Wednesday, December 10

Program of the day:
e "konkurrence P2”
e spgrgetime, pensum”
e Dantzig-Wolfe reformulation of an IP
e Master problem
e Subproblem

e Linear Programming — canonical form, reduced costs,
etc. (Taha chapter 7)

e Example: Cutting stock problem



Dantzig-Wolfe Decomposition

Motivation

e If you have a large or difficult problem: split it up into
smaller pieces

Applications
e Facility location problems
e Cutting Stock problems
e Air-crew Scheduling
e \ehicle Routing Problems

Two currently most promising directions for MIP:
e Branch-and-price
e Branch-and-cut



Dantzig-Wolfe Decomposition

The problem is split into a master problem and a subproblem
e Tighter bounds
e Better controle of subproblem

e Model may become (very) large

Delayed column generation

Write up the decomposed model gradually as needed
e Generate a few solutions to the subproblems
e Solve the master problem to LP-optimality

e Use the dual information to find most promising solu-
tions to the subproblem

e Extend the master problem with the new subproblem
solutions.



Motivation: Cutting stock problem

¢ Infinite number of raw stocks, having length L.

e Cut mpiece types i, each having width w; and demand
b;.

e Satisfy demands using least possible raw stocks.

Example:

oW, =5Db;=7
0W2:3,b2=3 -
e Raw Iength L =22

Some possible cuts




Formulation 1

minimize Ug -+ Us+ Uz + Ug+ Us

subject to 5X11 + 3X10 < 22Uy
SXo1 + 3% < 22U
5X31 + 33Xz < 22U3

OX41 + X2 < 22U4
5X51 + 3X50 < 22U5

X11 + Xo1 4+ X371+ Xq1 + X51 > 7
X12 + X022 + X320 + Xg2 + X520 > 3

U; E{O,l}
Xij Sy/m

LP-relaxation gives solution value z= 2 with

Ui = Uy = 1,X11 = 2.6,X12 = 3,X21 =44

Block structure

min ug +Uy +u3 +Uy +Us
st X11 +X21 +X31 +X41 +X51
X12 +X22 +X32 +Xa42 +Xs1
5x11 + 3X12 — 22Uy
Bxo1 + 3%p2 — 22U
5x31 + 3x32 — 22u3
5X41 + 3Xa2 — 22U4

BX51 + 3X52 — 22Us5
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For mulation 2

The matrix A contains all different cutting patterns
All (undominated) patterns:

40123
A:(o 754 2)
Problem

minimize A{+A>+ A3+ Ag+ As

subject to 4A1 +0A2 +1A3+2A4+3A5 > 7
OAN1+T7A2+5A3+4As+2A5 > 3

LP-relaxation gives solution value z = 2.125 with
A = 1.375,A4 =0.75

Due to integer property a lower bound is [2.125]| = 3.
Optimal solution value is z* = 3.

Round up LP-solution getting heuristic solution zy = 3.



Decomposition

If model has “block” structure
max cixt 4+ ¢ + ...+ cKxK

st. Al 4+ A 4+ ... .4 A =D
Dixt + < d;
+ D22 < d;
<
DKxK < dK
xXteZlt xteZ? ... xXezZ¥

L agrangian relaxation

Objective becomes

cixt 4 c2x2 4 ...+ cRxK

—A (A + A+ .+ A — D)
Decomposed into

max cixt — AAIXL + c2x2 — AAZXC+ . ..+ cKxK — AAKXK &+ b

S.t. DixI  +
4+ D%

DKxK
1 n 2 n K Nk
X" €7} X-eZyz ... Xt €L,

Model is separable



Dantzig-Wolfe decomposition

If model has “block” structure
max cixt + A +...+ KK

st. Al 4+ A 4+ ... .4 A =D
Dix! -+ < d]_
+ D¢ < d;
<
DKxK < dK
xXteZlt xteZ? ... xXezZX

Describe each set XX, k=1,...,K

max cixt + & + ...+ cKxK
st. Al + A2 + ...+ AKXk =p
xteXl x2eXx? ... xKkexK

where XK = {xK € Z¥ : D*K < di}

Assuming that X¥ has finite number of points {x“!} t € T,

X e R%: XK= 3o AeX<,
XX = ZtETk)\k,t =1,
Mt € {0,1},t € Ty



Dantzig-Wolfe decomposition

Substituting X* in original model getting Master Problem

max c('§ ApoxM) +cX( Z Ao o) 4 (Y A
tels

tely telk

S.L Al( Z Al’txl’t) —|—A2( )\Z,txz’t) +.. —I—AK( )\K’tXK’t) =b
telq

tels telk

A =1 k=1,....K

tely

)\k,tE{O,l}, teTy k=1,...,K



Strength of linear master model

Solving LP-relaxation of master problem, is equivalent to
(Wolsey Prop 11.1)

max cix? + C2X2 4.+ cixK
s.t. Alxt + A%x? 4.+ AkxK =b
x! € conv(X?) x2ecconv(X?) ... x€econv(XK)

Proof: Consider LP-relaxation
max ct('§ Apex) + c( Z Ao oxX®) . KT A
telr

tely telk

S.L. Al( Z )\thl’t) —|—A2( )\Z,txz’t) +.. —I—AK( )\K,tXK’t) =b
telq

tels telk

A =1 k=1,... K

tely

)\KtZO, tGTk k:l,

Informally speaking we have
e joint constraint is solved to LP-optimality

e block constraints are solved to IP-optimality
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Strength of Lagrangian relaxation

e 7-"M pe LP-solution value of master problem

e 7P be solution value of lagrangian dual problem

(Theorem 11.2)

ZLPM — ZLD

Proof: Lagrangian relaxing joint constraint in

max cxt 4+ ¢ + ...+ cKxK
st. Abd + A% 4+ ...+ AKXK = b
Dixt + < d
+ D¢ < d;
<
DKxK < dK
n n n
xteZ!r xtez? ... xXeZX
Using result next page
max clxt + c2x2 4.+ ckxK
s.t. Alxt + A2X? 4.+ AKxK —=b

x! € conv(Xl) x2ecconv(X?) ... xfeconv(XX)
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Strength of L agrangian Relaxation (section 10.2)

Integer Programming Problem

maximize cx
subjectto Ax<b
Dx <d
Xj €2y, J=1,...,n

Lagrange Relaxation, multipliers A > 0

maximize zr(A) =cx—A(Dx—d)
subjectto Ax<b
Xj€Z+, J:].,,n

for best multiplier A >0

max{cx: Dx < d,x € conv(Ax< b,x e Z+)}
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Delayed column generation, linear master

e Master problem can (and will) contain many columns
e To find bound, solve LP-relaxation of master
e Delayed column generation gradually writes up master
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Delayed column generation, linear master

oW, =5Db =7
oW, =3,b,=3 1]
e Raw length L = 22

Some possible cuts

T T T T T T T1]
[ T T T T T
[ T T T 1
I .
In matrix form
40123 --.
A:(o 7542 )
LP-problem
min cX
s.t. AXx=Db
x>0
where
e b= (7,3),

® X—= (X17X27X37X47X57' ) )
ec=(L1111, ).
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Simplex in matrix form (Taha section 7.1)

maximize cx
subjectto Ax=Db
x>0,

Reformulation in matrix form
1 —c z\ (O
0 A X)) \Db

e Xg set of basis variables

Assume

e Cp coefficients in ¢ corresponding to basis
e Ag coefficients in A corresponding to basis

Equivalent form

1 ceAz'A—c\ [ z\ ([ ceAg'b
0 AZ'A X )\ Az'b
Table page 295 in Taha

basis X; solution
Z CcgAg"Aj—cCj CeAg'D
Xg Ag A, Agb
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Simplex in matrix form

Basis variables and non-basis variables

Xg = (X17 X2) XN = (X37 X4, X5, "+

split matrix
4 0 123 -

AB:(O 7> AN:<542...
reformulated problem

MIN CgXg + CNXN
S.t.  AgXg+ AnXN = b
x>0

Simplex algorithm sets xy = 0 and solves Agxg = b getting

Xg = Ag'h
corresponding objective function
Z = CagAg b+ xn(Cn — CeAZTAN)
Since dual variables y = cBAgl we have

z=Yyb+ xn(Cn — YAN)
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Delayed column gener ation (example)

oW, =5Db =7
o Wy = 3b2—3 -
e Raw length L = 22

Initially we choose only the trivial cutting patterns

= (29)

Solve LP-problem

min Ccx
st. AXx=Db
x>0

l.e.

(67) ()= (3)

with solution x; = £ and x, = 3.
The dual variables are y= CBAB l.e.

(39
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Small example (continued)

Find entering variable

A B 1 2 3 ...
B 5 4 2 -
cn—YAN = (1-51-21-2 )
We could also solve optimization problem
1 1

min 1 ——X; — =X
4 1 7 2

S.t. 5Xp+ 3% < 22
X > 0, integer

which is equivalent to knapsack problem
1 1

max —X;+ =X
1 1—|-7 2

S.t. 5Xxg+3x < 22
X > 0, integer

This problem has optimal solution x; = 2, X, = 4.
Reduced cost of entering variable
1 1 30

1
1-25 -4z =1- 2= <0
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Small example (continued)

Add new cutting pattern to A getting

40 3
AZ(O?Z)

Solve problem to LP-optimality, getting primal solution

8’ 2

and dual variables
1 1
Y1= ZayZ = g

Note, we do not need to care about “leaving variable”
To find entering variable, solve

max 1x + 1x
A 1 3 2

S.t. 5Xx+3x < 22
X > 0, integer

This problem has optimal solution x; = 4, x, = 0.

Reduced cost of entering variable
1 1
1-4-—0=-=0
4 7

Terminate with x; = 2, X3 = 3, and zp = ¥ = 2.125.
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Questions

e Will the process terminate?

Always improving objective value. Only a finite number
of basis solutions.

e Can we repeat the same pattern?

No, since the objective functions is improved. We know
the best solution among existing columns. If we generate
an already existing column, then we will not improve the
objective.
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The Cutting Stock Problem (general model)

¢ Infinite number of raw stocks, having length L.

e Cut mpiece types i, each having width w; and demand
b;.

e Satisfy demands using least possible raw stocks.

IP-problem:
n
min ) X;
2
m
s.t wiaij < LX; J=1,,n
=
n
Zaljzbla IZl,,m
|=1
ajj > 0,integer I=1, mj=1,n
Xj € {0,1} j=1,,n
where

e n upper bound on number of raw stocks.
e X; Is 1 if raw stock | is used.
e g;; is number of pieces type i cut of stock j.

21



Cutting Stock: Better relaxation

e Write up all different cutting patterns
e Solve the LP-relaxation

m
s.t wiaij < LX; J=1,...,n
=
n
Zaljxj > bi7 |:17 ,M
|=1
a;j; > 0, integer I=1,...mj=1,...
XjE{O,l} j:l,,n
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Cutting Stock: Delayed column gener ation

Choosing variable to enter basis
z=Yyb+ xn(Cn — YAN)

where y = cgAgt.
For every column a; in A, the coefficient of variable x; is

m
1—;)’@'1‘

Thus to find the most negative coefficient we solve
m
Z2=min 1— Zlyixi
i_

F
S.t. 'ZIWiXi <L
Ix > 0, integer
Delayed column generation
e Columns in A are generated on the fly
e The process is greedy

e Terminate when no variable can enter basis (z° > 0)
e Hopefully a small set of columns need to be generated
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