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SCVRP

Recall from lecture one month ago:

• n customers that each demand a certain amount of goods.

• k identical vehicles, all located at one depot that supplies the goods
to the customers. All vehicles should be used to serve the customers.
Each vehicle has a certain capacity.

• A symmetric cost matrix that indicates the cost of traveling between
two nodes in the graph. It is assumed that the cost matrix satis�es
the triangle inequality .

• Our task is to assign the customers to vehicles such that the capacity
of the vehicles are obeyed and such that all customers are served.
Furthermore we must construct routes for the vehicles. Our objective
is to minimize the total cost of the routes (as given by the cost
matrix). Each customer should be visited precisely once.
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CVRP Example
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The Vehicle Routing Problem With Time Windows

(VRPTW)

• An extension to CVRP.

• In the CVRP we had a cost cij for traveling between customers.
In the VRPTW we both have a cost cij and a time tij needed for
travelling between the customers i and j. Both cij and tij satis�es
the triangle inequality.

• Each customer i has a time window [ai, bi]. A vehicle can only
service a customer within the customer's time window.

• A vehicle is allowed to arrive to early at a customer i, but it must
wait untill the start ai of the customer's time window before the
service operation can start.

• A vehicle must never arrive at a customer i after the end of the
customer's time window (bi).

• The time needed to service a customer i is si. In practice we
represent this service time by adding it to the travel time of all edges
leaving node i.

• The vehicles cannot leave the depot before ad and must return to
the depot before bd.
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VRPTW objectives

• Two objectives are typically considered in the literature:

1. Minimize the number of vehicles needed for servicing
the customers as �rst priority. Break ties by chosing
the solution with lowest total travel cost (as given by
cij).

2. Minimize the total travel cost (as given by cij). The
number of vehicles to use can be chosen freely.

• The heuristics described in the literature usually use an
objective of the �rst type while exact methods use an
objective of the second type.
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VRPTW example
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VRPTW, 50 customers (R101)
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VRPTW, 50 customers (RC101)
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Notation

• V = {0, 1, . . . , n, n + 1} : The set of all nodes (customers),
Node 0 is the depot. Node n+ 1 is a copy of the depot (start and
end terminal).

• V0 = V \ {0, n+ 1}

• E = {(i, j) : i, j ∈ V } : The set of all edges.

• cij : The elements of cost matrix that de�nes the cost of traveling
between nodes (we assume that the cost matrix satis�es the triangle
inequality).

• G = (V,E) : The graph on which the problem is de�ned.

• di: demand of customer i. It is assumed that ∀i ∈ V0 : di > 0

• d(S) =
∑

i∈S di, S ⊆ V

• C : Capacity of a vehicle.

• δ(S), S ⊆ V : The set of edges with one endpoint in S and one
endpoint in V \ S.

• ∆+(i) = {j : j ∈ V, (i, j) ∈ E} : The forward star of i.

• ∆−(i) = {j : j ∈ V, (j, i) ∈ E} : The backward star of i.
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VRPTW, 3-index model

Variables:

xijk : 1 if edge (i, j) is traversed by vehicle k, 0
otherwise.

wik : Time when vehicle k starts service at customer
i. If vehicle k does not visit customer i then the variable is
�unde�ned�.

Constants:

K : The set of vehicles.

cij : Cost of travelling from node i to node j. i, j ∈ V

tij > 0 : The time needed to travel from i to j. i, j ∈ V

di > 0 : The amount of goods to deliver at customer i.

ai : Earliest arrival time at customer i. i ∈ N

bi : Latest arrival time at customer i. i ∈ N

ad : Earliest departure time from the depot.

bd : Latest arrival time at the depot.

Mij = max{0, bi + si + tij − aj} : Large constants.
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min
∑
k∈K

∑
(i,j)∈E

cijkxijk (1)

Subject to:

∑
k∈K

∑
j∈∆+(i)

xijk = 1 ∀i ∈ Vo (2)

∑
j∈∆+(0)

x0jk = 1 ∀k ∈ K (3)

∑
i∈∆−(j)

xijk −
∑

i∈∆+(j)

xjik = 0 ∀k ∈ K, ∀j ∈ V0 (4)

∑
i∈∆−(n+1)

xi,n+1,k = 1 ∀k ∈ K (5)

wik + tij − wjk ≤ (1− xijk)Mij ∀k ∈ K, ∀(i, j) ∈ E (6)

ai

∑
j∈∆+(i)

xijk ≤ wik ∀k ∈ K, ∀i ∈ V0 (7)

bi

∑
j∈∆+(i)

xijk ≥ wik ∀k ∈ K, ∀i ∈ V0 (8)

a
d ≤ wik ∀k ∈ K, ∀i ∈ {0, n+ 1} (9)

b
d ≥ wik ∀k ∈ K, ∀i ∈ {0, n+ 1} (10)∑

i∈N
di

∑
j∈∆+(i)

xijk ≤ C ∀k ∈ K (11)

xijk ∈ {0, 1} ∀k ∈ K, ∀(i, j) ∈ E (12)

wik ≥ 0 ∀k ∈ K, ∀i ∈ v0 (13)
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VRPTW, Set Partitioning Problem

(SPP)

• Enumerate all feasible routes.

• Construct an IP model where each decision variable xj corresponds
to a feasible route. If xj = 1 then route j is used in the solution.

• cj gives the cost of the j'th route.

• aij indicates if customer i is served on the j'th route.

min

q∑
j=1

cjxj (14)

Subject to:

q∑
j=1

aijxj = 1 ∀i ∈ V0 (15)

xj ∈ {0, 1} ∀j ∈ {0, 1} (16)

• Each column corresponds to a feasible path from node 0 to node
n+ 1.

• It can be proven that the LP-relaxation of the set partitioning
formulation dominates the LP-relaxation of the 3-index formulation
(see exercise).

Kombinatorisk Optimering, April 2004 12



Set partitioning example
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• Feasible routes: {1}, {2}, {3}, {4}, {5}, {6}, {1,3}, {2,3}, {2,4}, {3,4}, {3,5},
{3,6}, [4,5}, {4,6}, {5,6}, {3,4,6}.

min 18x1 + 26x2 + 26x3 + ... + 34x13 + 34x14 + 24x15 + 42x16
st

1x1 + ... = 1
1x2 ... = 1

1x3 + ... + 1x16 = 1
... + 1x13 + 1x14 + 1x16 = 1
... + 1x13 + 1x15 = 1
... + 1x14 + 1x15 + 1x16 = 1
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Solving the set partitioning problem

• When the number of feasible routes is rather small we
can use the set partitioning model directly, and solve the
problem using an IP-solver. The number of feasible routes
might be small because the problem only contains a few
customers, or because the problem is very constrained.

• Usually the number of feasible routes grows very rapidly
as the number of customers increase. In a problem with
40 customers, where all routes with up to 7 customers
are valid we would get about 4.6 million columns. Such
a set partitioning problem is impossible to solve with the
IP solvers of today, as the set partitioning problem is
NP-hard.

• We could try to solve the LP relaxation of the problem,
but even though we have polynomial time algorithms for
the linear programming problem, this approach would also
be futile if we apply linear programming directly.

• What we can do, is applying column generation tech-
niques.
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Delayed Column Generation for

VRPTW

• Basic idea:

1. Solve the LP-relaxation using only a subset of all the
columns.

2. Use the theory from the Simplex algorithm to determine
if the LP solution to the reduced problem also is the
optimal LP solution to the complete problem with all
the columns.

3. If so, then we are �done� (we have a LP relaxation to
the complete set partition problem). If not, then we
use the theory of the Simplex algorithm to add one (or
more) columns to our reduced problem. Step 1-3 is
repeated until we are �done�.

• In practice step 2 and 3 are performed together.
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Column Generation - details

• The initial set of columns should be chosen such that a feasible
solution to the LP-problem exists. This can for example be done by
creating n columns, each representing a route with one customer.

• When the reduced LP-problem has been solved we should determine
if our LP-solution also is optimal for the complete LP, or if more
columns must be added to the problem.

• This is done by looking at how the simplex algorithm works. In each
iteration of the simplex algorithm we have a basic solution. In order
to progress we have to choose a new variable to enter the basis . In
a minimization problem like ours we have to chose a variable with
negative reduced cost .

min cx (17)

s.t. Ax= b (18)

x ≥ 0 (19)

• Reduced cost:
c
r
j = cj − πAj

where cj is the j'th coe�cient in the objective, π is the vector of
dual variables and Aj is the j'th column in the matrix A.
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Column Generation cont.

• In our problem the reduced cost of a column (variable) is:

crj = cj −
n∑
i=1

πiaij

• Thus we can generate all feasible columns one by one and
check their reduced cost. In the end we can pick the
column with lowest reduced cost. If that value is negative
the column should be added to our problem, while if it is
nonnegative the simplex algorithm is done and our solution
is the optimal LP-solution to the complete LP-relaxation
of the set-partitioning problem.

• In practice it is not possible to go through all columns
one by one. Instead we de�ne an IP-problem whose
solution identi�es the column with smallest reduced cost.
We denote such a problem the pricing problem or the
sub-problem.

• Recall that each column in our set partitioning problem
corresponds to a feasible path from node 0 to node n+1.
That is, a path that respects time windows and capacities.
Thus we should look for these paths.
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Column Generation cont.

• The feasible paths from node 0 to n+ 1 are de�ned by:

∑
j∈∆+(0)

x0j = 1 (20)

∑
i∈∆−(j)

xij −
∑

i∈∆+(j)

xji = 0 ∀j ∈ V0 (21)

∑
i∈∆−(n+1)

xi,n+1 = 1 (22)

wi + tij − wj ≤ (1− xij)Mij ∀(i, j) ∈ E (23)

ai

∑
j∈∆+(i)

xij ≤ wi ∀i ∈ V0 (24)

bi

∑
j∈∆+(i)

xij ≥ wi ∀i ∈ V0 (25)

a
d ≤ wi ∀i ∈ {0, n+ 1} (26)

b
d ≥ wi ∀i ∈ {0, n+ 1} (27)∑

i∈N
di

∑
j∈∆+(i)

xij ≤ C (28)

xij ∈ {0, 1} ∀(i, j) ∈ E (29)

wi ≥ 0 ∀i ∈ V (30)

• We want to �nd a column with minimum reduced cost

crj = cj −
n∑
i=1

πiaij
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Column Generation cont.

• So the objective of our subproblem is:

∑
i∈V

∑
j∈V

cijxij −
n∑
j=1

πj
∑
i∈V

xij

=
∑
i∈V

∑
j∈V

(cij − πj)xij

• Where π0 and πn+1 by de�nition is set to 0.

• Thus we have to solve an elementary shortest path problem
with time windows, capacity constraints and negative edge weights
(ESPPTWCC ). Such a problem is NP-hard.

• A problem that is slightly easier is the shortest path problem
with time windows, capacity constraints and negative edge weights
(SPPTWCC ). In this problem, we are allowed to visit each customer
several times, and our paths can consequently contain cycles. The
problem is still NP-hard, but pseudo polynomial algorithms for the
problem exists.

• When solving the SPPTWCC we must change our set partitioning
to a set covering problem, and we notice that the lower bound
potentially deterioates as our solution space is widened.
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Shortest path example

• Travel time and distance between nodes with drawn edges
is set to 1. Travel time and distances between all other
nodes is ∞.
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• Notice that when ∀(i, j) ∈ E tij > 0 or ∀i ∈ V0 di >
0 in�nite cycling is imposible.
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Solving the SPPTWCC

• Normal shortest path from s to t where edge weights are
positive - use Dijkstras algorithm:

� d[v] : upper bound on shortest path from s to v.
Initially ∀i 6= s d[v] =∞ and d[s] = 0.

� Repeat until node t is processed:
∗ Process the node i among the unprocessed nodes

where d[i] is minimal.
� (When processing a node i we check all the edges

leaving the node to see if some of the d[v]'s at the
endpoints can be improved by using the path from s
to i).

• Dijkstras algorithm won't work when time windows or
capacities are introduced even if all distances are non-
negative.
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Solving the SPPTWCC

• Instead we introduce labels (corresponding to d[v]). Each label
represents a partial, feasible path. A label contains �ve elements:

� i : The node where the path ends.
� c : The cost of the path so far.
� t : The time when service starts at node i when this path is

taken.
� d : The capacity used along the path.
� p : A pointer to the label that this label was extended from.

• Given a label l and and edge e leaving the node of the label. We
say that we create a new label by extending l along e. The new
label represent path we obtain by extending the path represented by
l with the edge e. [Figure].

• We represent a label as the 5-tupple (i, c, t, d, p).

• A label x = (ix, cx, tx, dx, px) is said to dominate a label
y = (iy, cy, ty, dy, py) i�

ix = iy
∧(cx ≤ cy ∧ tx ≤ ty ∧ dx ≤ dy)
∧(cx < cy ∨ tx < ty ∨ dx < dy)
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Solving the SPPTWCC

• If we encounter two labels x and y where x dominates y when
searching for a SPTWCC then we can discard the y label as
the corresponding path always could be exchanged with the path
corresponding to label x without creating a path which is worse.

• In the SPPTWCC algorithm, labels are stored in a set of unprocessed
labels and in a set containing processed labels. Initialy the �rst set
only contain the label (0,0,ad,0, NULL) which corresponds to the
path from 0 to 0 while the second set is empty.

• In each iteration of the algorithm the unprocessed label with lowest
time component is removed from the set of unprocessed labels and
moved to the set of processed labels.

• The chosen label is extended along all edges leaving the node of the
label. We thereby create a set of new labels. If any of the new labels
are dominated by existing labels then these new labels are thrown
away.

• If some of the unprocessed labels are dominated by any of the new
labels then these unprocessed labels are discarded. Notice that the
new labels cannot dominate the already processed labels.

• Finally the undominated, new labels are added to the set of unpro-
cessed labels.
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Solving the SPPTWCC

• The algorithm terminates when the set of unprocessed
labels is empty. The shortest path from 0 to n + 1 can
be found by going through the labels with node id n+ 1.

• The algorithm is guaranteed to terminate due to the
choise of next label to process and assumption on travel
times.

• If travel times and demands are given by integer, then the
maximum number of processed labels (and stored labels)
is bounded by O(n(bd− ad)C). The running time of the
algorithm is O(poly(n(bd − ad)C)).

• An algorithm with such a running time is said to be
pseudo-polynomial. (An algorithm is pseudo-polynomial

if it is polynomial in |Iu|, where Iuis the instance coded
such that all numbers are written in unary, and |Iu| is the
number of bits needed to represent the instance).
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Solving the SPPTWCC
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• As noted before, paths containing cycles can easily be constructed
by our SPPTWCC algorithm. This lead to lower bounds that are
worser compared to what could be obtained by using a ESPPTWCC
algorithm.

• To improve the bounds one typically has used a modi�ed version of
the SPPTWCC algorithm that eliminates two-cycles. That is cycles
of the form i− j − i.

• In order to do this, one has to introduce some extra dominance
critereas, making the algorithm slightly more complex. The overall
running time of the shortest path algorithm is not increased much
by eliminating two cycles while the lower bounds can be improved
considerably.

• Recently [Irnich03] the cycle elimination principle has been gener-
alized to eliminating k-cycles for k ≥ 3. This can improve lower
bounds even more. [Table]
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Solving the ESPPTWCC

• For several years, most researchers have considered the
ESPPTWCC to be to hard to solve for practical use in a
column generation algorithm.

• Recently (2000-2003) it has been shown that the problem
can be solved for many of the subproblems arising in a
column generation algorithm for the VRPTW and that
the bounds obtained make it possible to solve problems
which couldn't be solved by methods using SPPTWCC.

• In order to solve a ESPPTWCC we have to extend our
labels such that they contain n binary �elds, one for each
customer. Each binary �eld indicate if the corresponding
customer has been visited by the path represented by the
label.

• A label x can only be extended to a node i if the path
represented by x has not visited i already.

• Ultimately, a label x can only dominate another label y
if x dominates y in the traditional way and if the set
(Sx) of customers visited by the path corresponding to
x is a subset of the set of customers visited by the path
corresponding to y (Sy),
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• It's the new, weaker dominance criteria that make the
ESPPTWCC so much harder to solve.

• Several �tricks� have been proposed to reduce the running
time of the algorithm without sacri�cing optimality.

• Example 1: If x dominates y in the traditional sense but
x visits one customer i, not visited by y then we cannot
discard either x or y. But if we can show that y cannot
be extended to i without violating the capacity constraint
or the time window of i then we can discard i. The same
trick can be applied if x visits more than one customer
not visited by y.
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Solving the ESPPTWCC

• Example 2: Again, assume x dominates y in the traditional sense
but x visits one customer i, not visited by y. If y can be extended
to a path y∗ to n + 1 with cost c(y∗) then we would also be
able to extend x∗ to n + 1 by visiting the same customers as
y∗but skipping node i. The triangle inequality and the fact that x
dominates y in the traditional sense ensures that x∗ is feasible. If
we can show that c(x∗) ≤ c(y∗) then we can discard label y.

• We have that (p and q are the predecessor and successor of i in the
path of y∗).

c(y
∗
)− c(x∗) = cpi + ciq − cpq − πi + c(y)− c(x)

If this number is greater or equal to zero then y can be discarded.
If we have that

πi + c(y)− c(x) ≥ 0

then this would be satis�ed (as cij satis�es the triangle inequality).
This gives us another rule for discarding y.
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Hard and Easy (E)SPPTWCC

• Several properties of a SPPTWCC problem in�uences the
practical hardness of the problem when solved by the
algorithm described above. The table below summarizes
these properties.

Easier Harder
Small problems Large problems
Sparse graph Dense graph

Tight time windows Large time windows
Few edges with negative cost Many edges with negative cost

• It is hard to do much about the �rst three properties,
allthough the preprocessing described at the end of this
lecture can help a bit.

• The number of edges with negative cost and the mag-
nitude of the negative costs are determined by the dual
variables (recall that ĉij = (cij−πj)). Let's see how the
dual variables and the edge cost behave as our column
generation algorithm progresses.
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Column generation R101, 100 cust.∑n
i=1 πi/n:

 150

 200

 250

 300

 350

 400

 450

 500

 0  50  100  150  200  250  300  350  400

’avgDual.plot’

Average edge cost in graph for shortest path problem:

-200

-150

-100

-50

 0

 50

 100

 150

 200

 0  50  100  150  200  250  300  350  400

’avgEdgeCost.plot’

Kombinatorisk Optimering, April 2004 30



Column generation R101, 100 cust.

Percent negative edges in shortest path graph.
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Column generation R102, 100 cust.

Percent negative edges in shortest path graph.
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Column generation R103, 100 cust.

Percent negative edges in shortest path graph.
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Number of labels processed in shortest path algorithm.
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• Lesson learned: The shortest path problem should be
solved with a heuristic initially. Only when the heuristic
no longer can produce columns with reduced cost is it
neceassary to switch to the exact method. We must
always solve the last pricing problem to optimality to
prove that the lower bound is valid.
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Adding more inequalities to the model

• It would be nice to be able to add inequalities to our set partitioning
problem. This would allow us to add valid inequalities in a cutting
plane fashion. Furthermore it makes it easy to implement a branch
and bound method.

• In general this is not easy though as the addition of a new inequality
can change the structure of our subproblem.

• We will now see how inequalities in the xijk variables in the original
3-index formulation can be used in the column generation.

• De�ne �ow variables:

fij =
∑
k∈K

xijk ∀i, j ∈ V

• Given a solution (xp) to the LP relaxation of our SPP we can �nd
the �ow variables as follows:

fij =

q∑
p=1

y
p
ijxp ∀i, j ∈ V

where ypij indicates the number of times that path p uses edge
(i, j).
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Adding more inequalities to the model

• Any valid inequality in the xijk variables can be written as:∑
k∈V

∑
i∈V

∑
j∈V

ρ
′
ijkxijk ≥ τ

Since the vehicles are identical this can be rewritten using �ow
variables: ∑

i∈V

∑
j∈V

ρijfij ≥ τ

In the column generation context the left hand side becomes

∑
i∈V

∑
j∈V

ρij

 q∑
p=1

(y
p
ijxp)

 =

q∑
p=1

∑
i∈V

∑
j∈V

(ρijy
p
ijxp)

Thus the coe�cient of the p'th column is∑
i∈V

∑
j∈V

(ρijy
p
ij)

If the dual variable corresponding to the constraint is named θ

then the cost of an edge in our subproblem becomes: ĉij = cij −
πj − θpij, and we can solve this shortest path problem using the
algorithms discussed previously.
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k-path cuts

• Even though our LP relaxation is composed of elementary shortest
paths we might get some �ugly� LP solutions as the example below
illustrate.

• In this example, the LP relaxation uses the three routes
{(0,1,2,6,5,7), (1,3,4,5,7), (2,3,4,6,7)}. The xj variables corres-
ponding to the three routes are all set to 0.5 such that the six
customers are served by 1.5 vehicles.

�

� �

�

� �

�

• We can get rid of such solutions by adding valid inequalities.

• Recall capacity inequalities from SCVRP lecture one month ago.∑
e∈δ(S) xe ≥ 2k(S) ∀S ⊆ V \ {0}

Where k(S) is a lower bound on the minimum number of vehicles
needed to serve S, for example k(S) = dd(S)/Ce.
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k-path cuts

• In the VRPTW problem where edges are directed, this
inequality becomes:∑

k∈K

∑
i∈S

∑
j∈V \S

xijk =
∑
i∈S

∑
j∈V \S

fij ≥ k(S)

• We can use the same k(S) as used for CVRP. This would
for example allow us to get rid of some situations that
occur when using SPPTWCC calculations:

�

� �

�

�����

�	�
�

• Instead of just using the methods from SCVRP when cal-
culating k(S) it seems wise to also let the time windows
be part of the calculation of k(S), as the time win-
dows often can be more constraining than the capacity
constraints.
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2-path cuts

• Proving that an inequality∑
k∈K

∑
i∈S

∑
j∈V \S

xijk =
∑
i∈S

∑
j∈V \S

fij ≥ k(S)

is valid can be computational hard when k(S) is determ-
ined using time window information as we will see below.
Therefore we will restrict our attention to the situation
where k(S) = 2.

• Given a set S how do we determine if at least two vehicles
are necessary to serve the customers in S?

• First we check capacities like in SCVRP.

• Secondly we see if it is possible to solve a travelling

salesman problem with time windows (TSPTW) on the
nodes in S ∪ {0}. If a feasible solution to the TSPTW is
found then we cannot use S as the set can be served by
only one vehicle.

• On the other hand, if it turns out that no feasible TSPTW
tour exists in the set, then we know that k(S) at least is
two, and we have identi�ed a valid inequality.
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2-path cuts

• The TSPTW problem is NP-hard, but small instanses of the problem
can be solved quickly by using dynamic programming.

• Notice that we can start by solving the TSPTW heuristically to see
if a TSPTW tour can be found - we only need to use an exact
method when the heuristic cannot �nd a tour, this can speed up the
search for violated valid inequalities.

• Violated inequalities can be found using a heuristic like the one
described when discussing SCVRP. [Kohl95] describes two other
(but related) seperation algorithms.

• If we want to indentify cuts where the k(S) ≥ 3 then it is no
longer enough to solve the TSPTW. In that case we have to solve a
VRPTW on the set of nodes given by S ∪ {0} with the objective
of minimizing the number of vehicles needed to serve the customers.

• If the objective of such a minimization problem is z vehicles, then
we know that k(S) = z provides a valid inequality.

• This approach was used in [Cook99] where inequalities with k(S) =

5 was identi�ed. These valid inequalities allowed the authors to solve
several previously unsolved problems, but the time requirements were
quite high. [Table]

Kombinatorisk Optimering, April 2004 40



Branching

• Many branching schemes have been proposed in the lit-
erature, here we will only look at two (and only one that
actually works!).

• The most obvious branching scheme is to branch on
the fractional xj variables in the SPP, this corresponds to
saying that the j'th route must be used in one subproblem
and must not be used in the other subproblem.

• Unfortunately this branching scheme does not work very
well with the column generation method:

• The xj = 1 branch is easy. Here we can remove the
customers served by the j'th route from the problem and
add the cost of the route to the objective function.

• The xj = 0 branch is harder. In this case we must
ensure that our column generation does not return the
column we have forbidden. This can only(?) be done
by making a shortest path algorithm that not only can
return the shortest path but also the second shortest path.
And this is a bit more tricky than it seems (see exercise).
When p columns have been �xed to zero the shortest path
algorithm must be able to return the p'th shortest path.
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Branching cont.

• The second branching scheme branch on the fij variables
(remember that fij indicates if an arc is used in the
solution or not). In this case it is easy to handle both the
fij = 1 and fij = 0 branches.

• Fixing fij to zero is simply done by removing the edge
(i, j) from the graph.

• Fixing fij to one is done by removing all edges originating
in i unless i=0 and all edges ending in j unless j = n+1
from the graph. The only edge originating in i and ending
in j left in the graph is (i, j).

• The problem with this branching scheme is that it creates
unballanced sub problems.
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Preprocessing

• General idea: Reduce the size or complexity of a problem
before applying a time consuming method like branch and
bound.

• In VRPTW problems, the size of the time windows can
often be reduced by some simple rules (remember that
travel times satisfy the triangle inequality):

• Rule 1: Depot time window:

∀l ∈ N : [al, bl] = [max{al, a0 + t0l},min{bl, bn+1 − tl,n+1}]
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• Rule 2: Arrival time to successors:

∀l ∈ N : al = max
{
al,min

{
bl, min

(l,j)∈E(N)
{aj − tlj}

}}

�

������� �

�

	




�����
� �

������� 	

������� 


� ���������
���������

� ������� � ����������� �

Kombinatorisk Optimering, April 2004 44



• Rule 3: Departure time from predecessors:

∀l ∈ N : bl = min
{
bl,max

{
al, max

(i,l)∈E(N)
{bi + til}

}}
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• Rule 2+3 are applied repeatedly until no more reductions
can be found.
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Results

Ref Type1 Type2 Large
[Des92] 50 -
[Kohl95] 70 -
[Larsen99] 75 17
[Cook99] 80 30 7x200
[Kalle01] 80 42 7x200, 1x400, 1x1000
[Irnich03] 84 59

[Chabrier03] - 59
[Danna03] - +1
#probs 87 81
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Conclusion

• VRPTW is a hard problem!

• Designing a succesfull algorithm requires many compon-
ents.

• Recent �inventions� have led to improved results. Solv-
ing the elementary shortest path problem or eliminating
�large� cycles seems promising.

• Lagrangean decomposition proposed by Kallehauge et al.
is another promising direction (we have skipped this topic
in this lecture).
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Reading

The following chapters can be skipped.

3.4.2

4.2.3

4.3

Furthermore, chapter 3.3.2 can be read brie�y.
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