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Mathematics and Computation
Exam November 4, 2006

Exercise 1. Specify for the following list of terms and statements
the values of the terms and whether the statements hold or fail:

(a) (−5) // 2 · (b) (−5)/2 ·

(c) (−5F)/2F · (d) (−2F)/4F ·

(e) 2 : : 4 head · (f) 〈〉 : : 〈〈〉〉 : : 〈〉 ≡ 〈〈〉, 〈〈〉〉〉 ·

(g) 〈〈x + y | x:=3 · x〉 | x:=〈2 · y | y:=5〉〉 · (h) (λx.〈x + y | x:=3 · x〉) ’ 10 ·

(i) N .̇ . (N .̇ . •) ∈ F · (j) N .̇ . (N .̇ . ⊥) ∈ F ·

(k) • ∈ F · (l) (N : : 2) Head = F ·

(m) (N .̇ . 2) Head = F · (n) N : : ⊥ ¹ N : : 2 : : ⊥ ·

(o) ∃x ∈ N: 15 // x = 5 · (p) (x → y) ¥ x ¤ y ·

Exercise 2. I define

f(x, y) .= if(x = 0, y, if(y = 0, x, f(x− 1, y − 1))) .

Prove the following lemma:
Mac lemma L05.2.2: x ∈ N → ∀y ∈ N: f(x, y) ∈ N ·

Tip: The proof may use the following instance of Mac rule PeanoD’:
y ∈ N ¤ (y = 0) ∈ F ¤ y − 1 ∈ N ·

Exercise 3. Prove the following antilemma:
Mac antilemma L05.2.1: x ∈ B → ∃y ∈ B: x ’ y = F ·

Tip: The proof may use the following instance of Mac rule ElimExists:
B ∈ Set ¤ ∃y ∈ B:T ’ y = F ¤ 〈T ’ y = F | y:=εy ∈ B: T ’ y = F〉 ·


