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1 Introduction

After the global and final placement of the modules, the next step of the
design of a VLSI chip is to do the actually net layout.

This means we have to build some routing tree T" where we interconnect
the pins of the modules in each net. If our resulting routing tree T is a
Rectilinear Steiner Minimal Tree (RSMT) [11], we know that the total net
length of the tree is minimal.

However minimizing the total net length, does not necessary lead to a
solution, where the critical signal path is minimal. The problem is that the
delay between two nodes in the tree may be high.

In this lecture note we consider the Performance-Driven Routing problem,
in which we both consider the length of the net and the delay between a
designated driver module and the other modules.

The delay depends on the total length of T, and additionally, for some
source module/driver r of a net n; it depends on the distance from r to a
module z; € T, how much load a single module has to handle (how many
signals goes through), and several other factors including length of the wires
and thickness of these.

A typical objective for a delay optimal tree T is a tree where the max-
imal delay from a driver r to all terminals z; is minimal. If we know that
some delay between a driver and some terminal is important, we can include
weights on the delay between the drivers and the terminals z;.

The computation of the exact delay in a given routing tree can be found
using the simulation tool SPICE. This procedure is expensive and is therefore
not very good if we are trying to do a iterative improvement of the delay in
our routing tree [5]. To overcome this problem several methods to estimate
the delay has been suggested.

The simplest way to estimate the delay is the linear estimate where we
use the distance of the path between the driver to the terminals, i.e. we
disregard any resistance the tree rooted at a given terminal may introduce,
how much load a given terminal has to handle and how thick the wires are.

In the elmore delay each edge e(v,w) in the routing tree T have a resis-
tance r. and a capacitance c., and each node v has a capacitance c,. For
a given node w € T, let T, be the subtree rooted at target w of the edge
e(v,w). The total capacitance C, of the subtree T, denotes the sum of node



and edge capacitance. Given a on-resistance for the driver ry the elmore
delay is the given as:

ED(vg,v;) = roCo + Z re(% + Ce)

e€path(vo,v;)

Example of calculating the Elmore delay On figure 1 we see a small
routing tree, each edge has a pair of weights (r.,c.) and each node has a
name/capacitance (¢;). We will denote the ¢, as cu,v). To calculate the
Elmore delay from the source vy to any node, we start by calculating the
values C; = C,(i, j) for each node. The value is equal ¢; for any leaf node so
we can calculate C, bottom up (see table 1.1).
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Figure 1.1: A small routing tree

Co = co+co1+coatcos+Cr = 30

Ci, = ¢+ C1p+ C1 3+ Cyo+C; = 16
Cg = C2 = 6
Cg = C3 = 2
04 = = 1
05 = Cp = 3

Table 1.1: The capacitance of the subtrees C.,

Calculating the Elmore delay can be done by evaluating top down. If we
have a path vy, v, va, ..., v we can calculate ED(vy, vy) based on ED(vg, vg_1)

3



and Cj, since:

ED(vg,vr) = 1roCo+ Z Te (% + C’e)

e€path(vo,vg)

Ce Cll—
= ’I”OOO + Z Te (5 + Ce> + T(k—1,k) < & 217k) + Ok>

e€path(vo,vk_1)

Ck—1,k
= ED(vo, k1) + Tk—1,k) ( ( 21 ) +Ck>

In table 1.2 we see the Elmore delay from the driver to the terminals where
To = 1.

ED(vg,v;) = Co+2(2+16) = 65
ED(vy,v2) = ED(vg,v1)+5(%+6) = 97.5
ED(vy,v3) = ED(%,01)+2(§+2) = 70
ED(’U(),U4) = Co+%+1 = 315

ED(’U(),U5) = Co+2(%+3> = 37

Table 1.2: Elmore delay for the example tree

Since minimizing Elmore delay when building the routing tree T is not
straight forward, the heuristics in this lecture note, only use it as an estimate
for how good a routing tree they produce.

1.1 LAST

Minimizing both the total net length and the linear delay between all drivers
in the net seems very difficult, since we need to find a Steiner tree with
additional constraint or a additional objective function. Khuller et al. [6]
therefore consider combining the minimum spanning tree (MST) and the
shortest path tree (SPT).

The combined tree is called a Light Approximate Shortest-path Tree
(LAST). The reason for the interest of a LAST tree is that it saves some
delay time between the vertices, without the use of much more wire lenght.
The minimum spanning tree is atmost % times as large as the Steiner tree
[10]. The shortest path tree has the shortest linear estimate delay between
the driver/source and all other vertices. Futhermore the shortest path tree
has the property that the radius r(7"), defined as the longest shortest path
in the tree is minimal.



Figure 1.1 on page 7 shows the delay of the MST is very large, and the
wire-length of the SPT is also very large, in the combination, we can get
the best of both worlds... (minimizing the delay without increasing the wire
length to much.)

Definition 1.1. For a > 1 and § > 1, a spanning tree T of G meeting the
two following requirements is called a (o, 3)-LAST rooted at .

e (Distance)For every vertex v, the distance between r and v inT is at
most « times the shortest distance from r to v in G.

o (Weight) The weight of T is at most 3 times the weight of a minimum
spanning tree of G.

(cr, 3)-LAST’s are good, since they ensures that no delay to any vertex is
longer than « times the minimal delay possible, and the total usage of wire
is no longer than 3 times the minimal.

Lemma 1.2. [6, Lemma 4.1 Fira >1and1 < [ <1+2/(a—1). A planar
graph G with a vertex r exists such that G contains no («, 3)-LAST rooted
at .

Proof. In figure 1.1 an example of a plannar graph is given. The root r is
connected to a central vertex ¢ by a path of of weight A = a+ 1, of edges of
weight some small §. The central vertex is connected through similar paths
of weight B = o+ ¢ — 1 to the [ leaves. The root is connected to each leaf
with n edge of weight C' = 2. ¢ is a arbitrarily small constant, for small
enough ¢ the minimum spanning tree is formed using all edges except those
of weight C'

The shortest path from the root to any of the [ leaves is the edge of length
2, all other paths weigh more than 2. This mean that in any (o, 5)-LAST
all | edges of weight 2 are present. All but [ of the remaining edges are
present. Therefore the weight of any (a, 3)-LAST is at least 21 + Ty — 10
Where Ty = (a+1)+I(a+e—1) is the weight of the minimum spanning tree.
The ratio of the weight of the (a, 3)-LAST to the weight of the minimum
spanning tree is at least

[(2—-9)
a+1l+l(a—1+¢€)

Since # < 1+ 2/(av — 1) the above exceeds  for sufficiently small € and
0 and sufficiently large I. O




Khuller et al. shows that the problem of deciding if there exist an (a, 3)-
LAST for « > 1 and § = 1 is NP-hard by reduction from 3-SAT, and
then shows that this problem can be reduced to the general problem where
1<p<142/(a—1). In the next section we present an efficient algorithm
to solve the problem when § > 14 2/(a — 1) and some heuristics for finding
(e, 3)-LAST where we minimize both « and g.
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Figure 1.2: (a) A SPT rooted at the center node. (b) A MST, (c¢) A LAST.

Figure 1.3: Planar Graph with no («, 3)-LAST, for f < 1+2/(a—1)



2 The LAST algorithms

In this section we present algorithms for finding LAST.

First we describe two algorithms that guarantees a bound on the radius
r(T) and a bound on the length of the tree compared to the MST. The
Bounded-Radius Bounded-Cost algorithm (BRBC) by Cong et al only have
a bound on the radius of the tree, while Khuller- Raghavachari-Young algo-
rithm (KRY) by Khuller et al. [6] find a (a, 3)-LAST. Both these algorithms
are based on an initial MST and then add paths from a SPT as needed.

The next two algorithms differs from this approach since they are purely
based on the Prim/Dijkstra algortihms. The algorithms ALG1 and ALG2
were developed by Alpert et al. [1] and do not yield («,3)-trees, but exper-
imental test performed by Alpert et al. has shown that the produced trees
are more useful in practice.

2.1 BRBC Algorithm

The Bounded-Radius Bounded-Cost algorithm (BRBC) is also based on
Prim’s algorithm and was presented by Cong et al. [2]. The algorithm
gives a guaranty on both the radius 1+ € and the cost 1+ % of the produced
tree.

In the following minpathe(v;, v;) is the shortest path between v; and v; in
the graph G, and distg(vo, v;) is the distance of that path. cost(G) denotes
the edge costs of G and cost(v;, v;) denotes the edge cost on the path from
v; to v; on some nodes belonging to a graph.

The BRBC algorithm builds a subgraph @ of the original routing network
G(V, E) where the SPTy named T is the routing tree fulfilling the bounds
given above.

First a M STg and a SPTg is produced and the subgraph @ is set equal
to MSTg. A inner tree walk of @) is performed so that all edges are visited
exactly twice, the visited edges and nodes are described as the walk L. For
each node in L a accumulating edge cost S is calculated and for a given node
L; it is tested wether S > ediste(vo, v;) and if so the shortest path vg-v; is
added to ). A formal description of the algorithm can be seen below.



BrBC(G(V, FE))
1 compute MST; and SPTg
3 L < inner tree walk of M STy
4 S0
5 fori=0to |L|—1
6 do S «— S + cost(L;, Li11)
7 if S > e distg(vo, Liy1)
8 then @ — Q Uminpathg (v, Liv1)
9 S0
0

10 T « SPT,

An example of BRBC can be seen in the following example.
A trial run of BRBC with € = 1 can be seen in example 2.1.

Theorem 2.1. [2, Theorem 2| For any weigthed graph G and a parameter
€, the routing tree T' constructed by BRBC has radius d(T) < (i +€)D.

Proof. For any v € V| let v;_1 be the last node before v; on the M ST
traversal L for which we added distg (v, v;—1) to . By the construction of
BRBC we now that disty(v;_1,v;) < eD. We then have:

distr(vg, v;) distr(vo, v;_1) + distp(v;_1,v;)
distg(vo, Uz’—l) +eD

D+eD=(1+4+¢D

IAIAIA

O

Furthermore the BRBC algorithms make guarantees on the bounding of
the cost on the tree compared to the MST.

Theorem 2.2. [2, Theorem 3| For any weigthed graph G and a parameter e,
the routing tree T constructed by BRBC has cost(T) < (14 2)cost(MSTg).

Proof. Let vy, vs,...,v,, be the nodes for which shortest paths from v, was
added to @, then

cost(T) < cost(MSTg) + Z distc(vo, v;)

i=1



Example This is an example of the BRBC algorithm.

The graph, the MST and the SPT. A DFS gives the list of visited nodes
L=1{1,2,3,4,5,4,6,7,6,4,3,2,1,8,1}.

Running the BRBC algorithm until termination. The first figure shows
when ¢ = 2, i.e. node 3 and a minimum path to node 4 is added. The next
figure shows when ¢ = 6, i.e. node 6 and a minimum path to node 7 is
added. The last figure shows the SPT of the tree produced in the for loop.

Figure 2.1: Trial run of BRBC with € = 1.
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since T is a subtree of the union of the M STs with all the added shortest
paths. By the algorithm construction disty,(v;_1,v;) > edistg(vg, v;) we have:

1

cost(T) < cost(MSTg)—l—E —distr(vi—1,v;)
€
i=1

1
< cost(MSTg) + —cost(L)
€
since cost(L) < 2cost(MSTg) we have:

2
cost(T) < cost(MSTg) + —cost(MSTg)
€
— (14 3)cost(MST)
€

O

The running time of the algorithm is bounded by the time it takes to
produce the initial M ST and SPT; and the final tree T' = SPTy, ie. a
running time O(FElog V') can be obtained using a binary heap.

2.2 KRY Algorithm

The kry algorithm is a modification of the BRBC algorithm, it does not only
guaranty a bound on the radius, but gives a bound on all paths in the tree.

Let G = (V,E) be a graph with nonnegative edge weights and a root
vertex r. Let G have n vertices and m edges. Let w(e) be the weight of
edgee € E. the distance Dg(u,v) is the minimum weight of any path in G
between them. Next pseudocode of KRY algorithm is presented as it is given
in [6].

Initialise distance estimates d, and parent pointers p

INITIALISE()

1 for each non-root vertex v
2 do p[v] « NIL

3 d[v] < oo

4 d[r] <0

Check for shorter path to v through (u,v)

11



RELAX(u, v)

1 if dv] > dlu] + w(u, w)

2 then du] — du] + w(u,v)
3 pl] —wu

Relax edges along path from r to v in SPTg.

ADD-PATH(u)

1 if dlu] > aDgpr,(r,u)

2 then ADD-PATH(Parentspr,(u))
3 RELAX(Parentspr,(u),u)

Traverse the subtree of MSTg rooted at u, relaxing edges as they are tra-
versed, end adding paths from SP7Tg as needed.

DFS(u)

1 if dlu] > aDgpr,(r,u)

2 then Add-Path(u)

3 for each child v of w in MSTg
4 do RELAX(u,v)

5 DFS(v)

6 RELAX (v, u)

The main procedure with input: a minimum spanning tree M ST, shortest-
path tree SPTg, a root vertex r and an a > 1. The output of the algorithm
is an (a,142/(ac — 1)) — LAST named T rooted at the vertex r.

KRY (MSTg, SPTg,r, )

1 INITIALISE()

2 DFS(r)

3 return T = {(v,p[v])|lv € V —{r}}

A trial run of KRY with @ = 2 can be seen in example 2.2. We now
regard some properties for the KRY algorithm.

Theorem 2.3. [6, Theorem 1] Let G be a graph with nonnegative edge
weights; let r be a vertex of G, let « > land f > 1+ 2/(a — 1). Then
G contains an («, ) — LAST rooted at r. The LAST can be found in lin-
ear time given a minimum spanning tree and a shortest-path tree, and in
O(m+ nlogn) time otherwise.

12



Example This is an example of the KRY algorithm.

The graph, the MST and the SPT.

(» €
10(3) 10 ()
20 e 20 e
30 2(a)
@ ® ®
© @

40/15

The first 3 iterations.
Adding shortest path to 5, i.e edge from 1 to 5.
Relaxing edge from 4 to 5 making a shorter path to 4.

5
10 10 e 10 e
20 20 20
25 \@ 25 \@ 25 e
(6)
N ~
30 @ 30 e 4015 e 25 a 5

15
Continuing DF'S from 4 to 6.
Adding shortest path to 7, i.e path from 0 to 8 to 7.
The resulting («, §)-LAST tree, note that the edge between 4 and 6 has
been removed during the last iterations.

Figure 2.2: An example of t%?e) KRY algorithm with @ = 2



This is proved from the following lemmas.

Lemma 2.4. [6, Lemma 3.1] The distance between v and v in T is at most
a times the shortest-path distance

Proof. 1f d[v] > aDry,.,.(r,u) when traversed in DFS, it is relaxed. In which
case ADD-PATH makes it equal to the shortest path distance. in either case
the distance after v is visited will be no greater than o times the shortest-path
distance, and cannot increase. O

Lemma 2.5. [6, Lemma 3.2] The weight of T is at most (1+2/(ac—1) times
the minimum spanning-tree weight

Proof. Let vy = r and let vy, vs, ..., v, be the vertices that caused shortest
paths to be added during the traversal, in order they were encountered. When
the shortest path from r to v; (i > 1) was added, the net weight of the added
edges was at most Dy, (7, v;). Also, the edges on the path to v; consisting of
the shortest path to v;_; followed by the path in the MST from v;_; to v;
had been relaxed in order, so that d[v;] < Dy, (7, vi21) + D1y op (Vie1, 0i).
The shortest path to v; was added becauseaDry,...(1,v;) < d[v;] combining
these:
aDry(r,v;) < Drg(r,vi-1) + Dry, (viz1, ;)

summing over ¢ bounds the net weight of the added paths:

k k
« Z Dry(r,v;) < Z(DTS (r,vi1) + D1y, (vie1, v3))
i=1

=1

which equals

k k k
@ Z Dry(r,v;) — Z Drg(r,vim1) < Z Dry, (vi-1,v3)
i=1 i=1 i=1

and since
k k
Z DTS (7’, Ui—l) < Z -DTS (T, Ui)
i=1 i=1
it gives:

k k
(Oé — 1) Z DTS (7’, Uz') < Z -DTM (Ui—h Uz')
=1 =1

14



The DF'S traverses each edge exactly twice, and hence the the sum on the
right hand side is at most twice the weight of Th;s7, giving the maximum
weight of the added edges, is (2/(a — 1))w(Tpsr). Giving the 3 assurance.

U

The running time is proportional to the number of relaxations, this at
most O(V') because each edge in M ST or SPTg is relaxed at most twice
by DFS and at most once by ADD-PATH. If these are unknown, they can
be produced in O(E + ElogV).

2.3 ALG1 Algorithm
First recall the Prim’s MST and The Dijkstra’s SPT algorithms:

Prim’s MST We are given a set of nodes V' and an initial tree 7" consisting
of the source node vy. Then edges e;; and sinks v; € V\T are iteratively
added to T', where v; and v; are chosen so

min{d,; : v; € T,v; € V\T'} (2.1)

That is, the edge e;; (and thereby the sink v;) with the minimum weight d;;
is connected to the existing tree T'.

Dijkstra’s SPT We are given a set of nodes V and an initial tree T' con-
sisting of the source node vy. Then e;; and sinks v; € V\T are iteratively
added to T', where v; and v; are chosen so

mln{ll + dij TV € T, (% S V\T} (22)

That is, the edge e;; (and thereby the sink v;) with the minimum sum of the
edge weight d;; and the shortest path /; to v; is connected to existing tree 7T'.

Denote the length of the shortest vy-v; path as D; and D = max{D; : Y-
v;, Vo, v; € V'} as the longest shortest path. D is also called the radius of the
tree.

See Figure 2.3 (a)-(b) for an example of the results of the MST and SPT
algorithms.
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Figure 2.3: Example of the ALG1 and ALG2 algortihms.
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The Prim’s MST and The Dijkstra’s SPT algorithms are based on a
labeling method that expands a fixed source by adding edges that minimizes
a key specified by the algorithms, (2.1) for the MST and (2.2) for the SPT
algorithm. It therefor seems logical to combine the algorithms so that both
the min-weight objective of the MST and the min-length objective of the
SPT algorithms are taken into account. This leads to the two algorithms
described below that are both based on the same principle.

The similarity of (2.1) and (2.2) leads to the following key of ALG1

min{(cl;) + d;; : v; € T, v; € V\T'} (2.3)
for some choice of 0 < ¢ < 1. See pseudocode below.

ALGL(G(V, E), ¢)

1 T« {Uo}

2 while V\T # ()

3 do e;; < min{(cl;) +d;j : v; € T,v; € V\T'}
4 T — T U pathe(vi, vj, €;)

5 return T

From this we get the observations:

Observation 2.6. [1, Observation 1] When ¢ = 0, ALG1 is identical to
Prim’s MST algorithm, i.e. (2.8) with ¢ =0 equals (2.1).

Observation 2.7. [1, Observation 2] When ¢ = 1, ALG1 is identical to
Dijkstra’s SPT algorithm, i.e. (2.8) with ¢ =1 equals (2.2).

Hence both the MST and the SPT algorithms is contained in ALGI.
Clearly the running time is O(Elog V') using a binary heap since ALG1 is
basically Prim’s or Dijkstra’s algorithm. See Figure 2.3 (c¢)-(d) for an exam-
ple of ALG1 with p = % and p = %

It can be observed that any vg-v; path build using ALG1 is maximal a
factor % times larger than the optimal shortest path.

Proposition 2.8. [1, Observation 3] ALGI constructs a tree T with cl; < D;
for all sinks v;.

The proof is by induction [1].
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2.4 ALG2 Algorithm

In the second algorithm the key is not straight forward as in ALGL.
Let [ equal the following expression based on the edge weights of the

path vg-v;:
i 1
lf = (Z dZ—l,k> ’
k=1

foral <p<oo.
In the following we write I as ||do1, ..., d;—1.||,- This leads to the key

m1n{||lf, dinp U € T, Uj c V\T} (24)

The pseudocode of ALG2 is equivalent with that of ALG1, only substitute
the key (2.3) in line 3 with (2.4), i.e. the pseudocode should be

ALG2(G(V, E), ¢)

1 T« {v}

2 while V\T # 0

3 do e;; « min{||l?, d;;||, : vi € T,v; € V\T'}
4 T — T Upathg(vi, vj, e;5)

5 return T

Again the running time is noted to be O(FElogV'). See Figure 2.3 (e)-(f) for
an example of ALG1 with p =3 and p = %

Observe that I} is the sum of edge weights on the path vg-v;. That is
i3, dijlln = D 4—y dk—1x + dij for the source vy and the sink v;. This leads to
the following observation:

Observation 2.9. [1, Observation 4] When p = 1, ALG2 is identical to
Dijkstra’s SPT algorithm, i.e. (2.4) with p =1 equals (2.1).

Let |l;| denote the edge with largest weight on the vg-v; path. When
p = oo the objective of (2.4) is equivalent with max{|l;|, d;;}, i.e. the heaviest
edge on a possible path from v, to v;. This is also known as the "bottleneck”
SPT. Salowe et al. [9] has previously solved this problem and independently
discovered ALG2 by reducing from the above objective.

This objective does not yield a unique solution, since the presence of a
heavy edge on some shortest path will make it possible to add any edge with

18



less weight. In order get a unique solution ties is broken by choosing the sink
v;. This leads to:

Proposition 2.10. [1, Observation 5] When p = oo, ALG2 is equivalent to
Prim’s MST algorithm, i.e. (2.4) with ¢ = 0o is equivalent to (2.2).

The proof is by induction [1]. From the above it follows that ALG2 also
contains both the Prim’s MST and the Dijkstra’s SPT algorithm.
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3 Experimental Results on Single-Source al-
gorithms

In this section we present experimental results from Alpert et al. [1] based
on the algorithms by Alpert et al., Khuller et al. [6], and Cong et al. [2]
presented in Section 2.

The test is divided into two parts, first the parameters are tuned for
each algorithm in order to find the best settings of the algorithm specific
parameter, then a sinal delay performance is done using the tuned parameters
in a simulation of different wire technologies. This is done on both tree
outputed by the algorithms and on a Steiner Tree induced from the output
tree. Alpert et al. use a greedy edge overlapping method to build the Steiner
Trees.

3.1 Comparing Weight and Distance

Based on a signal net, 51 tress for ALG1 was generated with ¢ going from
0 to 1 in 0.02 intervals. Based on ¢ for ALG1 a corresponding parameter
value for the others algorithms where chosen as shown in Table 3.1 in order
to produce a similar number of output trees. For BRBC a range from 0 to
1.5 with intervals 0.03 was used since the trees showed to near identical when
€ > 1.5.

ALG1 | ALG2 | BRBC | KRY

User parameter c P € !
Yields a MST when | ¢=0 |[p=o0 | e=00 |a=00
Yields a SPT when | c=1 | p=1 e=0 | a=1
Relation to ¢ c p:% e:% oz:%

Table 3.1: Equivalence of algorithm parameters.

Each algorithm were run with it’s specified parameters on signal nets of
16 sinks randomly distributed in a lem by lem Manhatten square. Each
set of parameters were run 250 times which is represented by each point on
Figure 3.2 in a cost/distance ratio.

The algorithms all have smooth tradeoff between cost and weight, maybe
except for BRBC which seems benefit when the ratio of the radius of the

20



Figure 3.1: Graphs of radius ratio T(’:g(ng) versus cost ratio w(u]’\%)T) for ALG1,
ALG2, KRY and BRBC.
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Figure 3.2: Graphs of radius ratio T(’:q(]@f versus cost ratio w(u]’\%)T) for ALG1,

ALG2, KRY and BRBC for the induced Steiner Tree.
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trees drop to near 1. ALG1 is clearly superiour, especially in the practical
interesting region where the tree cost is only 10-20 % more than the optimal.

The picture is almost equivalent when plotting the induced Steiner Trees.
The edge-overlapping method produces trees where radius can be reduced
compared to the original tree since extra cost can be used on the weight
of the tree, this implies the shift to right on weight axis on Figure 3.2 (b)
compared to (a).

3.2 Delay Simulations

The next test was done on random signal nets of 4, 8 and 16 sinks. Alpert
et al. used a Two-Pole circuit simulator by Zhou et al. [12] to simulate the
delay on the signal nets for the four different technologies described see [1]

Fot each instance of sinks in the signal net all parameters settings where
tried and the lowest delay was recorded. This was done on 250 instances
for each technology and both average delay on all sinks, the maximum delay
(the sink furthest away) and the average parameter setting (in parentheses)
is reported in Figure 3.3.

The ALGI algorithm performs best yeilding the lowest delayes in 27 of
30 cases compared to the suprisingly good runner-up KRY. Suprisingly since
the cost/radius test showed he KRY algorithm to significantly worse than
ALGI1. Alpert et al. suggests this has to do with the KRY trees often being
self-intersecting where the ALG1 trees do not.

The best parameter setting clearly shows how this is depending on both
net size, i.e. number of sinks and technology. Alpert et al. suggest that if
only spanning trees were constructed good parameters would go towards low
delay trees.

Regarding the induced Steiner Trees the ALG1 algorithm is again supe-
riour with KRY as the closest competitor, se Figuer 3.4.

On average the Steiner Trees imposes lower delayes than the original
output trees, but for some best fixed parameters the orignal output tree can
outperform the induced Steiner Tree. Note however that the induced Steiner
Trees are build from a greedy method, i.e. minimum Steiner Trees possibly
gives lower delayes.
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Smimong Lo

Dl ek dielby v MET [ ewlt pumrmcter |

Hanks | ALGE T1 10 13 MMEZRIL
1 ALGI | 0800 [ 0.13] | 0850 [ 0.99] | 0800 | 0.30] u TJ_"I [ 0.30]
ALG? | 0,900 (23.67) | 0841 (10.95) | 0851 (18.20) | 0,750 (1L81)
ERY | 0.907 j2289) | 0.950 (10.17] | 0.950 [19209) u TEEI [LL.G |
BREC | 0.006 | 0. unl 0.872 | 0.00) | 0.863 007 | 0.730 | 0.04]
] ALGL | 0808 [ 0.10] | 0740 [ .51 | 0,732 | 0-0G] | 0.094 | 0.02]
ALG2 | 0,823 (11.24) | 0.700 [ 7001 | 0.715 ( 5.80) | 0.500 [ 3.40]
KRY | 0.816 ([ 0.83] | 0,752 { G.02) | 0.736 | 647) | 0.684 f 2.93)
BREBC | 0.850 ( 0.13] | 0.790 § 0.08] | 0784 § 0.00] | 0,657 [ 0.0a)
10 | ALGI | 0742 [ 0.23] | 0.060 [ 0.9] | 0.G19 § 0.62] | 0.58 [ God]
ALGE | 0772 [ LTE) | 0.000 0 3.3 | 0G7E ) JAEN | 0,484 L40)
ERY | 0752 [ 2.52) | 0.07L [ 239) | 0.G49 | 207) | 0.450 [ 1.29)
BREK | 0831 ( 0.17] | 0772 0.1 | 0758 019 | 0,016 ) 0.07
Sminnong e Aoz sk delby v MET | best pomrmeber |
Hands | ALGE Tl 10 I3 MMCRIL
A ALGL | 0011 0.10) | 0800 0.33) | 0858 ) 0.34) | 0.712 | 0.55]
ALGE | 0016 (21.20) | 0.87L (17.29] | 0.858 [Li277) | 0.714 [ 8.50)
KRY | 0012 (156] | 0.900 (16.29) | 08950 (15.83) | 0.712 | 8.10)
BREC | 0.978 | 0.00) | 0.990 ( 0,107 | 0.830 f 0.00] | 0,708 [ 0. 11|
] ALGT | 0809 [ 1G] | G708 [ 0.7 | 0.760 | 0A0] | 0G40 [ 0.76]
ALG? | 0.801 (11.45) | 0.794 0 G.31) | 077 ) 5.85] | 0.55L1 0 E.EIEI:I
ERY | 0.850 [ 947] | 0,791 L83 | 0760 ) 3.06) | 0.540 1 1.79)
BREC | 0800 f 0.08) | 0948 [ 000 | 0838 0.05] | 0.079 | 0.04]
1w | ALG1 [ 0800 0.20) | 0720 0.48] | 0.607 | 0.50] | 0420 0.83]
ALG2 | 0820 | 5, :-;| 0.740 [ 2.00) | 073G | 2.589] | 0.457 [ L.24]
ERY | 0.808 357 | 0.723( 1.99] | 0.69G ) 1.87) | 0.424 [ 1.19)
BREC | 0.803 {007 | 0,930 ¢ 0,09 | 0820 {013 | 0048 | 0,17

Figure 3.3:

best tree for each algorithm.
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Steer oo Dl ek dielby v MET [ ewlt pumrmicber |
Feapls [ ALG Il 103 IZa MR L

1 ALGI | 0813 [0.17] | 0799 [ G200 | 0780 | .20 | 0.749 | 0.30]
ALG? | 0837 [?q_.uul 0.813 (30.46]) | 0804 K2.LE) | 0.778 (75.33)
KRY | 08172 r:u.."."; 0.790 [28.95] | 0.790 [27.8G) | 0.747 [23.79)
BREC | 0.816 | 0.03) EI"".Jil_EIIIuI 1,795 | 0.06] 759 | 004
] ALGL | 0.727 [0.31] | OOSL) 0001 | 0.622 | O.80] | 0.097 [ 0.7
ALGE | 0,707 (LLGT) | 0,755 D81 | 0742 8.95) | 071 677
ERY | 0,728 (LLAG) | 0.084 0 807 | 0672 8.72) | 0.580 | G.15]
BREC | 0700 {0.10) | 0707 [ 0.10) | 0604 § 0.10) | 0099 | 0.10)
10 | ALl | 0.G0o | 060 | 02000 [ .52 | 0500 | 0.5 | 0.063 | 0.09]
ALGE | 1,758 |_11."fl 0.099 | 5.03) u G382 | 3.7 T 7] | 0,567 [ L. EIEI
ERY | 0.071 [ 566 | 0.WLL [ 3.73) | 0.506 | 2.95) I] 00 [ 1.7
BREC | 0,713 ) 0.16] | ouad ¢ 0.10] u G51 f (L16] | 0.550 1 0.17)

Stemer Moo Aoz sk deby v MET [best ]J:L:m.'rru_rl:-r::_'l

Zanls [ ALG L 12 I3 MCRHIL
& ALGL | 0807 [ 0.35) | 0773 ( 0.27) | 0.763 ) 0.28) | 0.004 | 0.37)
AL | 0871 (27.45) | 0.787 (26.24) | 0.773 y2Ta0L) | 0.700 (22.99)
ERY | 0.907 (26517 | 0.770 (2L, a". "'G[-I F2L5G] | 0.004 [21.55)
BRES | 0917 0.03] | 0,737 ( 005 | 0.776 | 0.05] | 0.710 ¢ 0.0a0]
3 ALGL | 0.0 | 0.50] ma I 0.55] [I.GEILI [ 0.GG] | 0.50L [ O.0d]
ALG? | 0.808 (11.63) | 0.754 1 .93 | 0.737 | T340 | 0.617 [ -L27)
ERY | 0.751 [ 9.80) |:| u[I:EI [ G.15] | 0.692 ) 5.55] | 0.550 [ 3.33)
BREC | 0777 0.18) | 0.735 ( 0151 | 0,720 § 0.17) | 0.095 1 0.13]
16 ALGL | 0711 [ 0.52] | 0044 0.00) | G20 ) 06T | 0,443 [ 0.7
ALG2 | 0,701 {1283 | 0.719 | 5.03) u 607 | 3.39) | 0.520 [ L.6d)
ERY | 07161 3.00] | 0,047 [ 2.49] | 0.628 ) 2.29) | 0.445 [ 1.29)
BREC | 0,706 0.2 | 0.710 [ 0.25] u.?uz L L95] | 0,670 ) 0.2
Figure 3.4: Maximum source-sink dealy and average source-sink delay in the

best tree for each algorithm.
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3.3 Concluding Remarks

The ALG1 algorithm is the best performing algorithm presented in this lec-
ture note, both concerning the cost/radius benefit and the delay in the IC
and MCM wire technologies.

However we should remember that so far we have only consider trees
that were tradeoffs between MST and SPT. We did get a little closer by
examinating the induced Steiner Trees, but it is still unclear how a Minimum
Steiner Tree would perform in these test.

Also we have only consider routing from a single source to some sinks
in relative small networks. It is also interesting to consider multiple sources
routed to multiple sinks in the same network. Possibly this gives a complete
different view of the connection between the radius/cost and the average
delay in the output tree.
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4 Extensions and additions

In this section we will briefly consider additional work on the performance
routing problem. We will not describe the work in detail, but hopefully the
reader will be able to use the articles to future work.

4.1 Multiple Source

While the algorithms described in section 2 are only concerned with one
source driving a net, Cong and Madden [3] consider the more general problem
where multiple sources can drive a single net. The problem is that minimizing
the delay with respect to one source may have a bad influence on the delay
from another source.

To illustrate the above problem we consider the Tri-State gate, see figure
4.1. When we minimize the delay with respect to p; driving the net, we get
the solution shown on the left hand side of figure 4.1, which both minimizes
the maximum delay and the average delay. But as we can see the solution
is very poor when py drives the net. An optimal solution which minimizes
the delay with respect to both p; and p, is seen on the right side of figure
4.1, here we have the minimal average delay when we consider both p; and
po as a driver. It should be noted that the optimal solution does not fall
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Figure 4.1: The tri state example
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on the Hanan grid, this means that a canonical fulsome RSMT [11], which
minimizes the total net length may not include the optimal solution to the
multiple source problem. Furthermore an algorithm for solving the problem
cannot be restricted only to consider points on the hanan grid.

The problem can be defined as: Given n points {pi, ..., p,} in the Man-
hatten plane, the distance function d(p;,p;) = |y; — vi| + |z; — x;| and the
delay function delay(p;,p;), we wish to find a Steiner tree 7' spanning all
nodes with the following properties:

e Minimal total delay WD(T) =Y, delay(pi, p;)
e Minimal total net length L(T) = Ze(phpj)g d(pi, py)

The two objectives is obtained through Minimum Diameter trees. Where
the diameter of a routing Dr(P) is the longest path between a pair of points
inT.

4.2 Improving the delay estimate

Lillis and Buch [7] introduce a table look-up method and show some promis-
ing results when embedding the model into the P-tree algorithm [8]. The
insight of the purposed model stems from the observation that the two main
error contributions in the Elmore delay model is:

e [t’s inability to account for resistive shielding
e [t’s inability to account for the effect of signal slew rate 7

Resistive shielding is a phenomenon that arises when the interconnected wires
become thinner and longer [4] and the slew rate can be thought of as the
"speed” or "strength” of a signal.

For a driver vy the signal slew at node v € T can be calculated as
T4 = 2.197ED(vg, A) under the assumption that there is a single dominant
time constant exist. The approach to calculate the actual delay is based on
dynamic programming, i.e. we calculate it bottom up. The new delay model
is embedded in the P-tree algorithm [3].
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