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Vigtigste emner
o Totalt unimoduleer
o Modelbygning (snydearket)
e Branch-and-bound
o Graenseveardier
e Gomory snit, Chvatal snit, Chvatal-Gomory snit
o Facetter, dimension af lgsningsrum
o Cover uligheder, lgft af uligheder, deltur-uligheder
e Relaxeringer og deres styrke (Lagrange, Surrogat, LP)
e Dantzig-Wolfe, Kolonnegenerering (se plancherne)

Bedste forberedelse

Forstd sammenhang
e Lagrange relaxering og LP-relaxering
o Styrke af Lagrange relaxering
e Lagrange relaxering og Dantzig-Wolfe dekomponer-
ing
Modelbygning
e Jo flere modeller | praver, des lettere
e Ler at bruge snydearket
Plancher
o Lasevejledning
e Eksempler pa anvendelser
Gamle eksamenssat
o Regn nogle stykker
o Kontroller med vejledende lgsninger
o Diskuter med hinanden

Complementary slack seetning

Kan bruges til at komme fra primal Igsning til dual lgsning.

Enten er en begraensning bindende, eller
ogsa er den tilhgrende duale variabel nul

primale problem

n
maximize Zlcjxj
=

n

subject to Zajxj < bi=1,...,m
]:

Xj >0 j:l,...,n

duale problem
m
minimize bjyi
25

m
subject to Za”-yi > ¢ j=1,...,n
=
Yi

>0 i=1,...,m

Opgave 1,2 i IP-opgaver, samt ny opgave 26 i IP-opgaver
(pa hjemmesiden)

Duality
Branch-and-bound, economics: upper bound on LP.

maximize 4x; + Xo + 5X3 + 3X4

subjectto  x; Xo — X3 + 3x < 1
5% + X2 + 3X3 + 8x4 < 55 (1)

—X1 + 2% 4+ 3X3 — 5% < 3

X1, X2, X3, X4 > 0

Multiplying the second constraint by two

10x; + 2% + 6x3 + 16x4 < 110
thus z* < 110.

Linear combination of some constraints: second and third
constraint

4x;, + 3% + 6X3 + 3x4 < 58

thus z* < 58.
In general any linear combination.
multipliers y1,Y»,Ys, demand yi,Y2,y3 > 0

Y1(X1 — X2 — X3+ 3%4) +
Y2(5X1 + X2 + 3X3 + 8%4) +-
ya(—X1 + 2%z 4 3%3 — 5xX4) < Y1+ 55>+ 3y3




which is equivalent to

(y1+5y2 — ya)x1+
(=Y1+Y2+2y3)X+
(—Y1+3y2+3ys)xz+
(3y1+8y2+5y3)xs < y1+55y,+ 3y3

coefficients must exceed those in (1):

Yyi + 952 — VY3
Y1 + Yo + 23
—Y1 + 3> + 3y3
3y1 + 8y> + 5y3
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minimize the right-hand side of (2).

dual problem:

minimize y;
subjectto vy
Y1
Y1
3y1
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3y2
8y2
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Duality

primal problem.

n
maximize chxj
]:

n
subject to Za“x,- < b i=1,...,m
]:

X; >0 j=1,...,n
associated dual problem

m
minimize ) b;y;
2
m
subject to Zia;jyi > ¢ j=1,...,n
i=
yi >0 i=1,...,m

Weak duality

For every primal feasible solution (Xy,...,Xs)
for every dual feasible solution (yy,...,Ym) :

Jicjxj < J; <Zm16nyi) Xj = i (éam) yi < iibﬂi

Gomory Cuts - example

Adding slack variables X3, X4, X5 > 0, and solving LP-problem

(Taha simplex table)

basis| z X1 X2 X3 Xs4 Xs|Ssolution
4 1 59

z|1 77 7

1 2 20

x| 1 7 7 7
X2 1 1 3

2 10 23

Xs -7 7 1 7

The simplex table as equations
ABXB+ANXN =b
g+ AgAnxn = Ag'b

59
max 2 —

s.t. X1 +
X2

X1, Xp,

4 1
I — ix
1 2
X3 + X4

+ X

%Xs + l7OX4 + X5

X3,

Xa,

X5

]

7
3

23
7

0, integer

The optimal LP-solution is

20 23

— (230,02
(X17X2ax3aX47X5) (7’ IAg) 77)

which is fractional.

From first equation in Simplex table we get
b 2, 2
11 2% 7X4— 7

and hence also X, + 2x3 + 2x, < 2, s0

oo e

inserting x; = —x3 — 2x4 -+ 2 we get
lx n 2 S 6
7erTTe=z7
or substituting the slack variables x3 and x4 we get
1 2 6
=(14-7 2 —(3—%) > =
S(L8=Tu+2%)+=-(8-%) > 5
which can be reduced to x; < 2.




Linear Programming

maximize 2x; + 3%

subjectto 4x; + 2%, < 8
X1 + 3% < 6
X, %X > 0

Add slack variables
maximize 2x; + 3%

Extreme point

e Extreme points appear by setting n— mvariables to 0
and solving the remaining m equations with m vari-
ables to optimality.

e Choose m linearly independant columns in A. The
corresponding set B= {iy,iz,...,im} is called a basis.

o Asimple algorithm: Search through all extreme points

subjectto 4x; + 2% + X3 =8
X+ 3% + X =6 Basis can be chosenin [ " ) ways (i.e. exponential).
X1, X2, X3, X4 2 0 m Y ( P )
The set of constraints form a polyhedral.
Optimal solution is found at extreme points ) ) ) ) )
% o Two basis feasible solutions x* and x? are adjacent if
\ B! and B2 have m— 1 common elements.

o Smplex algorithmis a greedy algorithm which works
as follows: Move from basis feasible solution to ad-
jacent basis feasible solution such that objective func-

©,240 ] tion is "increased most possible” in each step.
— Initial solution
(0,0,8,6) — Iterative step
Extreme points: — Optimality criteria
(0707876) (0745 07 _6) (0727470)
(2707074) (65 Oa _1670) (ga ga 070)
9 10
Simplex in Matrix Form (Taha Chapter 6) Since dual variables y = cgAg* when simplex terminates
LP-model o Z=yb+xn(Cn — YAN)
maximize cx
subjectto Ax<b
x>0
Formulation after adding slack variables (new A, ¢, x)
maximize cx
subjectto Ax=b
x>0

If we have m constraints, the Simplex algorithm chooses
m linearly independant columns in A (the basis). The cor-
responding variables are xg the remaining variables xy

maximize CgXg -+ CnXn
subjectto Agxg+Anxn=b
XBaxN Z 0

Solve for xg
Xg = Agl(b — ANXN)
setting the non-basis variables to zero xy = 0 we get
Xg = Ag'b
which is a basis solution. Objective value
CgXg = CBAElb
objective function
Z= CBAglb'l' XN(CN — CBAglAN)

11

12




Simplex in matrix form (Taha section 7.1)

maximize cx
subjectto Ax=Dhb
x>0,
Reformulation in matrix form

RO

o Xg set of basis variables

e Cp coefficients in ¢ corresponding to basis

o Ag coefficients in A corresponding to basis
By multiplying with

1 cgAgt
0 Agt
get equivalent form

( 1 cBAslA—c> < z) _ <CBA51b>
0 AG'A x )7\ Aglb
Table page 295 in Taha
basis X solution
z CcsAg'Aj—cj CeAg'b
Xg AgTA; Ag'b
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Simplex in matrix form
Basis variables and non-basis variables
Xg = (X1, %) XN = (X3, X4, X5, )
split matrix
p=(57)  w=(3i30)
reformulated problem

min CgXg + CnXN
s.t. Agxg+AnXn=Db
x>0

Simplex algorithm sets xy = 0 and solves AgXg = b getting
X =Ag'b
corresponding objective function
z=cpAg b+ xn(Cn — CeAG*AN)
Since dual variablesy = CBAg1 we have

z=yb+xn(Cn —YAN)
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