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N P-fuldsteendighed

Datalogisk indsigt

e Der ndes problemer som kan lgses effektivt (poly-
nomiel tid)

e Der ndes problemer som ikke kan | gses effektivt

e Der ndes problemer som slet ikke kan | gses
hvorfor?

e NP = P er et af datalogiens sterste abne problemer

e Det vrimler med problemer som ikke kan | gses effek-
tivt

e Det er ikke nemt at se forskel pa svaae og lette pro-
blemer

e Reduktion (transformation) er generelt anvendelig
e (NP = P forekommer i “The Simpsons”)

Datalogiens ster ste speargsmal

Hviskan bevise NP =P fas 1

million dollar

® http://www.claymath.org/Millennium Prize_Problems/
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MILLENNIUM PRIZE PROBLEMS

Statement from the Directorsand Scientific Advisory Board

| Birch and Swinnerton-Dyer Conjecture | Hodge Conjecture | Navier-Stokes Equations | P vs NP |

Poincare Conjecture | Riemann Hypothesis | Yang-Mills Theory |

| Rules etc|

A

In order to celebrate mathematics in the new millennium, The Clay
Mathematics Institute of Cambridge, Massachusetts (CMI) has
named seven ?Millennium Prize Problems.? The Scientific Advisory
Board of CMI selected these problems, focusing on important
classic questions that have resisted solution over the years. The
Board of Directors of CMI have designated a $7 million prize fund
for the solution to these problems, with $1 million allocated to each.
During the Millennium meeting held on May 24, 2000 at the
Collége de France, Timothy Gowers presented a lecture entitled
2The Importance of Mathematics,? aimed for the general public,
while John Tate and Michael Atiyah spoke on the problems. The
CMI invited specialists to formulate each problem.

One hundred years earlier, on August 8, 1900, David Hilbert
delivered his famous lecture about open mathematical problems at
the second International Congress of Mathematicians in Paris. This
influenced our decision to announce the millennium problems as the
central theme of a Paris meeting.

‘The rules that follow for the award of the prize have the
endorsement of the CMI Scientific Advisory Board and the approval
of the Directors. The members of these boards have the
responsibility to preserve the nature, the integrity, and the spirit of
this prize.

Paris, May 24, 2000

Please send inquiries regarding the Millennium Prize Problems to
prize.problems@claymath.org.
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| Birch and Swinnerton-Dyer Conjecture | Hodge Conjecture | Navier-Stokes Equations | P vs NP |

Effektive algoritmer

Garey og Johnson

L ette og svaere problemer

P (let)

NP-fuldsteendig (svae)

Euler cycle

Given agraph G = (V,E). Isthere
acyclewhich visitseach edge exa-
ctly once?

Hamilton cycle

Given agraph G = (V,E). Isthere
acyclewhich visits each node exa-
ctly once?

Shortest path

Given a weighted graph G =
(V,E,c). Is there a path from a to
b with length < k?

L ongest path

Given a weighted graph G =
(V,E,c). Is there a path from a to
b with length > k?

Edge cover

Given agraph G = (V,E). Isit po-
ssibleto choose < k edges so every
nodeisincident to a chosen edge?

Node cover

Givenagraph G=(V,E). Isit pos-
sible to choose < k nodes so every
edge isincident to a chosen node?

Chinese postman

Given a weighted graph G =
(V,E,c). Isthere acycle which vi-
sitseach edge at |east once and has
length < k?

Traveling salesman

Given a weighted graph G =
(V,E,c). Isthere acycle which vi-
sitseach node at least once and has
length < k?

2CNF-SAT

Given a boolean expression in
2CNF-form. Isit possibleto assign
truth values to variables so expres-
sion becomes true?

3CNF-SAT

Given a boolean expression in
3CNF-form. Isit possibleto assign
truth values to variables so expres-
sion becomes true?




Oversigt

e Hvad er P, NP og NP-fuldstaandighed

e Eksistens af NP-fuldsteendigt problem

e Bevisaf NP-fuldstesndighed ved reduktion

e Gramnsen mellem N P-fuldsteendigt og P
Lasning af N P-fuldsteendige problemer

e Branch-and-bound

e Approximation

o (Meta)heuristikker

Formalisme

Nemt at na fejlagtige konklusioner. Derfor stringent for-
malisme.

Afgerlighedsproblemer

Abstrakt problem Probleminstans

SHORTEST-PATH

e Optimeringsproblem for generelt
o Afgarlighedsproblem
e Nemt at transformere ” | @sninger”
e Intet tab af generalitet

Afgerlighedsproblem

PATH={ < G,u,v,k>:
G = (V,E) isan undirected graph
uvev,
k > Oisaninteger,
there existsapath fromutovin G
whose lenght is at most k}

Alfabet: {ciffer,"{””’ }

2

Instans:
| =<{1,2,3,4},{{1,2},{2,3},{3,4},{1,4}},1,3,2>

Afgerlighedsproblemet:
PATH(I) = 1?

Probleminstans, effektiv kodning

Ideelt set skulle vores argumentation vaae uafhaangig af
inddataformat. Men inddataformat har betydning.

Eksempel

Primtal stest

e Input: tal k

e Fori=1tokdo"“provomilk’
Kodning af input

unag kodning n=Q(k) Q(n)
binag kodning n= Q(log,k) Q(2M
decimal kodning  n=Q(log,ok)  Q(10M)
unit cost kodning  n=Q(1) ?

Standard kodning < G >

Effektiv (binea eller polynomielt relateret)

Polynomielt relaterede kodninger

Krav: ndes polynomiel tids funktioner som afbilder in-
stanser mellem de to kodninger.
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Afgerlighedsproblemer som sprog
o Afgarlighedsproblem: instans — {0, 1}
e Instans: alfabet (“{" “}" “ ta)
e Binaat alfabet: S= {0,1}
e S*={g0,1,00,01,10,11,000,...}
o Afgerlighedsproblem er et sprog L
L = {x € S*|problem(x) = 1}

S*

L T =0

—~1

Note

Hvis streng x € S* ikke repraesenterer en instans (“ syntax-
fejl”) returneres 0.

Genkendelse med algoritmer
Streng x € S* accepteres (genkendes) af algoritme A

X

|

A
7N
A standser med vaadien 1

Streng x € S* afvises af algoritme A

X

|

A
\
A standser med vaadien O
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Genkendelse med algoritmer

Sprog L = afgarlighedsproblem

Sprog L accepteres (genkendes) af algoritme A

VX € L : x accepteresaf A

{0, 1}x

Sprog L afgeres af algoritme A

vx € {0,1}*: x acceptereseller afvisesaf A

{01}

—

- >0

>~1

Accept i polynomiel tid

L accepteresi polynomiel tid af en algoritme A
Jk:Vxe€L,|x| =n:xaccepteresaf Ai tid O(nk)

L afgeresi polynomiel tid af en algoritme A

Jk:vxe {0,1}*,|x| =n: xacceptereseller
afvisesaf Ai tid O(n)

Klassen P er maangden af sprog L for hvilkeder ndes
en algoritme A som afger L i polynomiel tid.
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Accept i polynomiel tid

afgeres polynomiel tid accepteres polynomiel tid
xeL=1 < |[xeL=>1
X¢L=0

Husk

L accepteresi polynomiel tid af A

de,k,n’: VX € L,|x| =n: x accepteres af A
itiden*forn>nf

L afgeresi polynomiel tid af A
dc,k,n': ¥x e {0,1}*,|X| = n: x accepteres eller
afvisesaf Ai tidenk forn>
Bevis

= oplagt

< Antag n > n'. For givne konstanter ¢,k lad algoritme
kerei tid cn®. Hvis g standset udskriv “0”.
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Veri kation

e \eri cere: at bekrafteat enforelagt “ potentiel Iasning
vitterlig er en lgsning.

e Certi kat: “agte” lgsning

Eksempel
HAM-CYCLE = { < G >: G har en Hamilton kreds}

e Certi kat: liste af knuder (vi,Va,...,Vn)
o \eri cere: kontroller (v, Va,..., V) er Hamilton kreds
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Veri kation

Algoritme A: ordinaat input x, ekstrainput y
L
A

VAN

Averi cerer x hvisder ndesy sa A accepterer (X,y)

Sproget L veri ceret af Aer
{xe {0,1}": Iy € {0,1}* sa A accepterer (x,y)}

NP er klassen af problemer for hvilke der ndes
polynomiel-tidsveri cerende algoritme.

L € NP hvis og kun hvis der eksiterer polynomiel veri -
kationsalgoritme A, og konstant ¢ sa

VxelL, 3y, |yl =0(x) : Aaccepterer (x,y)
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Veri kation

Bemagk
PCNP

Eksempel
HAM-CYCLE eri klassen NP.




Nondeter ministisk polynomiel

Historisk:

NP er klassen af problemer der kan |@ses af en nondeter-
ministisk Touring Maskine i polynomiel tid.

Fi e 90 A Turing machine conceptualizanon
igur 2

d(p,a) = (q,b,d)
Nar i tilstand p laeser symbol a : skriv symbol b, yti
retning d, og antag tilstand q.

d( p, a) = (qla bla dl) \ (q27 b27 d2) V...V (me bma dm)
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NP og co-NP

co-NP er mamngden af sprog L sa
LeNP
hvor komplement
L = {x € S*|problem(x) = 0}

|

A

/N

Eksempel

HAM-CYCLE =
{< G >: Gisahamiltonian graph}

HAM-CYCLE-COMPLEMENT =
{< G >: Gisanot ahamiltonian graph}

formentlig ikkei NP.
Certi kat?

NP og co-NP
Oplagt at P C co-NP.

—

 NP=co-NP )
S

Givet et NP-fuldsteendigt problem L.
HvisL € NP saer NP = co-NP.
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Reduktion

At lgse et problem v.h.a. et andet

Eksempel
Parring i todelt graf: BIP-MATCH

Find en parring M (i.e. en delmaangde af kanter saingen
har fadles endepunkter) med est mulige kanter.

BIP-MATCH < MAX-FLOW

f er max stremning med heltallig vaardi. <
“midterste” kanter udger en maximal parring.
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Reduktion
L <L &

af : {0,1}* — {0,1}*,
X € Ly hvisog kun hvis f(x) € L

{0,1}x {0,1}*

Ly /'—\ )
f

Polynomiel reduktion

Ll Spol I-2
f er polynomieltids afbildning
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Reduktion

Hvis (L1 <po Lo0gL, € P)sal; € P

{01} {o,1}

L L 0
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N P-fuldsteendige problemer

Et problem Q kaldes N P-fuldstaandigt <
1QeNP
2VRe NP :R<py Q

Et problem som opfylder (2) kaldes NP-hardit.

Sagtning

Hvisder ndeset NP-fuldstaendigt problem somer |gseligt
i polynomiel tid, saer NP = P.

Hvis et problem i NP ikke kan lgses i polynomiel tid sa
kan ingen N P-fuldstaendige problemer | gsesi polynomiel
tid.

NP
NPC

p
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Eksistens af NP-fuldsteendigt problem

e Alle problemer i NP skal kunne reducerestil Q

e Ethvert NP-problem har polynomiel veri kationsal-
goritme

e Enveri kationsalgoritmekan afvikles paen computer
e Naivt gadt: “Computeren” er NP-fuldstaendig

Computeren som et kredslgb

En computer bestar af “gates”

x
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9
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<
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24




Circuit satis ability

—
1B :

h

CIRCUIT-SAT: Givet et kredsiab, er det muligt at tildele
vaadier {0,1} til indgangene x4, ..., X, sa udgangen z bli-
ver 1

D
> .

hE

Ovenstaende instans har ingen tilfredsstillende tildeling.
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Circuit satis ability er i NP

Certi katY = {Xy,...,X} virker ikke

X1

T
Certi katY = {Xq,.-.,%n,Y1,.--,Ym} Virker

Z :DY4

> Y3
z

X1 > Y1 2

Veri kations algoritme: check alle gates, input og output.
Karer i polynomiel tid.
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Computeren som et kredslgb

\ RAM

|

clock — CPU

Afvikling af veri kationsalgoritme A pa computer

En polynomiel algoritme A er ikke laangere end |X |¥.
En polynomiel algoritme bruger ikke mere plads (vari-
able) end |X|¥
e CPU, central processing unit
udfarer aritmetisk-logiske operationer i hver klokcy-
klus
konstant antal gates

e RAM, random access memory
kan lagre algoritme A, instans X, certi katY, variable
V, output Z
|A] polynomiel i X
|Y| polynomiel i X
|V| polynomiel i X

e OUTPUT
Vaadi {0,1} skrivestil RAM
konstant antal gates
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Circuit satis ability er NP-fuldstaendig

Y1,¥2,+ %0
[

‘algoritmeA |PC‘ registre‘ instans X ‘ certi katY ‘ variableV ‘RAM

[ CPU |

agoritme A |PC‘ regiare‘ instans X ‘ certi katY ‘ variableV | RaM

CPU

agoritme A |PC‘ registre‘ instans X ‘ certi katY ‘ variableV | RAM

agoritme A |PC‘ registre‘ instans X ‘ certi katY ‘ variableV ‘RAM

‘ output
z
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Resume

e Abstrakt problem: problemtype

e Konkret problem, problem instans

o Kodning: effektiv (binaa eller pol. relateret til binaa)
e Abstrakte problemer: sprog over {0,1}*

e P={L:L accepteresaf en agoritmei polynomiel tid}

e X € L veri ceresaf enagoritme hvisder ndes certi-
cat y sa agoritmen accepterer (X,Y)

e NP={L:Lveri ceresaf enpolynomiel tids
agoritme A}

e Q er NP-fuldstaandig hvis Q € NP og VR e NP :
RSpoI Q

e CIRCUIT-SAT er NP-fuldstendig.

Store spargsmal
e P=NP?
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