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Multiple-choice knapsack problem

We are given a number of classes N1 ��������� Nk of items. Each item j � Ni has an associated profit
pi j and a weight wi j. The objective of the problem is to choose exactly one item from each class
Ni such that the profit sum of the chosen items is maximized, while the weight sum of the chosen
items cannot exceed a given capacity c.

In the following instance we have k � 3 classes, and the capacity is c � 9.

N1 � �
1 � 2 � 3 � N2 � �

1 � 2 � N3 � �
1 � 2 � 3 �

j 1 2 3
p1 � j 0 4 6
w1 � j 0 3 4

j 1 2
p2 � j 2 3
w2 � j 1 2

j 1 2 3
p3 � j 0 3 4
w3 � j 3 4 8

Q11: Solve the above problem to integer optimality. What is the optimal solution value z?

11A) z � 8 11D) z � 11
11B) z � 9 11E) z � 12
11C) z � 10 11F) z � 13

Q12: We introduce the binary variables xi j to indicate if item j is chosen in class Ni. What is the
correct formulation of the multiple-choice knapsack problem?

12A)
max ∑k

i 	 1 ∑ j 
 Ni
pi jxi j

s.t. ∑k
i 	 1 ∑ j 
 Ni

wi jxi j � c
∑ j 
 Ni

xi j � 1 � i � 1 ��������� k
xi j

� �
0 � 1 � � i � 1 ��������� k � j � Ni

12D)
max ∑k

i 	 1 ∑ j 
 Ni
pi jxi j

s.t. ∑k
i 	 1 ∑ j 
 Ni

wi jxi j � c
∑k

i 	 1 xi j � 1 � j � Ni

xi j
� �

0 � 1 � � i � 1 ��������� k � j � Ni

12B)
max ∑ j 
 Ni

pi jxi j � i � 1 ��������� k
s.t. ∑ j 
 Ni

wi jxi j � c � i � 1 ��������� k
xi j � 1 � i � 1 ��������� k � j � Ni

xi j
� �

0 � 1 � � i � 1 �������
� k � j � Ni

12E)
max ∑k

i 	 1 ∑k
j 	 1 pi jxi j

s.t. ∑k
i 	 1 ∑k

j 	 1 wi jxi j � c

∑k
i 	 1 xi j � 1 � j � Ni

xi j
� �

0 � 1 � � i � 1 ��������� k � j � Ni

12C)
max ∑k

i 	 1 ∑ j 
 Ni
pi j

s.t. ∑k
i 	 1 ∑ j 
 Ni

wi j � c
∑ j 
 Ni

xi j � 1 � i � 1 �������
� k
xi j

� �
0 � 1 � � i � 1 ��������� k � j � Ni

12F)
max ∑k

i 	 1 ∑ j 
 Ni
pi jxi j

s.t. ∑k
i 	 1 ∑ j 
 Ni

wi jxi j � c
∑k

i 	 1 ∑ j 
 Ni
xi j � 1

xi j
� �

0 � 1 � � i � 1 ��������� k � j � Ni

In order to tighten the formulation we would like to derive a cover. A cover C � �
h1 ��������� hk �

consists of one index hi from each class Ni such that

k

∑
i 	 1

wihi � c
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If C is a cover, we may impose a cover inequality of the form

k

∑
i 	 1

xihi � d

Q13: What is the smallest value of d such that the above cover inequality is valid?

13A) d � c 13D) d � c � 1
13B) d � �Ni

�
13E) d � �Ni

� � 1
13C) d � k 13F) d � k � 1

Q14: (text question) If the LP-solution � x �i j � to the multiple-choice knapsack problem is non-
integral, describe a separation algorithm which separates the most violated cover inequa-
lity. (Hint: See Wolsey Section 9.3.3 for the “normal” cover inequalities).

Q15: (text question) Prove that if we have three items a, b and c in the same class Ni such that
wia � wib � wic and

pic � pia

wic � wia

� pib � pia

wib � wia

then an optimal LP-solution exists where xib � 0. (See the following example for a geome-
trical interpretation).

�

� class Ni

w

p

� �
�

a b

c j a b c
pi j 1 2 7
wi j 2 5 8

Integer programming

Consider the following problem

maximize x1 	 2x2

subject to 4x1 	 x2 � 8 (a)
x1 � x2

� � 1 (b)
x1 � 2 (c)

x2 � 2 (d)
x1

�
0 (e)

x2
�

0 (f)
x1 � x2

��

Q16: What is the largest set of facet-defining inequalities?

16A) all of the constraints (a) to (f) 16D) (c), (d), (e), (f)
16B) (d), (e), (f) 16E) (b)
16C) (b), (d), (e), (f) 16F) (b), (e), (f)



6

Q17: Assume that we solve the problem to LP-optimality. What is the value of the dual variables
ya � yd corresponding to constraints (a) and (d).

17A) ya � 1
2
� yd � 3

7 17D) ya � 1
4
� yd � 7

4

17B) ya � 2 � yd � 0 17E) ya � 1
3
� yd � 4

3

17C) ya � 1
4
� yd � 2

3 17F) ya � 1
4
� yd � 1

3

Q18: Assume that we Lagrangian relax constraints (a) and (b) using multipliers λa and λb re-
spectively. What is the optimal value of the Lagrangian multipliers when solving the Lag-
rangian dual?

18A) λa � 1
2
� λb � 2 18D) λa � 1

2
� λb � 3

18B) λa � 1
2
� λb � 0 18E) λa � 1

4
� λb � 0

18C) λa � 1
3
� λb � 1

4 18F) λa � 1
4
� λb � 3

Model Building

An air cargo company is planning the transportation of some goods from city A to city B. Every
plane can carry at most q weight units. A number of different items j � 1 ��������� n, need to be
transported, item j taking up w j weight units. Each plane i � 1 ��������� n should contain at least
4 different items to ensure proper balancing. The air cargo company wishes to minimize the
number of planes used.

Q19: The problem is formulated as an integer-programming model, in which yi � 1 if and only
if plane i is used, and xi j � 1 if and only if item j is sent by plane i. Which of the following
models is a correct formulation of the problem

19A)

min ∑n
i 	 1 yi

s.t. ∑n
j 	 1 w jxi j � yiq � i � 1 ��������� n

∑n
j 	 1 xi j

�
4 � i � 1 ��������� n

∑n
i 	 1 xi j � 1 � j � 1 ��������� n

xi j � yi
� �

0 � 1 � � i � j � 1 ��������� n

19D)

min ∑n
i 	 1 yi

s.t. ∑n
i 	 1 w jxi j � q

∑n
i 	 1 xi j

�
4 � i � 1 ��������� n

∑n
i 	 1 xi j � 1 � j � 1 ��������� n

xi j � yi
� �

0 � 1 � � i � j � 1 �������
� n

19B)

min ∑n
i 	 1 yi

s.t. ∑n
j 	 1 w jxi j � yiq � i � 1 ��������� n

∑n
j 	 1 xi j

�
4 � i � 1 ��������� n

∑n
j 	 1 xi j � 1 � i � 1 ��������� n

xi j � yi
� �

0 � 1 � � i � j � 1 ��������� n

19E)

min ∑n
i 	 1 yi

s.t. ∑n
i 	 1 w jxi j � q

∑n
i 	 1 xi j

�
4 � i � 1 ��������� n

∑n
j 	 1 xi j � 1 � i � 1 ��������� n

xi j � yi
� �

0 � 1 � � i � j � 1 �������
� n

19C)
min ∑n

i 	 1 yi

s.t. ∑n
j 	 1 w jxi j � yiq � i � 1 ��������� n

∑n
i 	 1 xi j � 1 � j � 1 ��������� n

xi j � yi
� �

0 � 1 � � i � j � 1 ��������� n

19F)

min yi

s.t. ∑n
i 	 1 w jxi j � q

∑n
i 	 1 xi j

�
4 � i � 1 ��������� n

∑n
i 	 1 xi j � 1 � j � 1 ��������� n

xi j � yi
� �

0 � 1 � � i � j � 1 �������
� n
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Q20: For security reasons, it is decided that either items 1 and 2 should go by the same plane, or
items 1, 2, 3 should go by different planes. What is the correct integer linear formulation
of the constraints?

20A)

xi1 � xi2 � 0 i � 1 ��������� n
xi1 	 xi2 � 1 i � 1 ��������� n
xi1 	 xi3 � 1 i � 1 ��������� n
xi2 	 xi3 � 1 i � 1 ��������� n
δ � �

0 � 1 �

20D)

xi1 � xi2 	 δ � 1 i � 1 ��������� n
xi1 � xi2 � δ � � 1 i � 1 ��������� n
xi1 	 xi2 	 � 1 � δ � � 2 i � 1 ��������� n
xi1 	 xi3 	 � 1 � δ � � 2 i � 1 ��������� n
xi2 	 xi3 	 � 1 � δ � � 2 i � 1 ��������� n
δ � �

0 � 1 �

20B)

δ � xi1 � xi2 � � 0 i � 1 ��������� n
� 1 � δ � � xi1 	 xi2 � 1 � i � 1 ��������� n
� 1 � δ � � xi1 	 xi3 � 1 � i � 1 ��������� n
� 1 � δ � � xi2 	 xi3 � 1 � i � 1 ��������� n
δ � �

0 � 1 �

20E)

xi1 � xi2 	 δ � 1 i � 1 �������
� n
xi1 � xi2 � δ � � 1 i � 1 �������
� n
xi1 	 xi2 	 δ � 2 i � 1 �������
� n
xi1 	 xi3 	 δ � 2 i � 1 �������
� n
xi2 	 xi3 	 δ � 2 i � 1 �������
� n
δ � �

0 � 1 �

20C)

xi1 � xi2 � δ i � 1 �������
� n
xi1 � xi2

� δ i � 1 �������
� n
xi1 	 xi2 	 � 2 � δ i � 1 �������
� n
xi1 	 xi3 	 � 2 � δ i � 1 �������
� n
xi2 	 xi3 	 � 2 � δ i � 1 �������
� n
δ � �

0 � 1 �

20F)

xi1 � xi2 	 δ1 � 1 i � 1 �������
� n
xi1 � xi2 � δ1 � � 1 i � 1 �������
� n
xi1 	 xi2 	 δ2 � 2 i � 1 �������
� n
xi1 	 xi3 	 δ2 � 2 i � 1 �������
� n
xi2 	 xi3 	 δ2 � 2 i � 1 �������
� n
δ1 � δ2

� �
0 � 1 �

THE END


