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. Articulated Figures

An articulated figure Is a construction made of
links and joints.

The different links are connected by joints which
have some number of degrees of freedom.
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. Joint Types

(a) revolute joint (b) prismatic joint

revolute joint: rotates around one axis.
prismatic joint: translates along one axis.

(© Knud Henriksen - p.3/46



. Paired Joint Coordinates

The Body Frame ( BF';): local coordinate system
associated with link;. The geometry of link; IS
described in this local coordinate system.
Generally, the origin of BF'; Is chosen to be
the center of mass of [link;.




. Paired Joint Coordinates

The Inner-Frame (/F';): local coordinate system
associated with link;. Usually, its origin Is
located at joint, and has one axis parallel to
the direction of motion of the joint. Notice:
the origin and the axes are specified in the

body frame (BF;)




. Paired Joint Coordinates

The Outer-Frame (OF;): local coordinate system
associated with link;. Usually, its origin Is
located at joint,,; and has one axis parallel to
the direction of motion of the joint. Notice:
the origin and the axes are specified in the
body frame (BF})




. The Transformation *"T /p.
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Tir (Fr,) = Gr IlF
. _ZIFi jIF EIFi 0
R, (p,u) = 0 0 o0




. The Transformation ”*iT ,p.

ior, Jor, kor, 0
R . — () 7 7
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. The Transformation “*i-1T .
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The Transformation "~V 7. and %7

—

DTy, 4, T) =
(BFi_lTOFi_l)( 1 p, (d'w ©i, Uz)) (BFiTIFi)_

—

Generalized joint parameters g = (d;, i, ;)

VL) = (T Tor, ) (7 T 0)) (T e



. Denavit-Hartenberg




. Denavit-Hartenberg

link length a; The perpendicular dis-
tance between axes of
joint; and joint,_ ;.




. Denavit-Hartenberg

link twist «; The angle between
axes of joint; and
joint; ;. The angle q;
IS measured around
the Z;, axis. Positive
angles are measured
counter clock wise
when looking from the
tip of vector z; towards
its foot.
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. Denavit-Hartenberg

link offset d; The distance between
the origins of the
coordinate frames at-
tached to joint joint,
and joint, measured
along the axis of
joint,. For a prismatic
joint this is a joint
parameter.




. Denavit-Hartenberg

jointangle ¢; The angle between
the link lengths a;_;
and a;. The angle ;
IS measured around
the z; axis. Positive
angles are measured
counter clock wise
when looking from the
tip of vector z; towards
Its foot. For a revolute
joint this Is a joint
parameter.




Joint Axes

jownt,
jointi_l j jo?ntiﬁ—l
S U -
Uz —1 Ui+ 1
. P ° .
\\\pz—l /S Pi+41

Joint axes Z_,;(s) = p; + su;.
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Common Perpendiculars

jownt,
joint, _1 jo?nti+1
\\\\ —_ ‘ ,a”'L /—»
\<_1 / o

Irl —
/ Pit1

Link vectors a; and the origins o;.
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Coordinate-Frame Attachment

jownt,
jointi_l 3 jo'éntiﬁ—l
S | @ =
U;_1 Uz4+1

\Pi—1

\

Link-frames o;, &;, y;, Z;.
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Link Twist

Link frames and link twist «;. The link twist «; IS
negative.
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Link Offset

The link offset Is the distance between the origins
of joint joint,_, and joint,.
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. Joint Angle

jointi -1

The coordinate frames of the links and the joint
angle. In the figure, the joint angle ¢, Is negative.
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The Transfor mation ~ 17"

The coordinate frames of the links and the joint
angle.
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The Transfor mation ~ 17"

1. Rotate the angle ¢, around the axis z;.

2. Translate the distance d; along the axis 7.
3. Translate the distance a;_; along the axis ;.
4. Rotate the angle «;_; around the axis ;.

(i_l)Tz'(st', diy i1, Q1) =
Rz (c;1)Tz(a;-1)Tz(d;) Rz (i)



The Transfor mation ~ 17"

CIT(di, ) =

COS ©; — SIn o 0 ;-1
COS 051 sin Q; COS ;-1 COSQY; — Sin ;1 —dz' sin ;1
Sin ;1 Sin o Sin ;1 COS COS O/;—1 dz COS O/; 1
0 0 0 1




The Transfor mation ~ 17"

OTN — OTN(dlagpla' . 7dN790N)
=T (dy, 1) ' To(ds, o) - - - " ' Tn(dn, on)

generalized joint-parameters §; = (d;, ;).

TN =T N(b,, ..., 08)
= T1(6,)'T5(0s) - - - VDT n ()



. The End Effector

-

TN =T N (61, ...

mi1(01,...,0

N) mi2(01,...,0N8) miz(f1,...,0n) m1a(01,...,0N)
| mar(1,...,0N) ma2(fi,...,0n) mas(B1,...,0n) moa(f1,...,0N)
| ms(01,...,0x8) ms2(fr,...,08) mas3(01,...,0xn) m3a(r,...,0N8)

i 0 0 0 1 1
TN =T N1, ....0x8) = "T1(01)' To(65) - - - VDT (Oy)
~ T(7)R.(2)R, () R.(¥)
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. L ocation of the End Effector

s
S

T(p) =

S = O O
= S
NI S

o OO =
o O = O

(-



. Orientation of the End Effector

Roll &

| >

Yaw ¥
Pitch ©
T

Any orientation can be specified by three rota-
tions, the Roll, Pitch, and Yaw around the z, y and
7 axes respectively.

g



. Orientation of the End Effector

1. Yaw V¥ Rotate the angle W
around the z axis.

2. Pitch © Rotate the angle ©
around the y axis.

3. Roll & Rotate the angle o
around the 7 axis.



Yaw Transformation Y (V) = R=(W

1 0 0 0
0 cosV —sinV¥ 0
0 sm¥ cos¥ O

0 0 0 1

Knud Henriksen - p.30/46



Pitch transformation P(©) = R+(©6

1 0 0 0
0 cosV —sinV¥ 0
0 sm¥ cos¥ O

0 0 0 1
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Roll transformation R(®) = R P

cos® — sin @
sin® cosd
0 0

0 0
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. Roll, Pitch, Yaw Transfor mation

TRPY((I)a @7 \Ij) — Rz(q))Ry(@)Ra:(\P)

cd —s® 0 0] [cO 0s0 0]t 0 0o o
B s c® 0 O 0 1 0 O [0 ¥ —s¥ O
o 0 10|/|-s0 0 0 0|0 sU ¥ 0O

0 0 010 0 0 1]]0 0 0 1

DO DsOsT — sDV DO + sPsT
| 82O sPsOsV + cPc¥  sPsOcY — cPs¥ 0
| —s0 cOsW cOcWV 0

0 0 0 1
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The End Effector T x(p, ®. O, U

Ty ="Tn D, ®,0,9) =T (P)Trpy(®,0,)
= T(p)R(®)P(0)Y (¥) = T(5)R.(®)R,(0) Ry ()

10 0 p,|led —s®& 0 0l[cO® 0 s 0o][1 0o o0 o0
o1 0 p||s® @ 00| 0 1 0 0|0 ¥ —s¥ 0
o0 1 p 0o 0 10|50 0 c® 0|0 sT ¥ 0
000 1/]/0o o o010 o 0o 10 0 o0 1

DO  cPsOsU — sBY  DsOCY + sBsT  p,
s®cO sPsOsY + cPcV¥  sPsOcY — cPs¥  p,
—s0 cOsW cOcVY D,

0 0 0 1
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Computation of p, &, O, U

myp mmia2 M1z Mg
0 ma1 M2z 123 124
N J—

mgy Mg 133 134

0 0 0 1
—m11 mio Mi3 m14_ _c@c@ cPsOsU — sPc¥U  cPsOcY + sbsW px—
m21  Mm22 Mm23 M4 s®PcO sPsOsY 4 cPcV¥V  sPsOcV — cPs¥  p,
m31 Mm32 M33 M34 N —sO cOsW¥ cOcY P
i 0 0 0 1 ] ] 0 0 0 1_
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. Computation of p

Px 14
P= |DPy| = |24
_pz_ _m34_



. Computation of W

v = arctan<@)
m33
That Is because the following relations hold
v = arctan(@>
m3s3

cos Osin W sin W
— arctan — arctan

cos © cos ¥ cos ¥




. Computation of ©

© = arctan
(mgg sin W + 133 COS \If)

This can be seen because the following relations
hold

O = arctan( . s )
Ma3o SIN ¥ + ms3 cos W
B sin ©
— arctan (cos O sin® ¥ 4+ cos O cos? \Il)

. sin © X sin ©
= arctan = arctan
cos O(sin? U + cos? W) cos ©
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. Computation of ¢

m
® = arctan (i)
i1

That Is because the following relations hold

m sin ® cos ©
P = arctan(ﬂ> — arctan( )

miq cos @ cos ©

¢ sin @
— arctan
cos




The State Vector
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Direct Forward Kinematics

0T N (01, ...,0n) ="T1(01) - O VT6;)--- N-DTy

mai _)1, 7§N) ma32 _)17---7_}N> m33(_)1, 3 m34(_}1, --,5N)
] 0 0 0 1 ]
px(gla 7§N)
py(e_’la 7§N)
=/ ~ pz(gla- -,5N)
8((91, . ,HN) — — -
\11(017 79.7\7)
@(517 7§N>
(61, 0n)
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. Key-Framing




. Key-Framing

90 ° S gt
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The joint parameters of the key-frames plotted
against time.
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. Key-Framing
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The joint parameters are interpolated linearly be-
tween the key-frames.
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. Key-Framing

90°

45 °
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The joint parameters are interpolated between
the key-frames by a smooth interpolating spline.

(© Knud Henriksen — p.45/46



. Key-Framing
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Interpolating spline with extra control points.

(© Knud Henriksen — p.46/46



	Articulated Figures
	Joint Types
	Paired Joint Coordinates
	Paired Joint Coordinates
	Paired Joint Coordinates
	The Transformation $ {}^{mathit {BF}_i}mat {T}_{mathit {IF}_i} $
	The Transformation $ {}^{mathit {BF}_i}mat {T}_{mathit {OF}_i} $
	The Transformation $ {}^{mathit {OF}_{i-1}}mat {T}_{mathit {IF}_i} $
	The Transformation $ {}^{(i-1)}mat
{T}_i $ and $ {}^0mat {T}_N $
	Denavit-Hartenberg
	Denavit-Hartenberg
	Denavit-Hartenberg
	Denavit-Hartenberg
	Denavit-Hartenberg
	Joint Axes
	Common Perpendiculars
	Coordinate-Frame Attachment
	Link Twist
	Link Offset
	Joint Angle
	The Transformation $ {}^{(i-1)}mat
{T}_{i} $
	The Transformation $ {}^{(i-1)}mat
{T}_{i} $
	The Transformation $ {}^{(i-1)}mat
{T}_{i} $
	The Transformation $ {}^{(i-1)}mat
{T}_{i} $
	The End Effector
	Location of the End Effector
	Orientation of the End Effector
	Orientation of the End Effector
	Yaw Transformation $ mat {Y}(Psi )
= mat {R}_{vec {x}}(Psi ) $
	Pitch transformation $ mat {P}(Theta )
= mat {R}_{vec {y}}(Theta ) $
	Roll transformation $ mat {R}(Phi )
= mat {R}_{vec {z}}(Phi ) $
	Roll, Pitch, Yaw Transformation
	The End Effector $ {}^0mat {T}_N(vec {p},Phi ,Theta ,Psi )
$
	Computation of $ vec {p}, Phi , Theta , Psi $
	Computation of $ vec {p} $
	Computation of $ Psi $
	Computation of $ Theta $
	Computation of $ Phi $
	The State Vector
	Direct Forward Kinematics
	Key-Framing
	Key-Framing
	Key-Framing
	Key-Framing
	Key-Framing

