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Solving the Symmetric Capacitated

Vehicle Routing Problem (SCVRP) to

optimality

Agenda

• Short introduction to the Symmetric Capacitated Vehicle
Routing Problem (SCVRP)

• Some ILP Models for the SCVRP

• A basic branch and cut method for the SCVRP
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The Symmetric Capacitated Vehicle

Routing Problem

• n customers that each demand a certain amount of goods.

• K identical vehicles, all located at one depot that supplies the
goods to the customers. All vehicles should be used to serve the
customers. Each vehicle has a certain capacity.

• A symmetric cost matrix that indicates the cost of traveling between
two nodes in the graph. It is assumed that the cost matrix satis�es
the triangle inequality

• Our task is to assign the customers to vehicles such that the capacity
of the vehicles are obeyed and such that all customers are served.
Furthermore we must construct routes for the vehicles. Our objective
is to minimize the total cost of the routes (as given by the cost
matrix). Each customer should be visited precisely once.
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Motivation for studying SCVRP

The Good news:

• The real life applications of Vehicle Routing Problems should be
obvious!

• Companies with large transportation needs are using software to
make plans for their trucks already.

• Some examples: Arla, Carlsberg & Statoil.

• Plans designed by humans are typically far from the optimal solutions.
Thus, large companies can potentially save millions of kroner by
switching from manual to computer based planning.

The Bad News:

• SCVRP is NP-hard.

• Real life problems are (much) more complicated than the SCVRP
model just presented.

• Real life problems are typically to large to be solved to optimality by
the currently known methods.

• Consequently, software used for practical purposes are typically based
on heuristics.
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Notation

• V = {0, 1, . . . , n} : The set of all nodes (customers), Node 0
is the depot.

• V0 = V \ {0}

• E = {(i, j) : i, j ∈ V, j > i} : The set of all edges.

• cij : The elements of cost matrix that de�nes the cost of traveling
between nodes (we assume that the cost matrix satis�es the triangle
inequality).

• G = (V,E) : The graph on which the problem is de�ned.

• di: demand of customer i. It is assumed that ∀i ∈ V0 : di > 0

• d(S) =
∑

i∈S di, S ⊆ V

• C : Capacity of a vehicle.

• δ(S), S ⊆ V : The set of edges with one endpoint in S and one
endpoint in V \ S. (δ(S) is called the coboundary of S)

• E(S), S ⊆ V : The set of edges with both endpoints in S.

• (S : T ) : the set of edges with one endpoint in S and the other
endpoint in T .
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Notation (cont.)

δ(S)

�

E(S)

�

Kombinatorisk Optimering, March 2004 6



SCVRP, 2-index model

(VRP1)

min
∑
e∈E

cexe (1)

Subject to:∑
e∈δ(i)

xe = 2 ∀i ∈ V \ {0} (2)

∑
e∈δ(0)

xe = 2K (3)

∑
e∈δ(S)

xe ≥ 2r(S) ∀S ⊆ V \ {0} , S 6= ∅ (4)

xe ∈ {0, 1} ∀e /∈ δ(0) (5)

xe ∈ {0, 1, 2} ∀e ∈ δ(0) (6)

xe: One variable for each edge in the graph. xe is 1 if the
corresponding edge is used in the solution and 0 otherwise.

r(S): The minimum number of vehicles needed to serve

the customers in S. If we replace r(S) by d(s)
C we still

have a valid IP model. [-show example of how the capacity
constraints work].
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SCVRP, 2-index model (cont.)

(VRP2)

min
∑

i∈V \{n}

∑
j>i

cijxij (7)

Subject to: ∑
h<i

xhi +
∑
i>j

xij = 2 ∀i ∈ V \ {0} (8)

∑
j∈V \{0}

x0j = 2K (9)

∑
i∈S

∑
h < i
h /∈ S

xhi +
∑
i∈S

∑
j > i
j /∈ S

xij ≥ 2r(S) ∀S ⊆ V \ {0} , S 6= ∅

(10)

xij ∈ {0, 1} ∀i, j ∈ V \ {0}
(11)

xij ∈ {0, 1, 2} ∀j ∈ V \ {0} (12)
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SCVRP, 3-index model

xek: Variable that indicates if edge e is traversed by
vehicle k.

yik: Variable that indicates if customer i is served by
vehicle k.

(VRP3)

min
∑
e∈E

ce

K∑
k=1

xek (13)

Subject to:

K∑
k=1

yik = 1 ∀i ∈ V \ {0} (14)

K∑
k=1

y0k = K (15)

∑
e∈δ(i)

xek = 2yik ∀i ∈ V, k = 1, · · · , K (16)

∑
i∈V

diyik ≤ C ∀k = 1, · · · , K (17)

∑
e∈δ(S)

xek ≥ 2yhk
∀S ⊆ V \ {0} , S 6= ∅,
h ∈ S, k = 1, · · · , K (18)

yik ∈ {0, 1} ∀i ∈ V, k = 1, · · · , K (19)

xek ∈ {0, 1} ∀e /∈ δ(0), k = 1, · · · , K (20)

xek ∈ {0, 1, 2} ∀e ∈ δ(0), k = 1, · · · , K (21)
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CVRP, two commodity �ow model

Construct a new graph G′ = (V ′, E′) from G by creating a copy
of the depot as node n+ 1. Connect node n+ 1to all nodes i ∈ V
by creating edges with weights corresponding to the weight of the edge
from node 0 to i.

A route in G′ is represented as a path starting at node 0 and ending
at node n+ 1.

The variables xij indicates if a vehicle uses edge (i, j).

The variables yij de�nes a commodity �ow . If a vehicle travels
from i to j using edge (i, j) then yij gives the vehicle load while
travelling along the arc and yji gives the empty space on the vehicle
while traversing the edge. ���������
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CVRP, two commodity �ow model

(cont.)

(VRP4)

min
∑

(i,j)∈A′
cijxij (22)

Subject to:

∑
j∈V ′

(
yji − yij

)
= 2di ∀i ∈ V ′ \ {0, n+ 1} (23)

∑
j∈V ′\{0,n+1}

y0j = d(V \ {0, n+ 1}) (24)

∑
j∈V ′\{0,n+1}

yj0 = KC − d(V \ {0, n+ 1}) (25)

∑
j∈V ′\{0,n+1}

yn+1,j = KC (26)

yij + yji = Cxij ∀(i, j) ∈ A′ (27)∑
j∈V ′

(xij + xji) = 2 ∀i ∈ V ′ \ {0, n+ 1} (28)

yij ≥ 0 ∀(i, j) ∈ A′ (29)

xij ∈ {0, 1} ∀(i, j) ∈ A′ (30)
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SCVRP, set partitioning model

(VRP5)

min
q∑
j=1

cjxj (31)

Subject to:

q∑
j=1

aijxj = 1 ∀i ∈ V \ {0} (32)

q∑
j=1

xj = K (33)

xj ∈ {0, 1} ∀j ∈ {0, 1} (34)
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Cutting planes

• Ultimately we want to solve our IP problem, for example
the two-index formulation (VRP1) or the two-commodity
�ow model (VRP4). Let us only consider (VRP1) in the
following

• We could do this by typing the model into CPLEX and let
the CPLEX MIP solver do the hard work, but we wouldn't
get very far because:

� The number of constraints in the VRP1 grows expo-
nentially with the size of the problem

� The CPLEX solver is a general purpose solver. We must
expect to be able to do better by making specialized
algorithms
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Cutting planes (cont.)

• What we can do is remove the capacity inequalities:∑
e∈δ(S)

xe ≥ 2r(S) ∀S ⊆ V \ {0} , S 6= ∅

and solve the linear relaxation of the resulting problem
to get a lower bound. This gives us the following linear
program.

min
∑
e∈E

cexe (35)

Subject to: ∑
e∈δ(i)

xe = 2 ∀i ∈ V \ {0} (36)

∑
e∈δ(0)

xe = 2K (37)

0 ≤ xe ≤ 1 ∀e /∈ δ(0) (38)

0 ≤ xe ≤ 2 ∀e ∈ δ(0) (39)

• The lower bound provided by (35)-(39) could be used in
a branch and bound algorithm, and we thereby have an
algorithm to solve the IP problem.

• Unfortunately the lower bound associated with the linear
program is very poor and we would not be able to solve
very large problems.
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Cutting planes (cont.)

• The linear relaxation (35)-(39) would almost always viol-
ate one or more of the constraints∑

e∈δ(S)

xe ≥ 2r(S) ∀S ⊆ V \ {0} , S 6= ∅

we removed from the problem earlier. Thus if we can
�nd the constraints that are violated, we can add these
constraints to our LP problem. This would most likely
increase the objective of the linear program as we are
minimizing over a smaller domain.
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Cutting planes (cont.)

• Even when we have added all violated capacity inequalities
we can improve our lower bound further by adding more
valid inequalities.
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Cutting planes (cont.)
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Branch & Cut pseudo code

Solution : GlobalBest

Branch-and-cut(subproblem s, upper bound u)

repeat

v = find violated valid inequalities in s
add valid inequalities v to s

until v = ∅

if (LP(s).val > u)
return u;

if (LP(s).sol is integral)

GlobalBest = LP(s).sol
return LP(s).val

else

(s1, s2) = genSubProbs(s);

return Branch-and-cut(s2, Branch-and-cut(s1,u))
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Cuts - Capacity cuts

Consider (VRP1) again:∑
e∈δ(S) xe ≥ 2r(S) ∀S ⊆ V \ {0} , S 6= ∅

• r(S) lower bound on number of vehicles needed to serve
the customers in S.

1. r1(S) = d(S)/C
2. r2(S) = dd(S)/Ce
3. r3(S) : Number of bins of capacity C needed to pack

�the items� in S (Bin packing problem - NP-hard)

• Example C = 20 demands in S : {15, 15, 6}
r1(s) = 36/20 = 1.8, r2(s) = d36/20e = 2, r1(s) =
3

• When plugged into (VRP1-3) the three bounds all de�nes
the same problem, but when calculating lower bounds
using the LP formulation, we would prefer the tightest of
the three bounds, that is r3, in order to create tight cuts.

• r3 is called a weak capacity constraint in the paper as it
can be improved further:
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Cuts 2 - Capacity cuts (cont.)

• K-Partition: A subdivision of V0 into K disjoint subsets
S1, . . . , SK .

• P : The set of all feasible K-Partitions.

• ∀P ∈ P,S ⊆ V0 : β(P, S) = |{i : Si ∩ S 6= ∅}|

• β(P, S) measures the number of partitions (routes) from P that
are needed to cover (serve) the elements (customers) in S.

r4(S) = min
P∈P

β(P, S)

• We have that ∀S ⊆ V0, S 6= ∅ : r4(S) ≥ r3(S) because if
there exists a S ⊆ V0, S 6= ∅ such that r4(S) < r3(S) then it
must be possible to pack the elements of S into less bins than given
by r3(S) and this is in con�ict with the de�nition of r3. On the
other hand it can happen that r4(S) > r3(S) for some subsets
as the following example shows.

• K = 4, C = 7, d = {5, 3, 3, 3, 4, 4, 4, 2}. S is given by the
�rst four customers:

r1(S) =
14

2
= 2 = r(S) =

⌈
14

2

⌉
< r3(S) = 3 < r4(S) = 4

• Usually at most r3 is used in branch and cut implementations.
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Separating capacity constraints

• Separation of capacity constraints given by r1 can be done
in polynomial time.

• It is also possible to �nd violated constraints of type
r2 that violates the constraint by at least ε in polyno-
mial time. For practical purposes, researchers have used
heuristics to identify violated constraints of this type.

• It is NP hard to separate the constraints of type r3 and r4,
as a polynomial time separation algorithm would allow us
to solve the decision version of the Bin Packing problem
in polynomial time.

• If solution is integer, then it is easy to discover violated
constraints (by detecting sub-tours or routes with violated
capacity).
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Separating type r1 capacity constraints

• Problem: Given a fractional vector x̄e, determine if the
vector violates any of the constraints:

∑
e∈δ(S)

xe ≥ 2
d(S)
C

∀S ⊆ V \ {0} , S 6= ∅

• Method: De�ne a new graph G′ = (V,E) with edge
weights x̄′e where x̄′e = x̄e,∀e /∈ δ(0) and x̄′e = x̄e −
2di/C,∀e = (0, i) ∈ δ(0).

• Find a minimum cut (classic graph problem) in this graph,
that is a set S∗ that minimizes:

f(S) =
∑
e∈δ(S)

x̄′e

• If the value of the cut, f∗ = minS⊆V {f(S)} is less than
zero, then the cut identi�es a violated capacity constraint
because:

• Assume 0 /∈ S∗ (if 0 ∈ S∗ then we can use the cut
T = V \ S∗ instead).
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Separating type r1 capacity constraints

• De�ne δ0(S) = δ(0) ∩ δ(S) = ({0} : S)

• By assumption we have that ∑
e∈δ(S)

x̄
′
e < 0

⇒
∑

e∈δ(S)\δ0(S)

x̄′e +
∑

e∈δ0(S)

x̄′e < 0

⇒
∑

e∈δ(S)\δ0(S)

x̄e +
∑

e=(0,i)∈δ0(S)

(x̄e − 2di/C) < 0

⇒
∑

e∈δ(S)\δ0(S)

x̄e +
∑

e∈δ0(S)

x̄e −
∑

e=(0,i)∈δ0(S)

2di/C < 0

⇒
∑
e∈δ(S)

x̄e −
∑

(0,i)∈δ0(S)

2di/C < 0

⇒
∑
e∈δ(S)

x̄e < 2
d(S)

C

• That is, the set S violates the capacity constraint.

• When such a S is found the constraint can be
strengthened by using the r2, r3 or r4 bound instead
of r1.
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Solving the min-cut problem

• The general min-cut problem with arbitrary edge weights
is NP-hard.

• Polynomial time algorithms for determining the minimum
cut that separates nodes s and t (called min s-t cut) in a
graph with positive edge weights are known. We are going
to transform our min-cut problem to such a problem.

• Lemma 1:

If G is a complete graph where all the edges with negative
edge weights are adjacent to s or t (such a graph is called
s-t negative) then the min s-t cut problem can be solved
in polynomial time.
Proof:

For all nodes i 6= s, t we know that precisely one of
the two edges (s, i) and (i, t) must be part of the cut.
Thus we can add and arbitrarily large constant to both
edge weights without changing the min s-t cut. This
can be done for all nodes and thereby we can transform
the problem to a min s-t cut problem with positive edge
weights.
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Solving the min-cut problem (cont.)

• Lemma 2:

If G is a complete graph where all the edges with negative
edge weights are adjacent to a single node s (such a
graph is called star negative) then we can solve the min
cut problem on G in polynomial time
Proof:

Construct a new graph G′′ by adding a new node t to G
and connecting t to all nodes in G by edges with weight
0. G′′ is obviously s-t negative and we can solve the min
s-t cut problem in polynomial time.
Let S′′ be the �subset in the cut that does not contain
t�. If S′′ = V then there are no negative weight cuts in
G and the solution to our min cut problem is ∅ otherwise
the solution to the min cut problem in G is S′′.

• Our graph G′ (the one we constructed from our x̄e
vector) is star negative so it is possible to solve the min
cut problem on this graph.
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Separating type r2 capacity constraints

• As stated before, it is possible to �nd violated constraints
of type r2 that violates the constraint by at least ε
in polynomial time but typically these constraints are
identi�ed using heuristics in branch and cut codes.

• Greedy heuristic: As earlier, x̄ is the fractional solu-
tion to (VRP1).
Given S ⊆ V, v /∈ S we call x̄({v} : S) the amount by
which v sees S.

�

�

�

�����

���	�

���
�

�����

�����

In the example, x̄({v} : S) = 1.6. Notice that because
of the degree constraint:∑

e∈δ(i)

xe = 2 ∀i ∈ V \ {0}

x̄({v} : S) can at most become 2 no matter how we choose
v ∈ V0 and S.
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Greedy heuristic (cont.)

• The starting point of the greedy heuristic is a set S0 ⊂ V .
The paper says that x̄(δ(S0)) should be 2, but the
heuristic also works without this restriction. A good
candidate for a S0 is a set containing only one node.

• Now the heuristics �grows� S starting from S0 until
S = V0. In each iteration, the node v that maximizes
x̄({v} : S) (the node that sees S the most) is added.

• The reason for this choice is that the addition of this
v increases x̄(δ(S)) the least because of the degree
constraint (the sum of the x̄ variables corresponding to
edges adjacent to any node must be 2). At the same time
the addition of v increases d(S). This is good as we want
to �nd sets S that violates:

∑
e∈δ(S)

xe ≥ 2
d(S)
C

∀S ⊆ V \ {0} , S 6= ∅

• Alternative selection strategies?
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Greedy heuristic (cont.)

• Whenever we encounter a set S that violates the capacity
constraint it is stored as a candidate for a new cut we
should add to our LP problem.

• The heuristic is restarted from di�erent starting sets S0,
for example all sets containing one node.

• A randomized version of the heuristic can be obtained
by adding some randomization to the process of selecting
the next node to add. This could for example be done
by allowing the heuristic to choose randomly between say
the 5 nodes that see S the most.
This would lead to a heuristic that produces di�erent
results when applied to the same starting set. This might
enable us to �nd more violated constraints.

• It has been proposed to use tabu search to �nd violated
constraints. Roughly speaking, the current solution is a
set S of nodes, and the neighborhood of a solution is the
set of nodes that can be obtained by adding or removing
a node from the current set. The objective is to minimize
x̄(δ(S)) while d(S) is kept within a certain interval.
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Example
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Example (cont.)

LP solution after cut {17, 19, 21} and cut {1,2,5,6,7,8,9,10}.
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Branching

• Several strategies for branching. Simplest: branch on
edge. Problem: creates �asymmetric� subproblems (en-
forcing an edge to be in the solution is stronger than
enforcing the variable to be zero).

• Three strategies for branching on an edge is investigated
in the paper:

� A1: Chose edge with value close to 0.5 and high cost
� A2: Chose edge with value close to 0.75 and high cost
� A3: Chose 10 edges to branch on with value between

0.45 and 0.65. Calculate LP bound in subproblems (no
cut generation). Chose edge where the minimum of
the two children is largest (strong branching).
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Branching on inequalities

• For any subset S ⊆ V we know that x(δ(S)) must be
a positive even integer in an optimal solution as any tour
entering the subset also must leave the subset.

• Thus if x̄(δ(S)) ≈ 2t + 1 where t is an integer then it
seems pro�table to create the branches: x̄(δ(S)) ≤ 2t
and x̄(δ(S)) ≥ 2t + 2. Also imbalance in search tree
when t = 1.

• Six strategies:

• B1: Select S for which x(δ(S)) is closest to 3.0

• B2: Select S for which x(δ(S)) is closest to 2.85

• B3: Select S for which x(δ(S)) is closest to 3.15

• B4: Select S for which 2.75 ≤ x(δ(S)) ≤ 3 and d(S)
maximum

• B5: Select S for which 2.75 ≤ x(δ(S)) ≤ 3 and distance
from S to depot is maximum.

• B6: Select S for which 2.75 ≤ x(δ(S)) ≤ 3 and S
contains the largest number of super-nodes.
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Tables comparing branching strategies
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Cut pool

• While generating cuts we may �nd that some of the con-
straints that we have added earlier no longer are binding.
We can discover this by noting that the dual variable
corresponding to a constraint is zero if the constraint is
not binding.

• One could throw away such constraints, but practice shows
that it is worthwhile to store these constraints in what we
call a cut pool as the constraints might become binding
as other constraints are added to the linear program or
when variables are �xed by branching.

• One would usually check the cut pool for violated con-
straints before invoking any separation routines.

• It may be pro�table to clean up the cut pool from time
to time.
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Brief introduction to set partitioning

combined with cutting planes solution

method

min

q∑
j=1

cjxj (40)

Subject to

q∑
j=1

aijxj = 1 ∀i ∈ V \ {0} (41)

q∑
j=1

xj = K (42)

xj ∈ {0, 1} ∀j ∈ {0, 1} (43)

When we are solving the linear relaxation of the set
partition formulation we typically gets a fractional solution
(if we get an integer solution, then we are done). This
solution may for example tell us to use one fourth of one
route, the half of another route and one fourth of a third
route. These fractional routes implicitly creates a fractional
x̄ vector with one entry per edge. We can apply standard
cuts to this vector to improve the lower bound (this is not
as simple as it sounds in reality). This strengthen the LP
relaxation and leads to state of the art results.
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Computational experiments

Insert tables
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Topics covered

• The following sections in the distributed paper should be
read:
Section 3.1-3.3.1, 3.4.1-3.4.2, 3.5-3.7.
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