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Mathematics and Computation
Exam February 1, 2005

I define
[f(X, y) = lf(X = 07y7 f(X - 17 _'y))]

For each use of [Tautology], draw the associated truth table.

Exercise 1. Prove one of the following:
[Mac lemma L05.1.1A: x € N — VyeB: f(x,y) € B]
[Mac antilemma L05.1.1B: x € N — VyeB: f(x,y) € B]

Exercise 2. Prove one of the following:
[Mac lemma L05.1.2A: x € B = VyeB: ((x = y) = (—x = y))]
[Mac antilemma L05.1.2B: x € B = VyeB: ((x = y) = (-x = —y))]

Exercise 3. Prove one of the following:
[Mac lemma L05.1.3A: x € B = VyeB: ((x = y) = (-y = —x))]
[Mac antilemma L05.1.3B: x € B - VyeB: ((x = y) = (-y = —x))]



Mathematics and Computation
Possible solutions to exam questions, February 1, 2005

A proof of
[ Mac lemma L05.1.1A : x € N — VyeB: f(x,y) € B
could be as follows:

[ Mac proof of L05.1.1A:

L01: Definition > flx,y) =if(x =0,y, f(x —1,-y))

L02: SetB > B € Set

L03: Block > Begin

L04 : Hypothesis > x €N

L05: Hypothesis > x=0eT

L0O6: UTD>L5D> if(x=0,y,f(x—1,-y)) =y

L07 : Transitivity > L1 > L6 > fix,y)=y

LO8: Block > Begin

L09: Hypothesis > yeB

L10: Reverse’>L7>L9D> flx,y) €B

L11: Block > End

L12: Genp> L2p>L10D> VYyeB: f(x,y) € B

L13: Block > End

L14: Block > Begin

L15: Hypothesis > x €N

L16: Hypothesis > (x=0)€F

L17: Hypothesis > VyeB: f(x—1,y) € B

L18: IF>L16> if(x=0,y, f(x—1,-y))
= f(X -1, _'Y)

L19: Transitivity > L1 > L18 > fx,y) = f(x=1,-y)

L20: Block > Begin

L21: Hypothesis > yeB

L22: Type-BD> (-y) eB

L23: ElmAl>L2>117>122 1> fix—1,-y)eB

L24: Reverse’>L19>L23 D> flx,y) €B

L25: Block > End

L26: Genp> L2p>L241> VyeB: f(x,y) € B

L27: Block > End

L28 : Induction>L121>L126> x € N — VyeB: f(x,y) € B

[L05.1.1A T rule L05.1.1A



Mathematics and Computation
Possible solutions to exam questions, February 1, 2005

A proof of
[ Mac antilemma L05.1.2B : x€ B = VyeB: ((x = y) = (-x = —y)) ]
could be as follows:

[ Mac proof of L05.1.2B:

L1: Antilemma > x € B = VyeB: ((x=y)=(—x=-1y))
L2: SetBp B € Set

L3: TypeTInB > TeB

L4: TypeFInB > FeB

L5: Replace > LO1> F € B = VyeB: ((F=y)=(-F=-y))
16: Ls>Lan VyeB: ((F = y) = (-F = )

L7: ElimAll>L2>Ll6>L3> (F=T)= (-F= -T))

L8 : Computation > (F==T)= (-F=-T)=F

L9: CounterTF > L7> L8> 1

A proof of
[ Mac lemma L05.1.3A : x€ B = VyeB: ((x = y) = (-y = X)) ]
could be as follows:

[ Mac proof of L05.1.3A:

L1: Tautology > xEB—oyeB o (x=y)=(y= %) ;
L2: SetB o> B € Set :
L3: Block > Begin ;
L4 : Hypothesis > xeB ;
L5: Li>L4p> yeEB = (x=y) = (ny = —x)) ;
L6: Gen>L2>L5> VyeB: ((x = y) = (ny = —x)) ;
L7: Block > End ]
(x =y )=y = = x))
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[L05.1.2B ] rule L05.1.2B
[L05.1.3A T rule L05.1.3A
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