November 22

Program of the day:

e Cutting planes — a method to obtain tighter bounds
and faster convergence to integer solutions (Wolsey
chap. 8)

e Application: branch-and-cut algorithms



Introduction

e branch-and-bound: divide and conquer.

e cutting plane: add inequalities which separate frac-
tional solution from solution space.

Development
e 50’s cutting plane (Gomory: simplex, no N'P-hardness)
e 70’s tighten formulation in preprocessing

e 80-90’s branch-and-cut (Padberg, Rinaldi)

Preprocessing — part of solution process

Definitions
e cuts: valid inequalities
e facets: inequalities defining convex hull

Cuts and facets are redundant for IP formulation
Tighten formulation for LP relaxation



Examples from last lesson

Preprocessing, integer variables

maximize
subject to  Tx; + 3wy — 4dx3 — 214
—2.1’1 + 71'2 + 333'3 + 41’4
— 21’2 — 333’3 — 6$4
31’1 — 233'3
r € B

Generating logical inequalities
From constraint 1 we see that

e if xr1 =1 and x9 = 1 then infeasible, thus

r1+x2 <1
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Examples from last lesson

maximize Ii1+ o

subject to —2x; 4+ 229 >1
—8x1 + 10y < 13
T1,To > 0, 1nteger

Tightening formulation

—2x1 + 229 > 1 —8x1 + 10y < 13
—x1 4+ 130 > 1/2 —4x1 4 bz < 13/2
—x1+x9 > 1 —4x1 4+ d5x9 < 6



Motivation

Integer programming problem (IP)
max{cx : x € X}
where X = {z: Az < b,z €Z }. Reformulate to
max{cx : x € conv(X)}

For any ¢, an optimal solution to LP is also optimal to IP

Valid inequalities (def. 8.1)

Consider the problem:

maximize f(x)
subject to x € X

An inequality
T < Ty

is a valid inequality for X CR" if

mr <my forall x € X



Characterisation of valid inequalities (sec. 8.3.2)

Consider the problem:

maximize f(x)
subject to x € X

where
X={y€Z:y<b}

then the inequality
y < |b]
is valid for X

e Simple observation

e Complete characterisation



Overview of cuts

e Chvatal cuts

e Gomory cuts (Modular cuts)
e Chvatal-Gomory cuts

e Disjunctive cuts

e Cover inequalities

e Clieque inequalities

e Problem specific cuts

Notice
e Cuts and facets are independant of objective function

e A tight formulation can be used for any objective



Example of Facets

The problem

minimize 2x1 + 7xo + 23

subject to 1+ 4x9+ 23 > 10
dxy 4+ 229 + 223 > 13
1+ 29 —x3 > 0
1, T2, x3 > 0, integer
has the facets
1+ 4x9 + 23 > 10
2$1 + X9 + T3 2 7
rT1+x9—23 > 0
r1+3x9+x23 > 9
201 +4x9+ 23 > 13
1+ To+x3 > O
r1+2x9 > O
201 +x9 > 4
x1 > 0, integer
ro9 > 0, Integer
xr3 > 0, integer

Using the new formulation we obtain an integer optimal
solution by solving the LP-relaxed problem. (For any ob-
jective function).



Chvatal Cuts

Valid inequalities for a pure IP-model (minimization)
1 Add constraints, using suitable multipliers
2 Divide through by a common coefficient factor

3 Round up right-hand-side to the next integer

Example

minimize 2xy + (X9 + 223

subject to  z; +4xy +x3 > 10 (1)
4oy + 229 + 223 > 13 (2)
1+ 29 —23 > 0 (3)

T1, L9, T3 Integer
1 times (2) is
Aoy + 2x9 + 2253 > 13
divide by two
201+ x9 + 3 > 6%
left hand side is integral, thus round up right-hand

201 +x9+2x3 > 7



Example (continued)

minimize 2x1 + 7x9 + 223

subject to r1+4x9 + 23 > 10
dry + 2x9 + 223 > 13
r1+ 9 —23 > 0
L1 Z 0
X9 2 0
XT3 Z 0
T1,T9, T3 Integer
Facets
1+ 4x9 + 23 > 10
201 +x0+ 23 > 7
T1+x9—x3 > 0
r1+3r9+x3 > 9
201 + 4x9 + 3 > 13
T1+To+x3 > O
r1+2x9 > 5
201+ 19 > 4
T1,Ta, T3 > 0, integer
Obtained as
(d) : 5 x(1),1x (b),1 x (6),divide 7
(f) : 1 x(1),3 x (b),3 x (6), divide 7
(g) : 4x(1),1x (b),5x (3),divide 11
(h) : 1 x (b),1x (6),1 x (4), divide 2
(e) : 3 x(d),1x (b),3 x (g), divide 4
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Chvatal-Gomory cuts

maximize ) C;T;
J=1

n
subject to Y a5 < by
j=1

n

Zaammxjfglhz

]:

[L'jEZ+, j=1,...,n

Three-step procedure
1 Take a linear combination of the constraints

S (3 wiai)z; < <2uz )

g=1 1=1
in short ,
!/ /
_Z a;x; < b
s

2 Since x > 0 implies ©7_;(a; — |a’])z; > 0 we have
Z L%’J Tj < o'
j=1
3 Since x; € Z, implies |a}|x; € Z we get
> laj]z; < [V
]:
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Chvatal-Gomory (Theorem 8.4)

X={z:Az < bz eZ’}

Every valid inequality for X can be obtained by applying
the Chvatal-Gomory procedure a finite number of times.

Notice

e No stronger inequalities than Chvatal-Gomory exists.

e Even the facet constraints can be generated as Chvatal-
Gomory cuts.

e No constructive (polynomial) algorithm for how the
linear combination of constraints should be chosen.

e In practice, the derivation of Chvatal-Gomory cuts
must rely on specific features of a given application.

Gomory cuts is a systematical way of deriving cutting
planes.

Only 0-1 case

All bounded integer variables can be expressed as sum of
binary variables.
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The set X = PNZ"
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Proof (0-1 case)

P={zxeR": Az <b,0< a2 <1} #0
X =PnNZ"
Assume that

mx < mg where 7,y integers

is a valid inequality for X. We will show that this inequal-
ity can be obtained by using the C-G procedure a finite
number of times.

e Step 1: Find a large number ¢ € Z_ such that
T < o+ 1
is a valid C-G inequality
e Step 2: Prove that if
T < my+ 7+ 1
for 7 € Z is a C-G inequality for X then also
T < Mo+ T
is a C-G inequality for X.

e Step 3: Use step 2 for 7 =¢,...,0 each time getting
a new C-G inequality
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Step 1

The inequality
T < myg+1T

is valid for P for some t € Z., .

Proof

e Since x < 1 we have
T <l

which can be obtained as C-G inequality using multi-
pliers u = 7.

e Take
it = |_7T1—| — 700
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Step 2

Difficult part (not proved completely)

a) Prove that if 7z < mp+ 7+ 1 with 7 € Z. then

e <m+7+ X z;j+ ¥ (1—u1x)
§ENO jeN!

is a C-G inequality for X for every partition (N, N1)
of N={1,...,n}.

b) Use partitionings (7° U {n}, T") and (T°,T' U {n})
to obtain a new inequality for (7°,T1).

c¢) Derive all valid inequaltieis for partitionings of N' =
{1,...,n—1}

d) Repeating this procedure n times implies that we elim-
inate the sums on the right and thus

T < T+ T

Time complexity

e part (c) takes O(2"),
part (d) is performed n times,
in total O(n2")

e we run Step 2 O(t) times, thus in total O(tn2").
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Step 2, a)
Will show that

OS Z iL'j—|— Z (1—56]')
§eNO jeN!

is a C-G inequality
e Since 0 < x; then

OS Z €L
jeNO

is a C-G inequality
e Since z; < 1 then 0 <1 — x; and thus

OS Z (1—1']')

jeN!

e The two inequalities added is a C-G inequality

Step 2, a)

Consider all vertices x of P
e 1 integer: then mx < 7y (definition of valid inequality)

e x fractional: exists € > 0 such that

e< > zi+ > (1—xj)
§€NO jeN!
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Step 2, a)

Choose M > t/e
tSMGSM( Z l‘j—I— Z (1—3}']))
§€NO jeNI
We already had the inequality
T <mg+ 7+ 1

use weights 1/M and (M — 1)/M for the two inequalities
getting C-G inequality
e <mo+T7+ Y i+ Y (1—z5)
§ENDO jeN!

Step 2, b)

Use partitions (T U {n}, T") and (T°, T U {n})

rx <m+7+ X x;i+ > (1—x)
Fj€TYU{n} jeT!

and

e <my+7+ X z;+ X (1-—zj)
j€TO Fj€TIU{n}

using multipliers 1/2 and 1/2 we get
e <m+7+ X zj+ X (1—zx)

§€T0 jeT!
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Gomory Cuts

e Systematical way of generating valid inequalities
e In each step the current LP-solution will be separated

e Finsures that an integer solution will be reached after
a number of steps

Example
maximize 4x; — X9
subject to Tx1 — 2x9 < 14
X9 S !
2:131 — 255'2 S 3
T1, xo > 0, integer

——
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Gomory Cuts - example

Adding slack variables x3, x4, 5, and solving LP-problem
(Hillier and Lieberman simplex table)

The simplex table as equations

basis |z x1 X9 3 x4 x5 |rhs
21 i1 e
L9 1 1 3
o =R L

X1

Aprp+ Ayzy = b

rp+ Al_glAN.SUN — Aélb

21

+ + +

AV,

20

7
3
23

7
0, integer



The optimal LP-solution is

20 23
(xly Lo, L3y L4, 5135) — (77 37 07 07 7)

which is fractional.

From first equation in Simplex table we get

1 2 6
$1+?$3—|—?$4=2+?
hence for some k € Z we have
1 2 §
?CE?, + ?334 = ? + k

from which we get the bound on &

ot 2 6 6
A R

meaning that £ > 0 since k£ € Z. Hence we have

1 N 2 S 6
T e
or substituting the slack variables x3 and x4 we get
1 2 6
?(14 — Tx1 + 2@'2) + ?(3 — 1'2) > ?

which can be reduced to x; < 2.
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Modular Arithmetics

Valid inequalities for
S = {ill’ EZZ_I > a]’ZL’jZCLo}
jEN

Extend S to all points which satisfy the inequality plus
kd, where k > 0, integer, d > 1, integer.

Sq = {:1: €Z : Y ajr; = ay+ kd, some integer k}
jEN
Let b; be the remainder when a; is divided by d. Thus
aj = bj + Ozjd
where 0 < b; < d and «; integer. Then
Sy = {:Jc €Z’ : Y bjx; = by + kd, some integer k}
jEN

The integer k£ must satisty

k B S bz by
_ 4, d
> 0 — _dQ SINce 2je N bjil?j > ()
> —1 since by/d < 1
> 0 since k integer
Thus we have the valid inequality
> bjx; > b
jEN

Since S C Sy, inequality is valid for S.
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Gomory Cuts

Gomory (1963) presented a general technique for solving
IP problems

1 Solve the LP-relaxation

2 Choose one of the basis integer variables taking a frac-
tional value

T; + Z A;T; = Qg (1)
JEN

3 Use the corresponding equation to separate the in-
equality

> (aj — laj])z; 2 (a0 — |ao]) (2)

JEN
4 Incorporate the new constraint and repeat.

Proposition 1 Inequality (2) is a valid inequality which
separates the current LP solution from the feasible set.

Proof [The inequality is valid]. Using modular arith-
metics with d =1

(= [+ 3 (a5 = las])z; 2 (a0 = Lao))

[Separates current solution]. Current solution was x; = ag
and z; = 0,5 € N. Inserted in (2)
> (a; — |a;])0 > (a0 — lao]) >0

JEN
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Gomory Cuts

For pure IP-models we have

Proposition

If we always derive the Gomory cut from the first equation
in which the basis variable is fractional, then the algorithm
will find an integer optimal solution in a finite number of
steps

However

There is no bound on the number of steps
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Disjunctive Arithmetics

Proposition Assume that

> mixy <M
JEN

is a valid inequality for S; and

! !
> mixy <M,
JEN

is a valid inequality for S5. Then

> min(7;, 7T,-)£L'j < max(mg, )
JEN

is a valid inequality for S7 U Ss.

Proof If we have the valid inequality

> mixy <M
JEN

then also

> bjzj < by
jeN

i1s a valid inequality if b; < m; and by > mp. O
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Branch-and-cut algorithms

Combines best properties from Branch-and-bound and cut-
ting plane.

e Basically a branch-and-bound algorithm
e at each node solve LP-relaxation to find bound

e generate valid inequalities which separate the LP-solution,
and which are valid for the whole problem

e maintain pool of valid inequalities

e branch when cuts have slow convergence to integrality
e convergence ensured by branch-and-bound

e heuristic generation of cuts

e problem specific cuts

Applications
e General MIP
e Traveling Salesman Problem
e Steiner Tree
e Scheduling
e Graph partitioning
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