Properties of semidefinite matrices

Observations from linear programming:

a;p -+ an
A= : : =0
dn1 ‘' Am
All square submatrices are again positive semidefinite

Diagonal elements a;; > 0 (see exercise)

AL O - 0
0 A - :

A1§O,A2§O,...,Ak§0 < C o0 =0
0 0 0 A

Characterisation of positive semiefinite matrices

Proposition 1 The following are equivalent

1 A e R™" is positive semidefinite

2 Eigenvalues A >0fori=1,...,n

3 3C € R™" such that A= CTC and rank(C) = rank(A)
A € R™": eigenvector v # 0, eigenvalue A

A = PAPT eigenvalue decomposition of A

Proof

e 1 = 2 Letve R" be an eigenvector with |v| = 1 cor-
responding to A. Since A is pos. semidef. v Av > 0
and v (Av) =VIAv = AvTv = A|v[2 =

e 2 = 3 Let A=PAPT eigenvalue decomp. of A

. (v o
N2 =
0 VAn

C:=APT
CTC = (PA2)(A2PT) =PAPT =A
e 3= 1Show: Yy e R":yTAy >0
Giveny € R" let w =Cy
y' Ay =y"(CC)y=(y'CT)(Cy) =w'w >0




Semidefinite programming

Linear optimization problem in standard form

maximize cx
subjectto a;x = by,

amX = b,
X= (X1,---,Xn) >0

Semidefinite optimization problem in standard form

maximize (C,X)
subjectto (A;,X) = by,

<Amax> = bma
X0

where X = (X;j) € R™",C e R™", Aj e R™", and b e R.
Grotschel, Lovasz and Schrijver [3] polynomial algorithm

Several semidefinite matrices

Problem defined in several matrices
maximize 3%, (Cj,X;)
subjectto $%_; (Asj, X;) = by,

351 (Amj, X)) = b,
X1>=0,...,%>=0

Remind that
X, 0 --- 0
Xm0X =0 %=0 & | 0% o | =0
0 0 0 %
Defining
X, 0 - 0 Al O -~ 0
e I BT
0 0 0 X 0 0 0 Ak
and noting that
AL O .- 0 X, 0 - 0
wo=([ 0 re L0 )R
0 0 0 Ay 00 0 X =

Semidefinite optimization problem in standard form
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Embedding LP in semidefinite programming

Linear optimization problem
minimize S*_, cjx;
subjectto 3 a1jXj =by
: k oy —
Y j=18mjXj = bm
X1yeeesXm >0
Define matrices
* Ajj = (aij)
° Xi = (Xi)
Nonnegativity constraint

Xi = 0& yXiy > 0 & xiy? > 0 %> 0

We may use all LP-constraints as usual
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Rank of matrices

rank(A) < number of linearly independent columns of A

Proposition 2 matrix X € R™":

1. X = 0andrank(X) =1

&
2. X = xx" for some vector x € R"

X1 -+ Xin X1Xg v+ XiXn
X = : : XX = : :
Xnt oo Xan XnX1 ++* XnXn

Proof

e 1= 2 From Prop. 1: X =CTC where C = AZPT
Since rank(X) = 1 only one eigenvalue A; # 0

0 P11 - Pm 0 -0
e (2T
0 Pin **+ Pnn 0o - 0
setx=(Cy,...,Cq). Then X =CTC =xx".
e 2 = 1 Construct matrix

Xy -0 Xn x1 0 ... 0 X1 e Xn
c=|0 0 CTC=<; : ) 0 o 0 ) T
(0...0) Xx» 0 ... 0 0 --- 0
Since rank(C) =1 from Prop. 1: X = 0 Arank(X) =1
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Quadratic functions

If objective function or constraint

non
Z ZCinin = XTCX
i=1j=

3 matrix X = xx" where X > 0 and rank(X) = 1 such that

<C,X> = iicijxij

since Xij = xjXj we get

iicinin = <C,X>
i=1j=

X =1
rank(X) =1
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The Quadratic Knapsack Problem
n
PP D

QYD

e N={1,...,n} items

e item j € N has weight w;

e knapsack capacity ¢

o profit matrix P = (pjj)

o pij+ pji profit achieved if items i and j are selected

Binary variable xj = 1 < item j is selected

maximize ; Z‘pinin
ieN je

subject to %ijj <c, 2
IB

xj€40,1}, jeN.
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Upper Bounds
LP-relaxation
maximize % Z‘ PijXiX;
iEN j€
subject to Z‘Wij <c,
JE

0<x;<1, jeN.

objective function is not linear
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Bounds from Linearisation
Variablesyjj =1 x=1andxj=1
Yij <X, Vij<Xj,  Xi+Xj<1+vij,
ILP model
maximize ; % PijYij
ieN je
subject to ;wjxj <c,
j€
Yij < Xi i,
Yij < X, l,]
Xi+XjS1+yija !a_
Xj,Yije{O,l}, I
LP-relaxation

maximize PiiVii
;gm iYii

subject to wa,-xj <c,
j€

Yij < X, JEN,
Yij <Xj, ieN,
Xi+xj§1+yija iajENa
0<x;<1, jEN,
yij > 0, i,jEN.

Upper bound UL
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Bounds from Semidefinite Relaxation

Objective function of QKP

T
X Px= pijxixj = (P, X)
i; ng iXiXj
Formulation of QKP

maximize {(P,X)

subjectto (Diag(w),X) <c,
X >0,
rank(X) =1,
Xii € {0,1}.

Dropping rank(X) = 1 constraint, relax last constraint

maximize (P,X)

subjectto (Diag(w),X) <c,
0<X;i<1
X =0,

Upper bound U°

HRW

17

Max-cut problem

Graph G = (V,E,a), splitV = {U,V\U}

‘= 1 ifieu 1-xXj [ 1 ifxi#£Xx
71 -1 ifiev\U 2 10 ifx=x;
Model

1—Xin

maximize ) aj
252

subjectto x € {—1,1}"

Rewriting objective

1 1
5 ai(l—xixg) = 75 aij(l—xix;)
<] 1]
1 n n n
= ZI; <;ainiXi—JZlainin>
= %XT(Diag(Ae)—A)x
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Max-cut problem

Setting C = 1(Diag(Ae) — A) we get objective
1
E,;a”(l —XiXj) =X Cx = (C,xx")

Semidefinite program

maximize (C,X)

subject to diag(X)=e
X >0,
rank(X) =1,

Since diag(X) = e we have
Xii =1=xX
Drop rank(X) = 1, semidefinite relaxation

maximize (C,X)
subjectto diag(X)=e
X =0
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Quadratic 0-1 programming

Problem

max X' Cx
xe{0,1}"

Semidefinite program
maximize {(C,X)
subjectto X > 0,
rank(X) =1,
Xii € {0, 1}

Drop rank(X) =1, LP-relax X;; € {0,1}

Semidefinite relaxation

maximize (P,X)
subjectto 0<X;;<1
X >0
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Tighter bounds for QKP

Proposition 3 If X = 0 and rank(X) = 1 and X; € {0,1}
then also
X —diag(X)diag(X)" > 0. 3)

Proof

o X = xxT due to Proposition 2

X1 -+ X X1Xg v XiXn
X=| : : xx| = ; :
Xnz oo Xon XnX1 +++ XnXn
e diag(X) = diag(xx") = x when x € {0,1}"

e WeER"™ (x+V)(x+Vv)T =0
choose v = —diag(X)

X+V)(x+Vv)T =
xXT 4+ vxT +xvT +w' =
X +vdiag(X)" +diag(X)vT +w' =

X + (v+diag(X))(v+diag(X))" —diag(X) diag(X)"

X —diag(X)diag(X)" = 0
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Tighter bounds for QKP

Proposition 4
X —diag(X)diag(X)" =0 & X=0

where 7'—( 1 diag(X)T>
= diagx) X )

Proof

Define the regular matrix B as

B (Cl) —dialg(X)T >’

and observe that

- T T
BTXB = (  diag(x) i ) ( diag(x) egfx) ) < o AP )

1 0
= (o X —diag(X) diag(X)T )
Using y = B~y we have
y'Xy=y'(B™")'B'XBB 'y =y'B'XBY,

hence: X =0« B"XB >0

B'XB >0 < 1> 0andX —diag(X)diag(X)" =0
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Tighter bounds for QKP (bound 1)

Relax QKP to QKP’

maximize (P,X)

subject to (Diag(w),X) <c,
X —diag(X)diag(X)" =0,
rank(X) =1,
Xii € {0, 1}

Drop rank(X) =1 and relax last constraint to 0 < X;; < 1

maximize (P,X)

subjectto (Diag(w),X) <c,
X —diag(X)diag(X)" =0,
Xi<l1

upper bound U}

HRW
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Tighter bounds for QKP (bound 2)
oW x=x"w
ew'x<c=wxx'w<c?

o wixx"w = (ww' xx")
o relax xx™ to X
relaxation

maximize (P,X)
subject to (ww', X) < c?,
X — diag(X)diag(X)" =0

upper bound U?

HRW
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Tighter bounds for QKP (bound 3)

The third semidefinite relaxation is based on the observa-
tion that w'x < ¢ can be multiplied by the real number wx
on both sides gives the constraint (w"x)? < w'xc, leading
to the inequality

T Tw) — wT T c
0<wix(c—x"w) =w'x( 1,x )(—w

o (D (5,)

Setting X’ = )1( (1,xT ) =xXT the right hand side ex-

pression in (4) can be written

<(&J(QW)J>. )

This leads to the following relaxation:

maximize (P, X)

subject to << _CW> (o,w") ,X’> >0, (6)
X — diag(X)diag(X)" > 0.

Solving the above problem gives bound U3 .
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Tighter bounds for QKP (bound 4)
The last relaxation is obtained by multiplying the capacity
constraint with each of the variables x; for i € N getting
xiw'x < x;c. By writing the vector product explicitly we
get the sum
WijXiXj < XiC. @)
2
By introducing in (7) X;;j for x;x; and X;; for x; we get
w;iXij < XiiC, (8)
2
which leads to the following relaxation:

maximize (P,X)
subject to %ijij—xiicgo, forieN, (9
JE

X —diag(X)diag(X)" >0,
giving the bound U# .
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Strength of bounds for QKP

Helmberg, Rendl and Weismantel [4] together with Bau-
vin and Goemans [1] prove that

ul >u2 >ud >u4,

HRW — HRW — HRW

Computational Experiments

Randomly generated instances by Gallo, Hammer and Sime-
one
Let A be the density of an instance

o weight wj is randomly distributed in [1,50] while

e profits pjj = pji are nonzero with probability A, and
in this case randomly distributed in [1,100].

e capacity c is randomly distributed in [50, z'}:lw,-]

Implementation and experimental study was carried out
by Rasmussen and Sandvik [5]
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75 40| 0000 3522 [ 0.00I 3400 | 0002 2782 | 0001 27.33 | 0.000 2645

50| 40 | 0000 3576 [ 0.000 3491 | 0.001 2601 | 0001 2548 | 0.000 2495

75 40 | 0000 3510 | 0.000 2880 | 0000 1848 [ 0000 1800 | 0000 1755

95| 40 | 0000 6384 [ 0.00I 3523 | 0003 1733 [ 0000 1672 | 0.000 1615

00 | 40 | 0001 2367 [ 0.00I 1524 | 0001  9.64 [ 0001 9.32 | 0.000 915

avig | O X X I X X X
fotalavrg [ 0.001 3.62_| 0.00. 6.23 [ 0.004 1918 [ 0.003" 19.06 [ 0.003 1892

Table 1: Bounds from upper plaﬂgs (Intel Pentium 111, 933 MHz).




v - Usrs Uce Ugc

A nftime dev|time dev|time dev A n|time dev | tinme dev

51 40 0.0 0.80 03027 36 074 5| 40 00 123 2527 0.70

60 0.0 0.65 0.6 037 9.6 049 60 0.1 141| 1600 045
80 0.0 045 14 029| 158 043 80 0.2 156
100 0.0 032 20 016| 248 031 100 04 1.32
120 0.0 028 32 017| 404 030 120 07 137
140 0.0 0.56 22 053| 756 070 140 15 215
160 0.0 013| 125 0.08| 765 0.14 160 21 149
180 0.0 0.14 73 011| 950 017 180 37 164
200 0.1 008| 220 0.05|111.0 0.09 200 4.8 144

avrg 0.0 038 57 022] 502 037 avrg 15 TI5I 926 057

5 40 0.0 307 06 238 37 165 25 40 00 29I 355 221

60 0.0 058 18 037 85 0.35 60 0.1 0.92| 3264 0.38
80 0.0 102 65 0.77| 16.1 065 80 03 134
100 0.0 248 3.0 2.44| 300 0.68 100 07 279
120 0.1 057 49 053| 386 0.26 120 1.0 093
140 0.1 146 24 146| 594 061 140 21 196
160 02 050| 647 047| 622 0.16 160 25 101
180 0.2 074 348 0.73| 935 0.27 180 45 118
200 0.3 147| 203 1.47|122.3 0.36 200 7.7 191

avrg 01 13 155 118] 483 055 avrg 2.1 166 181.0 130

50 40 0.0 370 11733 .7 13 50| 40 01 329 559 1.70

60 0.0 285 31 270 8.4 067 60 02 211| 699.3 0.84
80 0.0 0.82 94 069 147 038 80 0.3 0.85
100 0.1 361| 154 357| 247 050 100 0.7 240
120 02 140 485 1.35| 361 0.35 120 12 131
140 03 133| 284 132| 473 019 140 22 145
160 05 116| 1649 1.12| 66.1 0.20 160 29 089
180 06 157| 279 157| 848 021 180 52 157
200 0.8 0.83| 438 0.83]107.0 0.16 200 6.0 0.84

avrg 03 1.9 381 183 437 044 avrg 21 164 3776 127

75|40 0.0 39 33 336 37 158 7540 01 245 294 159

60 0.0 215 64 1.88 8.1 081 60 0.1 1.39| 1164 0.80

80 0.1 152 20 152| 135 023 80 0.3 1.03| 978.8 0.22

100 02 196| 151 1.93| 233 041 100 0.5 1.21{21109 041

120 03 189|1955 1.80| 312 049 120 0.8 0.73[2982.4 047
140 05 194| 306 1.94| 475 019 140 17 111
160 07 124|5068 1.21| 631 0.18 160 25 084
180 0.8 180 144 180| 778 0.12 180 36 078
200 37 203| 179 203] 1025 0.17 200 42 0.78

avrg 0.7 205| 880 194 412 0.46 avrg 15 115[1243%6 0.70

9540 0.0 930 0479728 38 160 95| 40 0.1 269 177159

60 0.0 421 0.6 421 8.4 0.68 60 0.1 1.25| 102.2 0.68

80 01 259| 112 254| 146 071 80 03 1.12| 4458 0.70

100 02 163| 131 1.62| 21.0 046 100 04 09113465 0.46
120 04 171| 894 1.69| 327 0.28 120 0.7 0.66
140 05 1.82|1132 1.81| 415 022 140 13 0.65
160 0.8 2182216 218| 629 0.33 160 2.1 0.63
180 10 206| 151 206| 80.8 0.32 180 32 071
200 1.2 3.38|563.3 3.37|103.7 0.15 200 4.7 054

avrg 05 321 1142 320 41.0 053 avrg 14 102 4780 0.86

100 40 00 47 0 4.08 36 155 100 40 0.1 1389 248 155

60 00 214| 112 205 8.2 099 60 01 1.17| 1511 0.98

80 01 222| 204 220| 140 053 80 03 0.74| 397.7 051

100 0.2 290 4.4 290| 220 027 100 05 0.611990.1 0.27
120 0.4 223| 200 222| 331 038 120 09 074
140 06 193|1227 1.92| 479 0.26 140 13 053
160 0.8 225|9787 221| 60.0 031 160 1.9 050
180 1.0 254 | 211 254| 783 024 180 29 046
200 14 166| 798 166 103.1 0.50 200 4.2 0.66

avrg 05 245[140.0 2.4 411 056 avrg 13 0.81[ 6409 0.83]
fofalavrg 03 189 669 180 443 049 fofal avrg 17 130 6314 087

Table 2: Bounds based on Lagrangian relaxation (left table) and bounds from Lin-
earisation (right table). (Intel Pentium ||59933 MHz).

5 40 39 .40 56 129 53 122 59 122 142 12T
60 97 764 24 270 135 184 142 183 758 1.83
80 255 1023 291 3.60 342 195 368 195 | 2221 1.95
100 54.3 6.82 68.1 224 835 112 906 112 5795 112
120 | 1254 11.02 1430 4.19 1704 158 180.1 158 | 10538 1.58
140 | 2431 17.97 273.7 8.24 3094 247 3279 247 | 18104 247
160 | 4080 10.42 | 509.7 3.95 | 5663 1.03 | 619.8 1.03 | 24106 1.03
180 | 6445 1145 | 799.2 501 | 9093 119 | 10142 119 | 39280 1.19
200 | 9043 976 | 11079 343 | 13455 0.69 | 1564.6 0.69
avrg | 2688 9.86 | 3276 385 | 3819 146 | 4282 145 | 12618 1.55
5 40 38 1736 1044 47 299 54 297 178 295
60 100 1179 115 5.07 148 071 153 0.70 69.6 0.70
80 244 978 287 A4 382 087 421 086 | 2555 0.85

S0 40 38 2046 71 122 51185 57 183 [ 173 182

7540 40 2146 70 1294 51 18 54 187 | 198 187

9 40| 37 3828

00| 40| 37 04| 41 1050 58 166 59 166 2L1 166

avig | 2627 19.66 | 2865 1181 | 4804 061 | 5144 0.60 | 16001 060
| Tomlavrg | 2624 1843 | 2952 1048 | 4328 079 | 4787 0.78 | 14444 083

Table 3: Bounds from Semidefinite Pro%amming. (Intel Pentium 111, 933 MHz).

Approximation algorithms

e Should run in polynomial time
e Bounds from semidefinite programming
o Semidefinite optimization can be solved in polyno-

mial time
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