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Mathematics and Computation
Exam October 27, 2004

I define

[f(x,y) = lf(X = O,y,f(x - 17X B y))]
[twice = Af. x.f/(f' x)]

Exercise 1. Prove one of the following:
[Mac lemma L04.1.1A: x € N — VyeN™: f(x,y) € N*]
[Mac antilemma L04.1.1B: x € N — VyeN": f(x,y) € N”]

Exercise 2. Prove one of the following:
[Mac lemma L04.1.2A: x € N — VyeN™: f(x,y) head € N]
[Mac antilemma L04.1.2B: x € N — VyeN™: f(x,y) head € N]

Exercise 3. Prove one of the following:
[Mac lemma L04.1.3A: Y'twice = Ax.L]
[Mac antilemma L04.1.3B: Y'twice = Ax. 1]

The following rules may be used:

[ Mac rule TypeBNotD: x€éB + xeD = F ]

Mac rule TypeBNotX: x€eB +F xe€eX = F ]
[ Mac rule TypeBNotE: x€B + x€E = F ]
[ Mac rule TypeDNotB: x€D + xe€eB = F ]
[ Mac rule TypeDNotX: xeD +F xe€X = F ]
[ Mac rule TypeDNotE: xeD + x€eE = F ]
[ Mac rule TypeXNotB: x€X + xeB = F ]
[ Mac rule TypeXNotD: x€eX + xeD = F ]
[ Mac rule TypeXNotE: x€X +F x€E = F ]
[ Mac rule TypeENotB: x€E + x€B = F ]
[ Mac rule TypeENotD: x€E F+ xe€eD = F ]
[ Mac rule TypeENotX: x€E F x€X = F ]

Furthermore, the following lemma may be used:
[ Mac lemma L04.1.4: Mx.L < Y'twice]
[ Mac proof of L04.1.4:

L01 Local > A =Y'twice ;
L02 Block > Begin ;
L03 Algebrar> Y ' twice ;
L04 Replacer> L8.18.21> twice’ A ;
LO5 Definition > M S (')A
L06 Replace > ApplyLambda > AxA(A %) ;
L07 Block > End :
L0O8 InfoBottom > 1 <A'(A'x) ;
L09 InfoLambdar> LO8 > Ax.L L AxA(A'x)

L10 Reverse' > L06 > L09 > Mx.L <Y twice ]
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A proof of

[ Mac lemma L04.1.1A

could be as follows:

[ Mac proof of L04.1.1A:

LO1 :

LO2 :
LO3 :
LO4 :
LO5 :
LOG6 :
LO7 :
LOS :
LO9 :
L10:
L11:
L12:
L13:
L14 :
L15:
L16 :
L17 :
L18:
L19:

L20 :
L21:
L22:
L23:

L24 :
L25 :
L26 :
L27 :
L28 :
L29 :

Definition >

SetN >

SetXListSet > L2 >
Block >

Hypothesis >
Hypothesis >

IfT > L6 >
Transitivity > L1 > L7 >
Block >

Hypothesis >
Reverse’ > L8 > L10 >
Block >

Genp> L3> L11 >
Block >

Block >

Hypothesis >
Hypothesis >
Hypothesis >

IfF > L17 >

Transitivity > L1 > L19 >
Block >

Hypothesis >
IntroListSetPair >

L2 L16 > L22 >
ElimAll>L3>L18>L23 >
Reverse’ > L20 > L24 >
Block >

Gen > L3> L25 >

Block >

Induction > L13 > L27 >

[LO4.1.1A T rule LO4.1.1A

: x € N = VWeN*™: f(x,y) € N* ]

N € Set
N* € Set
Begin
xeN
x=0)€eT
if(XZO,y,f(X—].,X::y)) =
fxy) =y
Begin
y € N*
fx,y) € N*
End
VyeN™: f(x,y) € N*
End
Begin
x €N
(x=0)€eF
YyeN*: f(x—1,y) € N*
if(x = 0,y, f(x— 1,x::Y))

= f(x—1,x::y)
fy) = flx=1,x::y)
Begin
y € N*
x::y € N*
flx=1,x::y) e N*
f(xy) € N*
End
VyeN™: f(x,y) € N*

End
x € N — VyeN™: f(x,y) € N*

y

y))
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A proof of
[ Mac antilemma L04.1.2B : x € N — VyeN™: f(x,y) € N* ]
could be as follows:

[ Mac proof of L04.1.2B:

L01: Antilemma > 0 €N — VyeN*: f(0,y) head € N
L02: TypeNumerallnN > 0eN

L03: LixL2> VyeN™: f(0,y) head € N

LO4: SetN > N € Set

LO5: IntroListSetEmpty > L4 () € N*

LO6 : SetXListSet > L4 > N* € Set

L07: ElmAl>L6>L3>L5>  f£(0,()) head € N
L0O8 : Computation > £(0,()) head = ()
L09: Replace’ > L8> L7 > ()
L10: SubtypeNZp> L9 D> (YeZ
L11: SubtypeZD > L10> ()
L12: TypeEmptyListInE > ()
L13: TypeENotD > L12 > ()
L14: CounterTF>L11>L13> L

[L04.1.2B ] rule L04.1.2B



Mathematics and Computation
Possible solutions to exam questions, October 27, 2004

A proof of

[ Mac lemma L04.1.3A : Y'twice = Ax.L ]

could be as follows:

[ Mac proof of L04.1.3A:

L1:

L2:
L3:
L4 :
L5 :
L6 :
L7 :
L8 :
L9 :

Block >

Algebra >

Definition >

Replace > ApplyLambda >
Replace > ApplyLambda >
Block >

MinimalY > L5 >

L04.1.41>

InfoAntiSymmetry > L7 > L8 >

[L04.1.3A T rule LO4.1.3A

Begin
twice’ Ax.L
(M xf/(f'x)) " Ax.L
A (Ax. L) "((Ax.L) ' x)
Ax. L

End

Y twice < Ax.L

Ax.L <Y twice

Y twice = Ax.L



